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PREFACE 


There is a pronounced need of a book on advanced calculus that 
does not sacrifice rigor to such an extent as to become ineffectual 
_ as an instrument for developing a critical attitude toward analyti- 
cal processes, and yet which is sufficiently concrete to be useful 
to a student with one year of preparation in the calculus. I am 
under no delusion that this volume completely fills this need, 
and I shall feel generously repaid for my efforts if it should prove 
of some aid to those who are faced with the perplexing problem 
of instruction in analysis. 

In preparing this book I have made every effort to keep in 
mind the difficulties of the reader who is encountering for the 
first time a serious body of mathematical doctrine. Some ideas 
that are innately difficult, but whose basic sources stem from 
geometry, are presented first from an intuitive point of view, 
so that the essentials can be grasped at once. I did not think 
it wise to include rigorous arithmetical proofs of such theorems 
as those on convergence of bounded monotone sequences (Sec. 6), 
the theorem of Bolzano-Weierstrass (Sec. 7), the theorem of 
Darboux (Sec. 35), and a few others. This is in accordance with 
the precept that the most effective- nfeans of thwarting interest 
in mathematics is by misdirecting rigor. A reader who is suffi- 
ciently sophisticated to feel the need of arithmetical proofs of 
these theorems will find them in the treatises to which I refer 
in the text. The material contained in this volume is so arranged 
as to minimize the need of irksome references to matters to be 
established later on. No difficult and essential proofs have been 
relegated to exercises to be worked out at the reader’s leisure. 

The subject of advanced calculus is not an easy one, and the 
working, of the problems is essential to a mastery. There are 
numerous illustrative exercises and problems scattered through- 
out the text to aid the reader in gaining an insight into the beauty 
and the wide range of applications of analysis. A student with 
a good background in the calculus will be able to read this book 
without omissions. 
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PREFACE 


A considerable portion of the material included here represents 
a transcription of the lecture notes that I have used from time to 
time in my classes. These notes place me under some obligation 
to many of the existing books on analysis, especially to the 
masterpieces of Goursat, Knopp, and de la Vall4e Poussin. I 
am also much indebted to my wife, who not only undertook the 
arduous task of reading the manuscript in its various stages, but 
who also aided me immeasurably with the correction of the proof. 
Her assistance has resulted in many essential improvements. 

Ivan S. Sokolnikofjb . 

Madison, Wis., 

November, 1939. 
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CHAPTER I 

LIMITS AND CONTINUITY 

1. Number System. This section consists of a brief summary 
of the concepts and properties of the system of numbers that will 
be considered in this volume. The starting point is the system 
of positive integers. This system permits the operations of 
addition and multiplication but proves inadequate to permit 
the solution of many simple linear equations. Thus, if a, 6, 
c, and d are positive integers, a + rr = 6 and cy = d do not 
possess solutions that are positive integers unless h > a and d is 
an integral multiple of c. The first equation serves as the defini- 
tion of the new number zero if 6 = a and of the negative integers 
a h < a. The second equation demands the introduction of 

the fractional numbers — • 
c 

The system of numbers consisting of the positive and negative 
integers and fractions and zero is called the system of rational 
numbers. It admits the four fundamental operations of addition, 
subtraction, multiplication, and division (except by zero). More- 
over, it is ordered,^’ which means that if a and b are two different 
numbers, then a > b ot b > a. Also, if c is a third rational 
number and a > b and h > c, then a > c. The system of 
rational numbers possesses the additional property of density, that 
is, between any two different rational numbers there is always 
another rational number (and, therefore, an infinite number of 
rational numbers) that is greater than one of the numbers and 
less than the other. 

A further extension of the number system is required when it 
becomes necessary to solve equations of the second and higher 
degrees. In elementary algebra a rational number is defined as 

one that can be expressed in the form (b 7 ^ 0), where a and b 
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are integers, and an irrational number is defined as one that does 
not possess this property. The irrational numbers include not 
only such numbers as '\/2, etc., which arise in the 

solution of algebraic equations, but also x, e, etc. The method of 
introducing the irrational numbers, which is outlined below, is due 
to Dedekind.* 

Assume that all the rational numbers have been separated into 
two sets in such a manner that every number in the first set is 
less than every number in the second set. A separation of this 
type is called a cut, or partition, (French, coupure; German, 
Schnitt)^ of the number system. Four cases present themselves, 
but it is easy to see that one of these is impossible. They are: 

i. The first set. A, contains a greatest element a and the second 
set, B, contains a smallest element h. It cannot be that a = b 
since every element of A is less than every element of B. But 
if a < 5, then there are rational numbers which are greater than 
a and less than h (by the property of density). These numbers, 
being greater than a, must belong to B, and at the same time, 
being less than b, must belong to A, which is impossible. 

ii. A contains a greatest element a, and B contains no smallest 
element. For example, let A consist of the number 2 and all 
rational numbers less than 2, whereas B consists of all rational 
numbers greater than 2. 

iii. B contains a smallest element h, and A contains no greatest 
element. For example, let B contain 2 and all rational numbers 
greater than 2, and A contain all rational numbers less than 2. 

iv. A contains no greatest element, and B contains no smallest 
element. For example, let A consist of all the negative rational 
numbers and all positive rational numbers whose square is less 
than 2, and let B consist of all the positive rational numbers whose 
square is greater than 2. Then the cut defines the irrational 
number a/ 2- In general, let the system of rational numbers be 
separated into two sets A and B in such a way that every number 
in A is less than every number in B and A contains no greatest 
element and B contains no smallest element. Then the cut defines 
an irrational number that has the property of being greater than 
all the elements in A and less than all the elements in B, 

The system of numbers that includes all the rational numbers 
and all the irrational numbers is called the rea l number system, 

* Stetigkeit und irrational© Zahlen, Braunschweig, 1872, 
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The fundamental operations of addition and multiplication and 
the inverse operations of subtraction and division are defined for 
irrational numbers in such a way* that the system of real numbers 
possesses the commutative, associative, and distributive prop- 
erties. Moreover, if the product of any two real numbers is 
zero, then at least one of the numbers must be zero. 

It is often desirable to have a correspondence between the 
real numbers and the points of a straight line, so that analytic 
methods can be applied to geometry. In order to effect a one-to- 
one correspondence, it is necessary to assume the axiom of Cantor- 
Dedekind, which states that ‘To each point on the line there 
corresponds one and only one real number and, conversely, to 
each real number there corresponds one and only one point on the 
line.’^ 

As is already familiar from elementary algebra, the solution 
of the general quadratic equation ax^ + hx c — Q, in the case 
where the discriminant — 4ac is negative, necessitates the 
introduction of a new type of number of the form u + iv, where u 
and V are real numbers and i is 'a number such that P — —1. 
Such numbers are called complex numbers. The system of com- 
plex numbers includes the system of real numbers (as a. special 
case when z; = 0), and the fundamental operations must be 
defined so that they are consistent with those already in use for 
real numbers. This can be done by considering the complex 
numbers in the form u + iv or by treating them as ordered pairs 
(u, v) of real numbers. Since this volume deals primarily with 
real numbers, these definitions and the properties of complex 
numbers will not be discussed here.f 

2. Sequences. Let some process of construction yield a 
succession of real numbers 


^1} ^2j Xri} 

where it is assumed that every term Xi is followed by other terms. 
A succession of numbers formed in this way is called a sequence 

* De la VALLiiE Poussin, C. J., Cours d’analyse infinitesimale, vol. 1, 
pp. 1-8; Fine, H. B., College Algebra, pp. 39-55; Hobson, E. W., Theory of 
Functions of a Real Variable, vol. 1, pp. 20-34. 

t See De la Vall:^e Poussin, C, J., Cours d’analyse infinitesimale, 
vol. 1, pp. 37-42; Fine, H. B., College Algebra, pp. 70-78; Burkhardt, H., 
and Rasor, S. E., Theory of Functions of a Complex Variable, pp. 1-23. 
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and is denoted by the symbol {xi} . The individual terms of the 
sequence {xi} are called the elements of the sequence. 

Examples of sequences are 


(a) 1, 2, 3, 4^ • • • , ; 

( 5 ) 1 , -- 2 , 3 , - 4 , , (- 1 )-%, . . . ; 



1 1 
4' 8' 



(d) 0, 1, 0, 1, • • • 

( 6 ) 2 , 3 , 5 , 7 , 11 , . 


• • , • • • 

Ml + ("1)"]; • • • ; 

* j Vnj • • • • 


It is not essential that the general term of the sequence be given 
by some simple formula, as is the case in the first four examples 
above. The sequence (e) represents the succession of prime num- 
bers, and pn stands for the nth prime number. There is no 
formula available for the determination of the nth prime number, 
but it is possible to calculate all prime numbers less than any 
given number N. Although the process of constructing the 


P3 
■— +— 


Px Pi 

-+ 1 1 h- 

O JCj XI 

Fig. 1- 


sequence (a) is much more complicated than the processes used 
for the other examples, nevertheless it yields a definite succession 
of numbers. 

It is convenient to represent the elements Xi of the sequence 
{iCi} by points Pi on a straight line. The points Pi are so chosen 
that the distance from an arbitrary point 0 of the line to the 
point Pi is equal to Xi. In this way a correspondence is estab- 
lished between the elements of the sequence {xi} and a set of 
points on a straight line. To avoid circumlocution, the elements 
Xi of the sequence will be called points, instead of saying that they 
are numbers such that the distances of the points Pi corresponding 
to them, from some fiducial point 0, are equal to Xi (Fig. 1). 

In studying the behavior of sequences of real numbers, or sets 
of points corresponding to them, several interesting cases present 
themselves. It may happen that one can find a positive number 
ikT such that the inequality 

\xn\ M 

or 

— M < Xn ^ M 
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is satisfied for every n, however large. In such a case the 
sequence {a;{} is said to be hounded. A geometrical interpreta- 
tion of this circumstance is that the points Pi corresponding to the 
elements of the sequence always remain within a segment of 
length 2M with the point 0 as the midpoint of the segment. 

As an example, consider a succession of values 

12 3 4 , _ 

2' "s' 4' "5' n + r 


It is clear that, no matter how large n is taken, 

n 


l^nl 


n -h 1 


< 1 , 


so that the sequence ^ ( — 1)’^' 




is bounded. 


n + 

The sequences (a), (6), and (e) (p. 4) are unbounded, but 
any number greater than or equal to will serve as a bound for 
the sequence (c), and any number greater than or equal to unity 
is a bound for {d). 

A sequence {xi} is called a null sequence if subsequent to the choice 
of a positive number e, however small, one can find a positive integer p 
such that |a;n| < efor all values of n > p. 

If a graphical mode of representing the sequence by points 
on a straight line be adopted, the definition of the null sequence 
means that the points Pp+i, Pp+s, . . . , corresponding to Xp+i, 
Xp+ 2 , • • • , will all lie within the interval of width 2e with the 
point 0 as midpoint. 

It is important to observe that the integer p in the foregoing 
definition is determined after the choice of the number e has been 
made, and hence, p depends on the magnitude of e. To clarify 

this, consider the sequence ^ ^ or 


111 ^ 

12’ 22' 32' 

This sequence is a null sequence, since one can always find an 
integer p such that for all values of n greater than p 

1 
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or 


n2 > 


Hence, if one chooses for p any positive integer greater than the 




the inequality will be satisfied. If e is chosen as 

1 

10 , 000 ’ 


number 

3/f 00? integer greater than 10 will serve as p ; but if e 


p must be chosen greater than 100. 


PROBLEMS 


1. Show that 



is a null sequence. 


2. Prove that is a null sequence. Show that n must be 

chosen ■ greater than logio^ in order that the inequality \xn\ < e he 
satisfied. 

3. Limit of a Sequence. Convergence. If {;ri) is a given 
sequence and there exists a number L such that the sequence \xi — L] 
is a null sequence, then the given sequence is said to he convergent and 
the elements Xi of the sequence are said to approach the lindt L. 

Recalling the definition of the null sequence, it is clear that if 
the limit of the sequence {xi} is L, then corresponding to any 
positive number €, a positive integer p can be assigncnl such that 

\L — < e, for all n > p. 

The last statement is frequently written in the following ways: 
lim Xn = Lj 


or 

,when n 00 . The symbol n-^ co is I'ead “n tends to infinity. 
i It is clear that a null sequence is a convcirgcait sequence with 
the value zero as the limit of the sequence. Moreover, it is obvi- 
ous that every convergent sequence is bounded. 

* The converse of this statement is not true. Llius, the sequencci 
0, 1, 0, 1, 0, . . . is bounded but not convergent. 
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The following theorem regarding null sequences is established 
easily : 

Theorem. If the terms of any null sequence 

Xij X2) Xzj * * * j ' 

are multiplied by a sequence of hounded factors 

aij a^y Uz, • • • y an, • • * , 

then the resulting sequence 

^iX'ly a2X2y a^Xzj * * * ^ * 

is a null sequence. 

Since the numbers an are bounded, there exists a positive num- 
ber My independent of n, such that 

(3-1) 2n\ < M. 

Moreover, since the sequence {xi} is a null sequence, it is possible 
to find for every e > 0 a positive integer p such that 

(3-2) \Xn\ < 

whenever n > p. Multiplying the inequalities (3-1) and (3-2) 
gives 

\anXn\ < -^M = €, 

which establishes the fact that the sequence {anXn] is a null 
sequence. 

Inasmuch as the notion of the limit of a sequence is one of the 
basic concepts of analysis, it is desirable to consider an example. 

Illustrative Example. Let the variable x assume a set of 
values 


Xi — 0 . 3 , X2 — 0 . 33 , Xz — 0 . 333 , • • • . 
It will be shown that 


lim Xn = yi) 

n —* 00 


that is, corresponding to an arbitrary e > 0, one can determine 
a positive integer p, such that the difference 
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becomes and remains less than e for all values of n > p. 
Note that 

3 30' 3 300' '3 3^10^’ 

Now choose an e, and impose the demand that 

1 _ _ 1 . 

3 3 • 10" ^ 

But the inequality is equivalent to 


3 • 10” > ", 

€ 

and taking logarithms to the base 10 of both sides of this inequality 
gives* 


log 3 + n > log 
or 

n > — (log € + log 3) = — log Se. 

Thus, if p is chosen as any integer greater than |— log 3e|, the 
inequality will be satisfied for all values of n greater than this 
particular value of p. 

A geometrical interpretation of the statement 
lim Xn = L 

is that all but a finite number of the points Xi will fall within 
the interval of width 2e about the point L. 

The totality of points whose distance from a given point L is 
less than a given number e is called a neighborhood of this point. 
The term vicinity is also used to denote the neighborhood. 

4. Inequality of Bernoulli, lim '\/a = 1. Let it be required 

n-^ 00 

to determine the limit of -v^ as oo by assuming the sequence 
of positive integral values and where a is any positive number. 

* It will be noted that if ^ log A > log B, This fact follows directly 
from the definition of the logarithm, 
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This limit will be determined with the aid of an inequality estab- 
lished by James Bernoulli, which states that if x is any real num- 
ber such that 


then 


X > —1 and X 9 ^ Oj 


(1 + x)'^ > 1 + nXy 

where n is any integer greater than unity. 

This inequahty is obviously true if n = 2, since 

(1 + = 1 + 2a; + > 1 + 2a;. 


The proof for any positive integral value of n will be established 
by the method of mathematical induction. Assume that the 
inequality is true for ?^ = A;, and prove that then it is valid for 
n = k Since the inequality is known to be true for n = 2, 

it will follow that it is true for n = 3, 4, 5, • • • . 

Assuming the truth of the inequality for n = k, that is, 

(1 + xy > 1 “h ^o:, 

then 

(1 + xy{l a;) > (1 + kx)(l + a;) = 1 -f -h l)a; + kx^ 

> 1 + (^ + 1 )^, 

and the proof is complete. 

To show that lim = 1 for a > 0, consider the two cases: 


1. a > 1, 

ii- 0 < a < 1. 

i. If a = 1, the statement is obvious. 

If a > 1, > 1, so that one can write it as 

( 4 - 1 ) = 1 + 0 ;^. 

Hence, 

a = (1 -h 

and by the inequality of Bernoulli 


a = (1 XnY > 1 + nxn > nxn> 
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Consequently, 

^ n 

SO that the numbers Xn form a null sequence, and it is seen from 
(4-1) that the sequence of numbers 

>1 as n <x> , 

ii. If 0 < a < 1, then - > 1, and from (i) it follows that 
^ a ^ 



is a null sequence. If the terms of the sequence (4-2) are multi- 
plied by the factors 

a, Va, ^a, ■ • ■ , -^a, ■ ■ ■ , 

there results the sequence 

which, by the theorem of Sec. 3, is a null sequence since the factors 
a are bounded.* 

PROBLEM 

Find the limits of the following sequences: 



n “ 1 

n -V I 
1 


J 1 1__ 

V 2 ^2 ^2 ' ’ -</2 ■ ‘ 

,,111 1 

r -s/2 Vs ' Wn'"' 


5. Existence of the Limit. The definition of convergence of a 
sequence given in Sec. 3 implies the existence of the limit L, 

* The factors are bounded since a ^ < 1- 
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\n 

since the application of the test, based on this definition, requires 
the knowledge of the limit L. 

The problem of the numerical calculation of the limit of any- 
given sequence ordinarily is an exceedingly difiicult one, but in a 
great variety of practical and theoretical investigations one is 
satisfied with knowledge of the behavior of the sequence as 
to convergence and does not require the numerical value of the 
limit. There is a profound theorem due to A. Cauchy that 
enables one to establish the existence of the limit of a sequence 
without actually calculating the limit itself. This important 
theorem is as follows: 

The Fundamental Principle of Convergence. A necessary and 
sufficient condition for the existence of the limit of the sequence 
{xn] is that for any e > 0 one can find a positive integer N such 
that for any pair of indices m and n, both greater than or equal 
to N, 

\Xjii €. 

It will be established first that the condition enunciated in 
the principle is a necessary one. Let the sequence converge, and 
denote its limit by L. Then for any positive e, however small, 
one can find a positive integer N such that 

(5-1) \L - < I 

whenever n > N, But one can write 

Xm Xn ~ (Xm L) “j" (L Xn') 

and, noting that the absolute value of the sum is less than or at 
most equal to the sum of the absolute values, one has 

Xm Xn\ \Xm L] \Li Xri\ 

^ 2 2 

where the last step results from the hypothesis (5-1). 

The demonstration of the sufficiency of the condition is not so 
easy. An analytical proof makes considerable demands on the 
mathematical equipment of the reader,* but the correctness of 

* See Hobson, E. W., Theory of Functions of a Real Variable, vol. 1, p. 38. 
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the converse of the principle can be seen from the following 
geometrical considerations, which in essence do not depart from 
a rigorous analytical proof. 

The hypothesis this time is that for any e > 0, 

(5-2) \Xm Xn\ C, 

whenever m and n both exceed or are equal to iV, which, of 
course, depends on the magnitude of €. Choose e = and 
denote the corresponding value of iV' by iVi; then if pi is any 
index greater than Ni, 

\Xn ““ Xp^\ < 3 ^^ 

for every n > pi. 

Geometrically this means that all points Xn of the sequence 
for which n > pi lie within the segment of length unity which has 
Xp^ as its midpoint (Fig. 2). 


f<_ f 

<— 

< — 

r—] 

— > 



r ^ t 



2 






^Pz 

Fig. 2. 


If e is taken equal to there will exist an integer > pi, 
such that for every n > p^ 


\Xn Xt) <C 22' 

Then all points Xn, for n > p 2 , will lie within that portion of the 
segment of length with Xp. as the midpoint, which is contained 
in the segment of length unity. Setting e = 3^, one is assured 
of the existence of an integer pz > p 2 , such that 

\Xn “ Xp^\ < 

whenever n > ps. That is, the inequality is satisfied for all 
points Xn that are contained in that portion of the interval of 
length 34? with Xp, as the midpoint, which is common to the 
interval of length 3^ with Xp^^ as the midpoint, 
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Continuing this process by assigning to e successively the 

values etc., one builds up a sequence of intervals diminish- 

ing in length and such that the end points of these intervals tend 
to a definite point L, which is the limiting point of the sequence. 
Thus the existence of the limit L is demonstrated, provided the 
condition (5-2) is satisfied. 

The fundamental criterion of convergence is frequently 
stated in the following somewhat different, but equivalent, form, 
which the reader will have no difficulty in deducing. 

Theorem. A necessary and sufficient condition for the conver- 
gence of the sequence 

^1, ^2, * ' ' ; ^n, * ‘ ' 

is that for any € > 0, one can find a positive integer N such that 

^n\ € 

when n > Nj and for every positive integer k. 

It is seen from the foregoing that the significance of the criterion 
is, roughly, that all terms of the sequence for sufficiently large 
values of the indices lie arbitrarily near one another. 

In order to illustrate, the application of the fundamental 
criterion, consider the sequence 

1, K, M, , 

where each term is the arithmetic mean of the two terms which 
immediately precede it. Thus the general formula for the ?^th 
term of the sequence (n > 2) is 

— 1 “f" — 2 

Xn 

It is easily seen that the difference between two consecutive terms 
of the sequence is 

(” 1 > 

But all the terms following Xn+i lie between Xn and Xn+i, and 
if any € > 0 has been assigned, one can choose a positive integer 
N so great that 
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With this choice of N the inequality 

\Xjfi Xr\ 6 

will surely be satisfied for any m and n that are not less than N. 
Thus, by the fundamental criterion, the sequence is convergent. 

As an exercise the reader may attempt to show by induction 
that 


so that the limit of this sequence is although one need not 
know the limit itself in order to establish the convergence of the 
sequence. 

6. Criterion for Convergence of Monotone Sequences. The 

fundamental criterion of convergence is applicable to any type 


^3 


Fig. 3. 


M 


of sequence, but if one is dealing with monotone sequences (that 
is, such that either ^ Xn for all values of n or Xn+i Xn 
for all values of n), there is a simpler criterion that states that 
a monotone sequence which is hounded is convergent. 

In order to make this assertion plausible, assume the sequence 
{o^n} to be monotone increasing and bounded, that is, 

Xn+l — Xny 

and \xn\ < M for every value of n. Geometrically this means 
that the points corresponding to the elements Xn of the sequence 
move to the right with increasing values of the index n (Fig. 3) 
but are always restricted to lie to the left of the point correspond- 
ing to the number M. It is thus intuitively clear that there must 
be some point L ^ M toward which the points Xn tend with 
increasing n. This point L is the limit of the sequence. 

The discussion in the preceding paragraph applies to the case 
of monotone decreasing sequences bounded on the left if the 
words right and left are interchanged. It should be remarked 
that the foregoing discussion is based on an intuitive notion as 
to what happens in a corresponding geometrical situation. A 
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rigorous analytical proof based on a refinement of this pictorial 
idea is omitted. 

To illustrate the use of this criterion of convergence of mono- 
tone sequences, consider the sequence {xn}, where 

^2 = H + M j 
xs = M + M 

1 , 1 , ,1 

n + 1 n + 2 ‘ 2n' 


This sequence is monotone increasing since 

_ 1 1 ^ n 

x„+i x„ 2w + 1 2n + 2 ^ 

Moreover, it is bounded for 

X = — ■ — - j — ~ ^ • — . — _ <; 1, 

n+1 n + 2 2n n+1 

Therefore, the sequence {xn} is convergent. 

The power of this criterion lies in the fact that it requires only 
the proof of monotonicity and of the boundedness of the sequence. 
Accordingly, it is much easier to apply than the more general 
fundamental criterion. 


PROBLEMS 

1. Show that the sequence 




• , 1 + o + i + • ■ • + 


is convergent. 

2. Prove the convergence of the following sequences: 
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§ 6] LAWS OF OPEBATIOK 

Absolute Value of a Number, The absolute or numerical 
value of a is a if a is positive, - cc if a is negative and zero if 
OL is zero. The absolute value is denoted by | a |. 

Ex, 1. Prove that a. - <x. =0. 

Ex, 2. Prove that ^ - a. = - {cl- p). 

Ex, 3. Prove that [ ot.± P \ ^\<l\ + \ p \ but ^ | - 1 and 

distinguish the cases in which the sign == must be taken. 

Multiplication, Suppose first that cl and p are both positive 
and take {A, A') and (B, B') to be sections of the positive 
rational numbers ; the conditions that in general determine a 
number will obviously, when all the positive rational numbers 
alone are taken, determine a positive number. 

Let cib=c and a'b' =c' ; then c<c'. Form the classes C and 
O', as in defining addition ; it is easy to prove as before that 
thes6 classes determine one and only one real number. When 
a and p are rational Uq and are the greatest numbers in A 
and B respectively and so that the definition of 

multiplication, when a. and p are positive, will be 

{A, A^) X {B, B') = {0, C') or a.p = y. 

To extend the definition to negative numbers assume the 
‘‘ rule of signs ’’ as part of the definition so that we have, cl and p 
being positive, 

{-CL)xp=z --{cLx P)=olx{-P);X~-ol)x(- P)= +{OLXP), 

Division, This operation is reduced to multiplication by 
first defining the reciprocal 1/oc of the positive number cl. 

Let oc be determined by the classes A and A' of the positive 
rational numbers (zero excluded) and let l/A and 1/A' denote 
the classes which contain the reciprocals of all the numbers in 
A and A' respectively. It is easy to prove that 

{1/A\ llA)x{A,A') = l, 

and the number {l/A', l/A) is defined to be the reciprocal 
of (.4, ^'), that is, 

{l/A', 1/J.) = i when {A, A')=ol>0, 

If a is negative, a= -a' where a' is positive, 1/a is defined 
to be — 1/a', that is, l/a= — 1/( — a) when a is negative. 
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The division of ^ by a is now defined to be the multiplication 
of § by the reciprocal of a ; in symbols : 



Note, Division by zero is expressly excluded in the above 
definition. 

The fundamental laws of operation have now been stated. 
A full treatment would go on to show that the associative, 
commutative and distributive laws of operation persist when 
the laws are defined as above, but in this sketch there is no 
room for the discussion and reference may be made to ChrystaFs 
Algebra or Hobson’s Theory of Functions, We may take one 
example to indicate the method when the real number is 
defined as in § 4. 

To prove that cl + f ^ + 0 . note that the typical number a +b 
in the lower class that defines oc + ^ is eq^ual to the typical 
number 6 +a in the lower class that defines +a, since the 
commutative law holds for rational numbers. The lower 
classes are therefore the same for ^ +ol as for a+/5, and 
similarly the upper classes are also the same. Hence the two 
numbers a and ^ -frx are equal. 

The student should prove the following cases in the same 
way. 

Ex, 4 . CL^ = ^Oi, 

Ex. 5, (cLp) X y=a.py= 0 Lx(fiy), 

Ex. e. + X y=a.y + fiy = 'y(oi-i- fi). 

Ex. 7. a X 0 =0 xcx-=0, a x 1 =1 xoL=a. 

8. I I = 1 a, I X I ^ |. 

7 . Sections of the Real Numbers. The relations (1) and (2) 
stated for rational numbers in § 3 are true also for real numbers 
M follows from the definitions and developments stated in § 6. 
Henee the system of real numbers, which will be called the 
system iS to distinguish it from the system £ of rational 
numbers, is like £ an ordered system. Further, like £ the 
system 8 is dense since it contains £. On the other hand, 

possesses a property that is absent from £ ; namely, while 
toere are sections of £ that are not generated by a number 
m £, every section of is generated by a number in N. By a 
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section of S is meant a separation of all the numbers in S into 
two classes, a lower class L and an upper class U, such that 
(i) both classes exist, (ii) every number in S appears either in 
L or in U, and (iii) every number in L is less than every number 
in U. That every section of S is generated by a number in S 
may be proved in the following way. 

Take any section {L, U) of /S. Let Lq and Uq contain all the 
rational numbers in It that correspond to real rational numbers 
in L and U respectively ; then (Lq, is clearly a section of 
the system B and therefore deiSnes a real number, that is, a 
number in If a is this number it must belong either to the 
class L or to the class TJ since L and U together contain all the 
numbers in S. Suppose a to belong to V and let ^ be any other 
number in 17. By § 5 there are real rational numbers between 
a and § and, since these numbers correspond to numbers in 
Uq, they are all greater than oc so that is greater than a. 
Hence cl is the least number in U. 

In the same way it may be shown that if a belongs to L it is 
the greatest number in L. Thus in every section {L, U) of S 
either L has a greatest number or U has a least ; it is not 
possible that there should be both a greatest number in L and a 
least in U, because all numbers between them would escape 
classification. 

Hence every section of 8 is generated by a number in S\ 
this property marks the essential distinction between the 
systems R and 8 and gives the character of continuity to the 
system of real numbers (see § 9). 

Note on Terminology. Up to this point the distinction 
between the real rational number and the rational number of 
the system B — ^which may be called for convenience the 

ordinary ” rational number — ^has been ‘ preserved. The 
adherence to the distinction in the further development would, 
however, occasion intolerable prolixity and therefore the real 
numbers that correspond to the ordinary rational numbers 
will be called rational numbers, unless there be some special 
reason for emphasizing the distinction. 

Even in the use of the ordinary rational numbers, as remarked 
in § 2, there is this use of the same term to indicate numbers 
that are conceptually distinct. Thus the numbers 2 and 2/1 
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both said to be equal to “ two/’ but the fraction 2/1 is 
taken to be equivalent to the integer 2 as a convention or 
definition ; the natural number 2 is not a quotient and would 
not be considered as a quotient except for reasons based on the 
development of the theory of fractions. 

Again, there is no means of distinguishing whether symbols 
such as 1, 2, 1/2, -7, ... represent ordinary or real rational 
numbers but the context in which they appear will usually 
enable one to decide. If irrational numbers are associated 
with them the s^unbols must be interpreted in the sense of real 
rational numbers (see § 5, Ex. 2) ; if no irrational number is 
associated with them it does not matter which meaning is 
taken. But, as remarked in connection with Ex. 2 of § 5, any 
change needed amounts in actual work to a simple re-naming 
of the numbers since the real rational number always corre- 
sponds to an ordinary rational number, and the order of 
magnitude is the same for both, so that no confusion can 
occur. 

The distinction of terminology between ordinary and real 
rational numbers will therefore, as a rule, be dropped. Further, 
any letter may be used to represent a real number, whether 
rational or irrational ; the special use of Greek letters as 
denoting real numbers will therefore not be maintained. 

Far. 1. If the symbol denotes the mimber {A, A') defined in § 5, 
Ex. 2, prove that ( that is, ( (V^) is equal to 2. 

If a and a' are typical numbers in A and A' then the classes of which 
o* and a'® are typical numbers determine a number, h say ; h is greater 
than every a*, less than every a'® and is therefore equal to 2. 

Far. 2. If denotes the number (A, A') when 3 takes the place 
of 2 in § 6, Ex. 2, prove that ('v/2)('\/3) = v^6 where 6 takes the place 
of 2 in § 5, Ex. 2. 


8. Becimal Eepresentation. Let a be a real number gene- 
rating a section (F, U) of the system 8 of real numbers and, 
for definiteness, suppose oc to be positive. 

If dj) is the greatest integer in L, then Uq + 1 will be a number 
in 27 ; may be zero. Thus we may write : 

Next, form the arithmetical progression, with difference 1/10, 
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Of these eleven numbers one, which may be called aQ +aJ10 
where % is one of the numbers 0, 1, , 9, is the greatest in 
and then 4-(% +1)/10 is the least in U. Hence 
+aJ10 ^ a< % + («! + 1)/10. 

Similarly, forming an arithmetical progression with ^ 

as its first term and with 1/10^ as common difference, we see that 
<Xo + %/10 + a2ll0^ ^ a < fi&o + + (^2 + 1)/10^ 


where is one of the numbers 0, 1, ... , 9. 

Proceeding in this way we find, in general, that 


*1 ^^2 
10 To* 


a<«o+io+Xo2+ - + 


+1 . 
IQn » 


or, say, Scl< + = .....(1) 

where each of the numbers a^, . . . , has one of the 

values 0, 1, , 9, and 

There are two cases to be considered. 


(i) For n>p we may have = 0. In this case a is a rational 
number 

CC = <Zq . 

in the usual decimal notation. 

(ii) The set of numbers %, ag, ... may be unlimited, and 
a will, in the usual terminology, be represented by an infinite 
decimal 

a=ao . (2) 

If the decimal repeats ” or “ circulates ” a will be rational ; 
otherwise a is irrational. (See ChrystaFs Algebra, Part II, 
2nd Ed., Chap. 25, §33.) 

Cor. In the same way it may be proved that, if h is any 
positive integer not less than 2 

where cr„=Co +|+|i + ... 

and C0 is an integer (or zero) wMle each of the numbers 
q, C2, ... , Cn has one of the values 0, 1, ... , (& - 1). 

Approximations. The numbers and may, if be 

called rational approximations, in defect and in excess 

G.A.O. O 
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respectiveU% to the number ol, the absolute error in each 
approximation being less than 1/10”. 

Between and (x there is, if a > an unlimited number 
of real numbers, as also between cx. and ; if x is any real 
number between and ol, and x' any real number between 
a and then 

x' ~x<Qn -Qn. that is, 

Since n may be taken so large that 1/10” is less than e, where 
£ is any arbitrarily small positive number, the following theorem 
is proved : 

Theorem. It is always possible to find real numbers x and x' 
in the lower and upper classes respectively that define the real 
number cl so that x' —x<, s, where s is any arbitrarily small 
positive number. 

9. Correspondence of Number and Point. Suppose that, as 
in Analytical Geometry, 0 is the origin and OV the positive 
unit segment on an axis X'OX, 

Let the points 0 and V correspond to the numbers 0 and 1 
respectively. 

If a; is a positive rational number, say x=mln where m and n 
are positive integers, take a point P on the same side of 0 as F 
such that the segment OP is m times the ntla part of 0 F ; let 
the point P correspond to x. H x is negative (= -m/n), take 
P' on the opposite side of 0 from F so that the segment OP' 
is of the same length as OP ; let the point P' correspond to x. 
In the usual language of Analytical Geometry x is the abscissa 
of P. In this way the rational numbers are put into corre- 
spondence with points on the axis X'OX ; for convenience let 
points which correspond to rational numbers be called '' rational 
points, 

If rr is an irrational number, suppose it to be determined by 
a section {L, U) of the rational numbers and let A and A' be 
typical rational points corresponding to the tjrpical numbers 
a and a' hi L and TJ respectively. Now form a section of the 
points on the axis X'OX by assigning to the lower (or left) 
class all points that correspond to rational points A or that 
lie to the left of any point A, and to the upper (or right) class 
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all points that correspond to rational points A' or that lie to 
the right of any point A\ 

In the class there is no point that lies furthest to the right 
since the class L contains no greatest number, and, similarly, 
since the class U contains no least number, there is no point 
in the class that lies furthest to the left. We now assume 
Dedekind’s Axiom (§ 2) that there is one (and only one) 
point P on the axis X'OX that generates the section U^) 
and we make P to correspond to x, so that x is the abscissa 
of P. 

The correspondence between numbers and points on a line, 
assumed in § 4 of the Elementary Treatise, is therefore proved 
in so far as “ proof ” is possible. It is perhaps better simply 
to say that the system S of the real numbers forms a continuum 
or a continuous system of numbers, because every section of S 
is generated by a number in 8, and that the continuity of the 
straight line is represented by the correspondence between the 
numbers in 8 and the points of the line : to rational numbers 
correspond rational points and to irrational numbers correspond 
irrational points. 

The following definitions of terms that constantly occur may 
be given here. 

Continuous Variable. The number x is said to vary con- 
tinuously as it changes from the value a to the value 6 if , as it 
increases from a to b when a < 6 or as it decreases from a to 6 
when a > 6, it takes every real value between a and h. 

Interval. The system of numbers x such that is said 

to form a closed interval (a, 6) ; the system of numbers x such 
that a<x<b is said to form an open interval (a, b). The 
interval (a, b) is said to be “ open at 6 ” if a^x<b and '' open 
at a ” if a<x^b. 

The number f is said to be “ within the interval (a, 6) ” or 
“ interior to the interval (a, b) ” if there are numbers x\ x" such 
that a<x'^ < b. 

10. Roots. Indices. An important theorem will now be 
proved. 

Theobem. If a is any positive real number and n a positive 
integer the equation x^—a has one, and only one, positive root. 
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That there cannot be more than one positive root follows 
from the fact that if and y are positive 

of* ^ ^ z=z{x + ... +xy^-^ +y^~^), 

and the product on the right cannot be zero unless x=y, since 
all the terms ... are positive. Thus and y^ 

cannot both be equal to a if a; and y are two different positive 
numbers. 

To prove that there is one root form a section of the positive 
rational numbers. (In the terminology the distinction between 
real rational number and ‘‘ ordinary ” rational number is 
dropped ; see Note in § 7.) To the lower class L assign the 
rational number c if and to the upper class U assign the 

rational number d if d^>a. All the rational numbers are 
therefore classified and every number in the lower class is less 
than every number in the upper. The section therefore 
defines a real positive number, 6 say. 

That 6^=a follows at once from the definition of multiplica- 
tion. The typical numbers in the lower and upper classes that 
define the product are and and it is merely a repetition 
of the process in § 6 to show that the section determined by 
the classes of which c" and d^ are t37pical numbers defines a 
real number, is the one number which is less than every 
number d” and greater than or equal to any number c” so that 

and a are the same number. 

This positive number h is the unique ?ith root of a and is 
denoted by the symbol 

Cor, 1. If tfc is even, there is a second root but it is negative, 
namely -h. 

Cor. 2, If n is odd and a negative, say a— -a* where a' is 
positive, there is one negative root, namely, — . 

In textbooks of algebra it is shown that when a is a positive 
real number the root l]a may be denoted by the symbol a^I^, 
and this index notation is then extended so that the symbol 
has a definite meaning when x is any rational number. The 
complete symbol a® is called a power ; a is the base and x the 
ifdex or exponent of the power. It has to be specially noted 
that the base a and the power a® are both positive so that a® 
is single-valued. For example, 4- means -i-2 and not -2 
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even though the square of - 2 is 4. Although a root such as 

- 8) is a real number the notation ( - 8)^ will not be used 
to indicate the root until the theory of the complex number is 
considered. With the conventions stated the power is well 
defined when x is any rational number. 

When the Theorem of this article has been proved the various 
laws of operation with rational indices, as developed for example 
in ChrystaFs Algd}ra^ are readily established, and it will be 
assumed that the student is familiar with them. 

11. Inequalities. Some inequalities are frequently needed 
at later stages, and it seems to be desirable to state them here 
for reference.* They are based on the identity, n being a 


positive integer, 

aj** ~ - 2/) + . . . + xy<^-^ + (A) 

It follows at once from (A) that if x and y are positive and n 
a positive integer 

x^> <y^ according as x> =<y (1) 

Next, the identity {A) shows that if rr > y > 0, 

n{x- >x^ -y^>%(x- y)y^-^ ( 2 ) 

The inequalities (2) are very important ; when n is not a 


positive integer the set requires a double statement which takes 


the following form : 

If x>y>0 and m a rational number 

(3) 

lor m<0, ^ ^ 

m(x- y)x”^-^ <x”‘-y”‘<zin{x- y)y”‘-^, 0 < m < 1 (4) 


The proof of (3) and (4) is a little tedious. In (2) let = 1, a; > 1, and 
the first of the inequalities gives a:” — 1 < n(a: — and this inequality 

may be put in the forms 

(n - - 1) - 1), (x^ ~ l)l{n - 1). 

In the second form put n — l,n —2, ,p + 1 successively in place of n; 


it follows that, p being a positive integer, 

- 1)/^ > (x^ - l)/p, n >p^l ...(i) 

How in (i) let = a > 1, njp =m > 1 ; this gives 

o’”-l>m(a-l), a>l, m>l, ..(ii) 

while if ic" =a > 1, pjn =m < 1, we find from (i) that 

o‘^“l<w(a-l), a>l, 0<m<l (iii) 


* On the subject of this article the student should consult Chrystal’i 
Algebra, Part II (2nd Ed.), Chapter XXIV. 
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Next, ill the second of the inequalities (2) let a; = l so that 
The inequality 1 - y « > n ( 1 -- may be put in the form 


(1 ~y^)ln<{l 

and therefore, n, p being positive integers, 

{l-y^)ln<{l-y^)lp, n>p^l * (iv) 

Now let = 6 < 1, nfp = m > 1, and (iv) gives 

1 ~6’”<m(l -6), 6<1, m>l, (v) 

while if = 6 < 1 , pin = w < 1 , formula (iv) gives 

1 -6”* >m(l “6), b<l, 0<m<l (vi) 


Put x/y for a in (ii) and yjx for b in (v ) ; these substitutions give the 
inequalities (3) for the case m > 1 while the same substitutions in (iii) 
and (vi) give the inequalities (4). 

Finally, if m> 0 put a for x, 1 for y and m + 1 for m in formula (3) 
which has been established for these values ; then 

- 1 <(m + l)(a - l)a’" gives -m(a~l) 

- 1 > (m + l)(a - 1) gives a~^ - 1 < -m(a - 

so that if x/y is now put for a the formula (3) for the case m<0 is 
established. 

From (3) another formula may be deduced. Suppose a > 0, 
6 > 0, m = -ju(ju>0) and r a positive integer. In the first of 
the inequalities (3) let x=a+rb, y=a+(r- 1)6, and in the 
second a:=a4-(r+l)6, y—a-^^rh; then 

1 1 ^ 

{a + rhf {a + rbf+'^ 


^{a + rhf [a+(r+l)67 

If a > 6 > 0 the formula (5) holds when r = 0. 

The following particular cases of the formulae (3) and (4) 
may he noted : If a > 1, 

> 1 or < 1 according as m > 0 or m < 0 (6) 

Further, since -a®=a®(a^-® - 1), it follows that if a> 1, 

> a* or < a® according as y > oj or y < a; (7) 


Hence when x increases, taking rational values alone, the 
function a® steadily increases ; or, as x varies through rational 
values from — to + -AT, where i\r is a large positive number, a^ 
steadily increases from the small number a-^ (or Ija^) to the 
lai^e number 
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Again, the following simple particular cases of (3) and (4) 
may be stated. 

If ^>0, + when w>l; (l 4 -^)’^<l+mA 

when 0<m< 1, (8) 

and if 0 < ^ < 1 and 0 < mh < 1 

(1 1 -mA>0 when m> 1 ; 

when 0 < m < 1 (9) 

The following inequalities are important in connection with 
the exponential function. 

In ( 3 ) let a: = l ^ = 1 , rr wherey?, and^) 
are positive rational numbers and ti > ; then 




and >(^l+jy, 7i>^)>0 (10) 

Next, in (3)let » = !, y = l - lln,x-y = lln, where m, n,paxe 
as before except that p > 1 ; then 


and therefore (l“~) (11) 


From (10) it follows that (l + ljzy steadily increases as z 
increases through positive rational values, and from (11) that 
steadily decreases as z increases through positive 
rational values. 

Again, in (11) let ^ = 2 and for n put n+l ; then 

\ -(n + l) 




(*-i 

But 

(- 


so that 


(> 

and ^1 

1 ^ 

n+L 



(11a) 


-(»+i) 


<4 if ?2,> 1 

(l +i)”<4if n>l, (10a) 
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EXERCISES I. 


1. If d is a positive integer but not the square of an integer show 
that d is not the square of a rational fraction. 

[The following solution is given by Dedekind [Stetigkeit 
pp. 13, 14). 

If possible suppose d to be the square of a rational fraction tju in its 
low^t terms (all numbers positive) ; then -- dw® =0. There is always 
an integer X such that Xu<t<(X + l)u and therefore Xu{~u' say) 
is a positive integer less than u. Let t' —du - Xt ; then t' is also a 
integer (dw® - Xtu=t'^ - Xtu^tu'), Now 
ya -dw'2=(P --du^) =0, 

and therefore d = {t'lu')^. But u'<u so that tfu is not in its lowest 
terms ; the hypothesis made is thus untenable.] 


2. If d is defined as in Ex. 1 let y =x(x^ + 3d)!(Zx^ +d), where a; is a 
positive rational number and show that 


2x(d -x^) 
y-x - — i i 




(3x^+df' 


Deduce that the section of the (positive) rational numbers, determined 
by assigning to the upper class all rational numbers whose square is 
greater than d and to the lower class all the other rational numbers, 
is not generated by a rational number. 


3. Show that the formula for the nth root of d, corresponding to that 
of Ex. 2 for the square root, is 

_x{(n - l)x' ^ + {n + l)d} 

{n + l)x^ + {n~l)d 

Apply the formula to calculate approximations to \(d. 

[Prove that — d has the same sign as x — y and that the product 
(x” -d)(y” -d) is positive.] 


4. If y — {Xx -\-d)f{x + X) where x, X, d are positive rational numbers 
(d not a perfect square), prove that 


y = 


d~x^ 

x+X' 


, _(P-d)(x2^d) 


Hence show that if a/b is a rational approximation to Vd, and X the 
integer next greater than ^/d, a better approximation is given by 
(ki,+bd)l{a + A6), and the two approximations are either both greater or 
both less than ^yd. 


5. Let a and d be two positive integers, the second not being a perfect 
square, and let (a 4-v'd)^ where and are positive 

integers ; show that 


■^n+i —<^A^ + dH^, —aB^ + 

A««-dB„^=(a2-d)^. 

By taking =a, = 1, show that the fractions AJB^ for n — 2, 3, ... 
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give approximations to *^d of increasing accuracy. The value 
is that given by Ex. 2, {a =x, =y.) 

6. Let a be a rational approximation to and let 

a, = 4(a +1). a, =i(a, +|). ... a„ ; 

prove that a^, ... are approximations to ^/d of increasing accuracy, 
the approximations being in exc^s. Show that 

fljj -f s/d “f" sld) 

7. Prove that, if c is an approximation to \la in excess, where 

is a closer approximation, also in exc^. 

Show that a still closer approximation, also in excess, is Cg where 

n-l , 

c,=c,—^{c~c,)K 

[Let a =c^ -hj where h is positive and small, 0 < k<d^; then 

1 

-/r)=c(l -Jcld^)Ti. 

Expand by the Binomial Theorem. To jSnd reject all powers of h 
above the first and put (c” - a) in place of k. To find Cg reject all 
powers of k above the second, and so on for closer approximations. 

In calculating by this method we may begin by taking c to be 
the integer next greater than \fa. As a rule Cg gives a sufficiently 
close approximation for ordinary needs, but of course the process can 
be repeated.] 

8. If Oj, Ug, ... , a„ and b^, are two sets of n numbers which 

may be either positive or negative, prove that 

(3aA)®=(3a,.^)(iV) -2:(aA -aA)^ 

where r and s take the values 1, 2, , n. 

Deduce that 

i^arbr)^^{^ar^){^h/). 

The equation is usually referred to as Lagrange’s Identity and the 
inequality as Schwarz’s Inequality. 

9. From the inequality on p. 173 of the Elementary Treatise, 

xPy^< X>0, y>0, x=j=y 

where p, q are any positive rational numbers, deduce the inequalities 
(10) and (11) of § 11. 

[a; = l + 1/p, y = l gives (10) and x = \,y = l -Ijqiq > 1) gives (11).] 



24 ADVANCEI) CALCULUS [CH. I. 

10. Prove from the inequality in Ex. 9 that, if p and q are any positive 
rational numbers (g^ > 1 ), 

(-!)’< (-i) ■ 

[Let x^l+l!p and y-l-ljq- This result gives the additional 
information that every value of (1 +1/^)** is less than every value of 
(1 “ q being greater than unity so that 1 - 1/g may be positive.] 



CHAPTER II 

SETS. SEQUENCES. LIMITING POINTS. LIMITS 

12. Sets. Sequences. In § 9 it has been shown that there 
is such a correspondence between the real numbers and the 
points on a directed line or axis that to each number corresponds 
a point and to each point corresponds a number — ^in other 
words, the correspondence is one-to-one.’’ This corre- 
spondence frequently enables us to simplify theorems by using 
the language of geometry, and the words “ number ” and 
'' point ” are often used as interchangeable ; care must, 
however, be taken against the surreptitious substitution of 
geometrical for arithmetical conceptions in any demonstration. 

A part of the system of real numbers or of points on a line 
is often called a set or aggregate of numbers or of points, and 
the numbers or points are spoken of as the elements ” of the 
set or aggregate. The set is said to be infinite if the number of 
elements in it is not limited, and finite if that number is finite. 
As finite sets are of little importance for oiu* purposes, the 
word “ set ” wfil be understood to mean “ infinite set ” unless 
distinctly specified to be a finite set.” 

A sequence is a particular case of a set. If to the integers 
1, 2, there correspond definite numbers ag, 

a,,,..., the set a^, ... is called a sequence; the 

element a^, corresponding to 0, is frequently taken as the first 
element of the sequence. Thus in a sequence the elements are 
arranged in a definite order while in a set the order of the 
elements is indifferent. 

To indicate a set or aggregate one may use a letter, S say, 
and specify the nature of the elements : for example, “ the 
set S of all rational numbers ” or “ the set JS of all rational 
numbers in the interval (0, 1).” 

25 
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The seq[Dence ••• Diay be, and indeed is 

nsmlly, denoted by enclosing the general element in a 
parenthesis, thus (a„) ; it is to be gathered from the context 
or from an explicit statement whether the first element of 
the sequence is or or some other element. 

A set of numbers is said to be bounded above if there is a 
number K greater than every number of the set, bounded 
below if there is a number k less than every number of the set 
and simply bounded if both K and h exist. 

The special numbers called the upper bound ” and the 
lower bound ’’ of a set are defined in the next article. 

13. The Upper and Lower Bounds. In the rest of our work 
there will be frequent use of ''an arbitrarily small positive 
number ” ; the letter s will be reserved to indicate such a 
number so that it will be freely used in this meaning without 
further explanation, though of course occasions will arise 
when it may seem proper to state the meaning explicitly. 
When the symbol is used in any other sense an explicit state- 
ment of the meaning will be given if that meaning is not cleax 
from the context. 

Note 1. It may be noted in passing that if a and h are 
constants such that \a-h j < e we must have a = 6 ; the proof 
of this assertion is " obvious.” 

Two theorems of fundamental importance will now be 
proved. 

Theobem I. If a set S is bounded above there is a number E 
which has the following properties : (i) no number of the set is 
greater than H, and (ii) at least one number of the set is greater 
than H - e. 

This number H is called the upper bound of the set S. 

Since the set S is bounded above there is a number K greater 
than every number of the set. Two cases are possible. 

(1) The set may contain one number, a say, that is greater 
than all the other numbers of the set. In this case a=H, 
because no number in ^ is greater than a, while a itself is greater 
than a - 8, , 

(2) No number of the set is greater than all the rest. In this 
case a section of the real numbers may be formed as follows : 
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Let z be any real number. If there is a number in S which is 
equal to or greater than x assign x to the lower class L, but 
if z is greater than every number in S assign z to the upper 
class U- Obviously both classes exist, since K and every 
number greater than K belongs to U while the numbers in 8 
belong to L ; further, every number in L is less than every 
number in and every real number occurs either in L or in U. 
Therefore the section (L, TJ) determines a number and this 
number is H, as may be shown in the following way. 

By the construction of the section every number greater 
than J? is in U and is also greater than every number in 
8, so that no number in 8 is greater than H, On the other 
hand, there is always a number in L, and therefore in 8, 
which is greater than H -e, because every number in jD is 
equal to or less than some number in 8. 

Note 2. When the set 8 has no greatest number there is not 
only one but an unlimited number of the numbers of 8 between 
H-e and H because, if there were only a finite number, one 
of them would be the greatest of the set — contrary to the 
hypothesis that 8 contains no greatest number. 

In the same way the following theorem is proved. 

Theorem II. If a set 8 is hounded below there is a number h 
which has the following ^properties : (i) no number of the set is 
less than h and (ii) at least one number of the set is less than 
h '{•£. 

This number h is called the lower bound of the set 8. If 8 
contains no least number there is an unlimited number of the 
numbers in 8 between h and h +£. 

If the set 8 is bounded (that is, bounded both above and 
below) both numbers H and h exist. 

If a set 8 is not bounded above there is a number in the set 
greater than no matter how large the positive number K 
may be ; in this case (by a stretch of language) the set is 
said to have + oo as its upper bound. In the same way if 
a set is not bounded below there is a number in the set less 
than - K, no matter how large the positive number K may 
be, and in this case the set is said to have ~ oo as its lower 
boimd. 
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14. Limits. Notation. In the Elementary Treatise, §41, 
two definitions of a limit are given, and the distinction between 

limit ’’ and value '' is pointed out ; there seems to be no 
necessity for repeating the definitions here, but the student 
would do well to read the more important articles in Chapters 
IV and V and the earlier pages of Chapter XVII of the 
Treatise, as a knowledge of the working rules of limits is now 
assumed. 

We shall now, however, use the symbol to indicate that 
a variable tends to a limit ; the symbol is due to the late 
Dr. Leathern, and is a very valuable improvement in notation. 
Thus, for example, we now write 

/'sin a: i ^ r Z' sin a; - 

A-— = 1 instead of = 1, 

sin ic - • . j X T sin a; _ 

or lim = 1 mstead of lim — — = 1 . 

x-^ •*' a:=0 

Again, when it is said that the sequence (a„) tends to the 
limit Z,’' w^hat is meant is that the variable tends to the 
limit I when n tends to infinity ’’ ; in symbols 

I when n-^ co , or, £a^ = l. 

The sequence is understood to be an infinite sequence so 
that the explicit statement that n tends to infinity is hardly 
necessary ; compare the corresponding expressions for series. 

Null Sequence. When the sequence (a„) tends to zero the 
sequence is frequently called a Null Sequence. 

Finally, when it is said that a variable tends to a limit it is 
always to be understood that the limit is b. finite number unless 
it is expressly stated or clearly implied that the variable tends 
to +00 or to - 00 , See E.T* §§ 40, 41. 

15. Monotonic Ptmctions. If /(a:) is a single-valued function 

of X such that /(x^) ^fixj) when the function f{x) is said 

to be (E.T. p. 451) a monotonic increasing function of x, while 
if f{x^)^f{x^) when X 2 >x-j^ the function f{x) is said to be a 
monotonic decreasing function of x. When the sign = is 

^'The letters E.T,** indicate that the reference is to the Elemental^ 
Treatise. 
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excluded f(x) may be called a strictly increasing ’’ or a 
strictly decreasing ” function of x. (It is merely a con- 
Tention, but a convenient one, to use the words “ increasing ” 
and “ decreasing ” instead of the more accurate descriptions 
‘‘ not decreasing ” and “ not increasing ” respectively.) A 
sequence («,») is an increasing sequence if and a 

decreasing if 

The two following theorems, which are expressed in terms 
of sequences (a„), apply to monotonic functions f{x), it being 
understood that f{x) is defined for an infinite set of values of 
X and that x tends to infinity ; the reasoning is the same in 
both cases. 

Theorem I. A monotonic, increasing sequence (a^^) tends to 
+ao if the sequence is not bounded, hut if the sequence is bounded 
above, say an<h for every value of n, the sequence tends to a 
limit I, and l^k. 

If the sequence is not bounded above then, however large 
the positive number K may be, it is always possible to find an 
integer m such that an> K if n>m (or a value x^ of x such 
that f(x) >K if x>xf). This is the condition that tend to 
+ O 0 when 7 ^'>oo (or that /(a;) +oo when x-^ 

Suppose now that-(a,i) is bounded above, and let H be the 
upper bound of the sequence (or of the set of values of f{x)). 
By the properties of the upper bound (§ 13) a^^H for every 
value of n {f(x)^H for every value of x) and, given e, there is 
a value, n^ say, such that a^>H —s (a value Xq such that 
f(xQ)>H -s). Hence, since a^^a^ if n>nQ {f{x)'^f(xQ) if 
X > Xq), we have 

H -6<an^H A n>nQ (H -e<f{x)^H if x>Xq), 

and this is the condition that a^-^H (or that/(a;)->H). Further, 
E cannot exceed h so that l = H 

Cor. If f(x) is monotonic and increases as x tends to a 
inonotonically, f(x) either tends to oo or tends to a limit 

Let x=a+ (Ijy) or a - ( 1/^) according as x tends to a through 
values greater than a or through values less than a; then 
x-Hi when y-^oo . 

In the same way the next theorem is proved. 
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Theorem II. A monotonic, decreasmg sequence (a^) tends to 
- 00 t/ the sequence is fwt bounded but, if the sequence is bounded 
bdow, say a^>k for every value of n, the sequence tends to a 
limit I, and 

( 7 or. If f{x) is monotonic and decreases as x tends to a 
nmwtonicaUy,f{x) either tends to -- oo or tends to a limit. 

r, . Ill 

Ex. 1. ««“3“3*ion* 

Here we may take = 1/3 and obviously 1/3. (There is no value 
of n for -which a„ = 1/3.) 

Ex.2. + 

Here o. < + - to n terms or »«< ;^< 1. so that we 

may take Jfc = 1. Further, 

1 1 >0 

«n+i "“271 + 1"^ 2n + 2 n + 1 (2n + l)(2?i + 2) ' 

so that (a^) is an increasing sequence. The sequence therefore has a 
limit which is a positive number not greater than 1. 

Ex. 3. If p is a fixed (positive) integer and equal to the sum 

1 

n+l"^n+2"*'n + 3'^ •""’“n+pn' 
show that the sequence (a„) tends to a limit. 

Ex. 4. If =(^1 +“)^ an<i sequences 

(a^) and (&„) tend each to a limit and that the limit is the same for both. 

From the inequalities (10) and (11) of § 11 the sequences (a„J and (bj 
are respectively increasmg and decreasmg ; by the inequality (lOo), 
a^< 4 so that (a^n) tends to a limit, s my. Further 

SO that bfi tends to the same limit as is better, however, to apply 

the r^ult of Exercises 1, 10, from which it appears that so that 

the sequence (6,*) is bounded below and therefore tends to a limit. The 
inequality (12) of § 11 then shows the two limits to be the same ; or 
use E.T. p. 96 (iii). 

Ex. 5. Suppose a>b>0 and let ai = -J(a+5) and bi=sj{ab). If 
and are determined by the equations 

= V(<^n-l^n-l)* n=2, 3, 4, ... 

show that (i) (a^) is a decreasing sequence, (ii) (6„) is an increasmg 
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sequence, (iii) each sequence tends to a limit and (iv) the limit is the 
same for each. 

Hero U„_1 — “ I i^n-l ~ ^n-l)» ~ ^n-1 = { V ^n-1 “ V ^n-i )N/^n-i 

the results (i) and (ii) are easily proved by induction. 

Again a„ = V^n-i “* 0 so that a„>6„. Now (&J 

is an increasing sequence and therefore a^>b ; the sequence (a„) 
therefore tends to a limit ol. Similarly h^<a and the sequence (6„) 
tends to a limit The equation — +^n-i) shows that cl — p. 

The common limit a. is called by Gauss the Arithmetico-geometric 
Mean of the numbers a and 6, and is frequently denoted by M {a, b). 

Ex, &. If a>b> 0 , ai=|(o+5), bj^= 2 ab}{a +b) and are 

determined by the equations 

an=iK-i+6„-i). 6„=2a„_i6„_i/(a„_i+6„_i), n=2, 3, 4, ... 
show that the sequences (a„) and (6„) have a common limit — called the 
Arithmetico-harmonic Mean of a and 6. 

Show that this mean is equal to sf(ab). 

16. Sequence of Intervals. A useful method of determining 
a number depends on the construction of two monotonic 
sequences, one (a„) an increasing and the other (b^) a decreasing 
sequence ; when and are represented as points on a 
directed line, say the rr-axis of Coordinate Geometry, the seg- 
ment In of the line which represents the interval {a^ bn) may, 
subject to certain conditions, he made to contract as n tends 
to infinity so as to determine a point. 

The sequence {a^, bn) of intervals defines a number when 
the following conditions are satisfied : 

(i) (a„) is an increasing and (6„) a decreasing sequence of 

real numbers ; 

(ii) an < bn for every value of n ; 

(iii) given an arbitrarily small positive number €, there is 

an integer m such that < s if n S m. 

That these conditions define a number is clear ; for by (i) and 
(ii) the sequences (an) and (5„) have limits, a and b say, while 
h -a=£^{bn-an) = 0, by (iii), so that b=a. This number a is 
the number defined by the sequence (a„, 5„). 

In the geometrical interpretation every point is to the left 
of every point 6^; the point a is either inside each of the 
intervals In or else, after a certain stage, at one end of 
each interval J„, and, as n tends to infinity, the interval In 
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contracts, the end-points and tending from opposite 
sides to a. 


It may happen that a„=a if n > p, or again that =a if n > ^ ; in 
these cases a is an end-point of each interval when n is greater than 
p or q respectively. 

The number a will be said to be common to each interyal 
K)y it being understood that each interval is closed. 

For purposes of reference this method of determining a 
number may, for want of a better name, be called the method 
of the decreasing interval. 


17. Limit ing Points or Points of Condensation. Let S be an 
infinite set of numbers, or of points corresponding to them on 
a directed line. 


Defentition. If there is a point f such that the interval 
(f ” -fe) contains an infinite number of points of the set, i 
is called a limiting point, or a point of condensation, of the set. 
As a number, | is a limiting number of tbe set. 

I may be but is not necessarily a point of the set as the 
following examples show. 

Ex, 1. S consists of all the rational numbers x such that 0 

Every irrational number in the interval (0, 1) corresponds to a 
limiting point — or, as it may be stated, every irrational point in (0, 1) 
is a limiting point ; but S contains no irrational points. 

Ex. 2. S consists of all the points in the open interval (0, 1). 

The points 0 and 1 are limiting points but do not belong to S. 

Ex. 3. consists of all the points in the closed interval (0, 1), 

Every point of the interval is a limiting point. 

Ex. 4. consists of all the positive or negative integers. 

There are in this case no limiting numbers ; it is, however, sometimes 
said that + co and - oo are limiting numbers of this set. 

Theorem I. Every infinite bounded set has at least one limit- 
ing point. (The Bolzano-W eierstrass Theorem .) 

Apply the method of the decreasing interval. Since the set 
is bounded there is a number a less than every number in the 
set and a number b greater than every number in the set ; let 
all the numbers be represented on an axis. 

Bisect the interval (a, b). In one or, it may be, in both of 
the half -intervals there will be an infinite number of points of 
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the set ; if there be an infinite number in both select the half- 
interval on the right, that is, the interval [i(^& 6]. Denote 

the ends of the half -interval selected by a-^ and b-^ where 
If the right half -interval has been selected ai = |(a+6) and 
hi=b, but if the left half -interval has been chosen a-^—a and 
In both cases 6^ -ai = |-(6 -a). 

Next bisect the interval (a^, b^) and proceed exactly as in 
the preceding case. One at least of the new half-intervals 
contains an infinite number of points of the set, but if both 
half -intervals contain an infinite number select the half -interval 
on the right and call it (Ug, b^). We now have 

6^61^62 ; 62“U2 = i(^i “«)♦ 

Proceeding in this way we find an increasing sequence (a„) 
and a decreasing sequence (6„) where < b^, (6„ - a^) = (b - a)/2” 
and each interval (a^, bn) contains an infinite number of points 
of the set. Further, since (6-a)/2^ may be made arbitrarily 
small the sequence of intervals determines a point f . 

Hence within the interval (i - s, i +s), where s has the usual 
meaning, there lies an infinite number of points of the set, and 
therefore £ is a limiting point of the set. 

Thus the set has at least one limiting point ; but there may 
be more because, each time an interval is bisected, it is possible 
that both halves may contain an infinite number of points of 
the set. When an interval occurs which contains an infinite 
number of points of the set, that interval, by the theorem 
just proved, has at least one limiting point of the set. 

The point f determined by the construction first given is, 
if there be more limiting points than one, that which lies furthest 
to the right ; i is the greatest of the limiting numbers of the set 
and wiU be denoted by G, The characteristic property of G, 
as appears from the method by which it is determined, is that 
the interval (G- s, G +s) contains an infinite number of points 
of the set but that only a finite number (and there may be none) 
of the points of the set lies to the right of (? -f s. 

The number G is called the greatest of the limiting numbers 
of the set or, simply, the greatest of the limits of the set. 

When there are more limiting points than one of the set it 
may be seen that^ if in the construction the left half -interval is 
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always selected instead of the right half, there is a limiting 
point g such that the interval [g -e, g +e) contains an infinite 
number of points of the set, but that only a finite number (and 
there may be none) of the points lies to the left oi g - e. The 
number g is the lemt of the limits of the set. 


Theorem II. If the set is hounded and has no greatest number 
the upper bound H is a limiting number of the set and II=G^ 
while if the set has no least number the lower hound h is a limiting 
number of the set, and h=g. 

If the set has no greatest number then the interval (H - e, H) 
contains an infinite number of elements of the set so that E is 
a limiting number. Again no number in the set is greater than 
H so that H = G. Similarly for the lower bound. 

The greatest and the least of the limits are often called the 
Maximum Limit and the Minimum Limit respectively of the 
set. Other names are limes superior (or upper limit) and limes 
inferior (or lower limit). 

When the set is denoted by S the following notations are 
used : 

G^=lim S or G=lim, sup. S ; ^=lim S or p=lim. inf. S. 

When /S' is a sequence (a„) the notations are 
(t = lim a^ =lim ; g =lim a^ =lim 


the indication “ being omitted when no ambiguity 

arises. 

The notation lim is sometimes used when it is a matter of 
indifference whether the maximum or the miniTyvnTn limit is 
taken. For example, the inequalities 
a<lim a^<b, 
imply that a<g and G<b. 

Note on Sequences selected from Sets. If c is a limiting point of a 
set S that lies in an interval {a, c), where a<c, a monotonic, increasing 
sequence (x^) can he selected from S such that (x^) tends to c. This 
statement seems to be “ obvious,” but a formal proof may be given. 

If Xi, where x^>a, is any point of the set and =(xi +c)/2, infinitely 
points of S lie in (a^, c) and, if x^ is any one of these points, 
x^> Xi and c - arg < (c - a) {2. Again, if = (x^ + c) 12, let be one of the 
infinitely many points of S in (Ug, c) ; then a73>a;2 and c-x^<{c -a)l2K 
Next, let a‘^ = ix^+c)[2 and a point x^ may be chosen from the points 
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of aS in (^ 3 , c) such that and c -x^<{c - a)j2^. In this way a 

monotonic, increasing sequence (a;„) is obtained and {x^)-^c, since 
~£x)/ 2”“^. Clearly the sequence may be chosen in infinitely 
many ways. 

Similarly, if c is a limiting point of a set S' that lies in (c, 6), where 
c<6, a monotonic, decreasing sequence (rr') can be selected (in infinitely 
many ways) from S' such that (x'n) tends to c. 

If c is a limiting point for both of the sets S and S' let 
and xln =^n ; then the sequence (x"n) tends to c, so that from the set 8^, 
consisting of the sets S and S' and lying in the interval (a, 6), a sequence 

— of course, not monotonic — ^has been selected which tends to c, 
where a <c <6 and c is a limiting point of 8". 

18. Limits of Indetermination. The maximum limit G and 
the minimum limit g oi o, bounded sequence (a„) are sometimes 
called respectively the u^^er limit of indetermination and the 
lower limit of indetermination of the function a^ for n tending 
to 00 . 

Every element a^ of the sequence lies between H and A, 
the upper and lower bounds of the sequence but, when the 
question of a limit for a^ arises, the only values of a^ that are of 
importance are those corresponding to large values of and 
it is on these large values that the limit depends. Now, when 
£ is given, there is only a finite number of values a^ that are 
greater than G + & while there is an infinite number greater than 
(x-s \ so also there is only a finite number of values of less 
than g - a but an infinite number less than g a. By § 17, 
Theorem II, G=H provided (a„) has no greatest number, and 
g=h provided (af) has no least. 

Next let f{x) be a bounded, single-valued function of x, 
defined for an infinite set of values (not necessarily all values) 
of a; in an interval (^ - e, i +s), t being a limiting point of the 
set of values x. Since f{x) is bounded the set of values of f{x) 
is a bounded set and has therefore a maximum limit G and a 
minimum limit g. 

Now let a tend to zero. It is easy to prove, if it be not 
considered to be obvious, that as a tends to zero G cannot 
increase and g cannot decrease, so that G and g are bounded 
monotonic functions of e, say G{a) and g{a). It follows there- 
fore from § 15 that G{a) and g{a) tend to limits, Gq and g^ say, 
when a tends to zero. 
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These two numbers Gq and Qq are called respectively the 
upper and the lower limit of indetermhiation of f{x) for x tending 
to f. 

If the interval for which /(a;) is defined is (f, i +s) then x can 
only tend to | through values greater than | or — in the usual 
notation — x tends to | -f 0. As before G and g tend to limits, 
G; and gl> say, when x-->S+0; G'^ and g^ are called the right- 
hand upper and lower limits of indetermination of f{x) for x 
tending to 1+0. 

Similarly if the interval is (i - a, f), so that x tends to f 
through values less than f (x-^i - 0), there are left-hand upper 
and lower limits of indetermination of f{x) for x tending to 
f - 0 ; these may be denoted by Gl and respectively . 

In all these cases it must be remembered (i) that there is no 
sense in speaking of a limit for x tending to ^ unless f is a 
limiting point of the values of x for which the function is 
defined, and (ii) that the limits G^ and g^ depend on values of 
f{x) for values of x such that 0 < | f ~ a; | < <5 where d is positive 
and arbitrarily small. 

Again the difference G-g ^ never negative; when 
then G->Gq, g-^gQ, and therefore 

G-g. 

The conditions that {af) should tend to a limit when n~^co 
and that /(rr) should tend to a limit when x->^ may be readily 
derived from the above statements about the limits of in- 
determination. The conditions in these cases are, however, 
of so fundamental a character that they will be considered in 
detail in §§ 19 and 21. 

19. Existence of a Limit. Sequence. We shall now prove 
Cauchy’s Test for the existence of a limit of the sequence {af) 
{E,T, p. 378, Th. Ill) ; the general case for the limit of a 
function of x is considered in § 21. 

Theoebm. The necessary and sufficient condition that the 
sequence {af) tend to a limit, I say, is that, given an arbitrarily 
small positive number s, there shall he an integer m such that 
I I < a ^ m, whatever value the integer p may take. 

(i) The condition is necessary, Tor H a^-^l there is, by the 
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definition of a limit, an integer m such that | Z - a„ | < |« if 
n^m. But 

I On+p I =1 K+l- -0 +(?-»«) li i l-a„+p I + 1 Z -(*„ I 

and therefore 

j I < |e +|e, that is, | a^+^-a^ | <e if n^m, 

so that the condition is necessary. 

(ii) The condition is sufficient. For, if the condition is 
satisfied there is an integer m such that if m 

I ar.+p-a„ I <e, or, a„- e<a„^<a„+s, p==l, 2, 3, ... 
and therefore the sequence (a^), where /li take the values, m +1, 
m +2, m +3, is bounded and has a maximum limit G and a 
minimum limit g. In other words, if ^ w, 
a^ - e^g^G^an+e, 
so that 0 ^ (t - gr ^ 2e. 

Hence, since s is arbitrarily small, G=g, and there is only one 
limiting point in the sequence. The sequence {a^) therefore 
tends to a limit ; the limit is Z, where l = G=g, 

The student should prove that the other method, specified in 
the enunciation of Theorem III {E,T. p. 378), of stating the 
condition is equivalent to the above. 

20. Examples. The following examples contain some inter- 
esting theorems in limits ; others will be found in the Exercises 
at the end of the chapter. In some cases a knowledge of the 
chief theorems in the convergence of series is assumed. 

Ex. 1, If a„ and tend to zero when n-s-oo and if further {h^) is a 
monotonic decreasing sequence so that least for suffi- 

ciently large values of n), then 

n — >00 n->oo 

provided that the second limit exists, whether that limit is a finite 
number I or infinite. 

(i) Suppose that («« ”®w+i)/(^« tends to a finite limit 1. In 

this case there is an integer m such that if n 

■ T <€, OT I- e<\ Z + €, 

or, since is positive, (m may be taken large enough to make each 

positive) 

(a) 


(.l-e)(b„ -i>„+i) <a„ <{l + eXb„ 
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In (a) put n + 1, n + 2, , ?i +p - 1 in turn for 7i and add ; then for 
every integer p 

(I c) ~ ^n-i p) ~~ ^n-hP 

Now let p tend to oc ; then and therefore 

(/ - E)b^ + e)b^, n ^ m, 

or, dividing by the positive number 6„, 


a„ , i , 

+ e, or i I 
0 ; 


'K 


e, ni 


Hence a„/6 „->- 1 w-hen n->oo . 

(ii) Suppose that (a„ -«n 4 -i)/(^n -^n+i) tends to oo . In this case 
there is an integer m such that, given any positive number K, if 7 i rn, 

(^n~^n+i)l(K-K-ti)>^’ or, 

since {b^-h^^j) is positive. Proceeding as in case (i) we find that 
Un - a„ y>K(bn'- hn+p), Un ^ Kh^, n~^m 
and therefore aJb^^K if n^m. Hence ajh^-^co when n->oo since 
K is any positive niunber. 


Ex, 2. If and if 6„-^oo when n-^-cso , then 



provided tMt the second limit exists, whether that limit is a finite 
number I or infinite. • 


(i) Suppose the limit of (a„^i - an)/(&n+i “ ^n) to be the finite number Z. 
As in the proof of Ex. 1 we ^d, since &n-f-i>^T 2 » that 

(? -6J< -a„< (l+s){h^^^ -~6J if 

or, writing b^ in place of and a,,„, 6^ in place of 6^, 

(Z - e){hn - 6^) < - a„i < (Z + e)(6„ - 6^) iin>m. 

Now divide by the positive number and then add a,„/6^ to each 
member of these inequalities ; this gives, if n > m. 






Let the numbers a^, b^^ be kept fixed and let n, which is greater than 
m, tend to infinity ; since 6„ tends to infinity with n it is therefore 
possible to choose N so that 


I -~2£<aJh^<l-\-2s if 
and therefore ajh^ tends to Z when n->oo . 

(ii) Suppose that - %)/(&»+! — 6„) tends to oo ; then, as before, 
we can find m so that, whatever positive number K may be, if n >m, 

a^-a^>K{b„-h,^) or ““ 

Keeping a,^ and 6^ fixed, we can choose N so that ajb^ shall be 
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greater than K - s ii 7i >N, Hence a„/5„“^oo when h->-oo since K is 
any positive number. 

Compare E,T. p. 420, paragraphs I and II, with the theorems of 
Ex. 1 and Ex. 2. 


Ex. 3. Prove the following theorems, usually called Cauchy’s 
First and Second Theorems. ' 

First Theorem. If % +a 2 4* ... +a„=5„, and if when n - j-qo 

so does sjn, where sjn is the Arithmetic Mean of the numbers 

Ol* Us, , ^n* 

Second Theorem. If ... are all positive and if tends 

to a limit, r say, when n ->oo , then also tends to r when n-^cx> . 

The First Theorem is a particular case of Ex. 2 ; in that example 
let a„ =n, and we get the First Theorem. 

Next write in the form 

Q Si . 

” 1 ‘“l '“s'" “n-l’ 

therefore log (VaJ = K/%) + -, +Iog 


Now CLja^^^-^r and therefore, since iogrr is a continuous function 
of X, log log r. By the First Theorem the fraction to which 

log {X^a.n) is equal tends to log r so that V<^n t®iids to r. 

It should be observed that S^jn may tend to a limit though does not. 
For example, let a^={ - 1)”^“^ ; does not tend to a limit but the mean 
sJn tends to zero. 

Ex. 4- If the sequences (a^) and (&„) tend to a and b respectively 
then the sequence (c„), where 

=1(%6b +",60-1 +“ 35 n-J + ••• +“b6i) 

tends to ah. 

Let aj.—a+dr; then 

~ (^n + ^n-l + . . . + &i) + ^ (djb^ + + . . . + d„6i). 


By Cauchy’s First Theorem (&n + ^n~i +••* +^i)/^ tends to h. Next 
each of the numbers is finite, say [ 6^ [ <B, while d„-> 0 ; therefore 






and, again by the First Theorem, this expression tends to zero so that 
(c^) tends to ab. 

21. Existence of a Limit. Function of x. We now take tlie 
general case of Canchy’s Test for the Existence of a Limit ; the 
theorem of § 19 is limited tp the case of a sequence. 

Let f{x) be a bounded, single-valued function of x, defined 
for an infinite set of values of a; in an interval {a, b) ; it is to be 
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understood that in the following discussion the values assigned 
to X are those values in (a, h)— admissible values they may be 
called — for which f(z) is defined. Since these admissible values 
form an infinite set there is at least one limiting point f of the 
set. The theorem to be proved is as follows : 

Theobem. The necessary and sufficient condition that f{x) 
tend to a limit, I say, when x tends to f is that, given an 
arbitrarily small positive number s, there shall be a positive 
number rj such that \f{x') -f{x”) | < a, when x' and x" are any 
two values of x, such that 0<\x'-S\<r] and 0 < | a;" - | < 77. 

It should be noted that ^ itself is not an admissible value of x. 

(i) The condition is necessary. For if f{x)-^l when x^^ it 
is possible to choose rj so that ] I -fix') j <is and 1 1 -f(x") \ 
when 0<\x' - i I <f] and 0 < \x" - i \ <rj. Now 

ifix') ^fix'')\=\m^')-i}Hi-fi^i^^ ^ +\i-fixn\ 

and therefore 

I fi^') -fi^l |<£if 0<|a:'-f|<97 and 0<\x" - ^ \ <r], 
so that the condition is necessary. 

(ii) The condition is sufficient. For, if the condition is 
satisfied there is a number rj such that 

l<^, or, fix")-s<fix')<f{x ")+8 
when 0< I i -x' \ <r] and 0< | i-x" | <?]. 

Thus the set of values of fix) obtained by assigning to x all 
the admissible values of a; in (f -?7, f 4-?7) is a bounded infinite 
set and has therefore a maximum limit G and a TYii-niTrmTn 
limit g. Hence 

fix'')-s^g^G^fix'')+s 
so that 0^G~-g^2 £. 

But, as 7 ] tends to zero, G and g (see § 18) tend respectively to 
Gq and g^, where Gq'^G and g^^g; therefore 

As £ is arbitrarily small it foUows that 6^0 =^o therefore, 
when the set of admissible values of fix) has only one 

limiting number G^ or g^ and 

If f is a limiting point for values of x greater than f , similar 
reasoning shows that fix) will tend to a limit when +0 
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if, and only if, there is a number rj such that | f{x') -/{x") ] < s 
when 0< \ i-x' \ <r] and 0< | i-x" [ <rj x">i). 

If f is a limiting point for values of x less than f then f{x) will 
tend to a limit when x->i - 0 if, and only if, there is a number rj 
such that I f{x') -f{x") j <e when 0<||~a:'|<97,0<||-'X''|<?; 
x"<^). 

Again to find the condition that f{x) should tend to a limit 
whena;->+<» let a: = 1/y and /(a;) = i?^{y). Whenx->+<x) the 
new variable y tends to zero and the condition 

I F(y') - F{y'') \< s ii 0<y' <7} and 0<y''<7j 

becomes 

\f{x')'-f{x'')\ <s if x'>N and x">N, 

where N = llrj, and therefore N is an arbitrarily large positive 
number. 

Similarly if - oo the condition for a limit of f{x) is 
\f{x') -f{F')\ <8iix'<^N and -AT, 
where N is an arbitrarily large positive number. 

Continuity of f{x). If f{x) is defined for all values of x in the 
interval S +rj) the condition that f{x) should be con- 

tinuous at I is {E,T, p. 87) that f{x) should tend to f{() when x 
tends to f ; in other words that the limit of f{x) for x tending 
to f should be equal to the value of f{x) for x equal to This 
condition may now be stated in another form. 

Let (xf) be any sequence that tends to | ; if the sequence 

/(%). /(*2), /(a^s). — 

tends to /(f) whatever particular sequence (x^) be chosen, then 
f{x) will be continuous at f . 

That the two forms of the condition are equivalent may be proved 
as follows. 

(a) If then m may be chosen so that \ ^ ~^n\^V when n^m; 

hence if |/(f) -f{x) | <s when | f -ic | <^, we shall have l/(f) 1 <s 

when n ^ m, so that /(a;„)->/(f ) when (£C„)-^ f . Thus, when the first form 
of the condition is satisfied, so is the second. 

(b) When the second form is satisfied, so is the first. For, if f{x) does 
not tend to /(f) when x tends to f, it will be possible to choose e so that 
l/(^) “ f{x) I ~ e for infinitely many values of x (for a set S, say) in the 
interval -rj, i+tj) ; because, if there were only a finite number of 
such values of x, one of them {x', say) would differ from f by less than 
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any of th© others and then |/(^) 1 would be less than e when 

\i -x)\<7]\ where 7/ = j | - x' |, so that f(x) would tend to /(|) when 
a* tended to 

Now from th© set S in the interval -77, I +??; a sequence (x^) can be 
selected which tends to i (§ 17 , Note) ; hence j/(|) -f(x^) | for every 
value of n, so that /(x^j) does not tend to /(|) when (x^) tends to 
This conclusion contradicts the condition that every sequence /(x„) tends 
to /(^) when ,* it is therefore possible, when the second condition 

is satisfied, to choose t; so that | /(^) ~/(x) | < s when 1 1 - x | <77. Thus, 
when th© second form is satisfied, so is the first. 

The student may, as an exercise, deduce the conditions in 
§ 21 from those in § 19. 

22. Exponential Functions. The exponential function a“ 
is, up to this stage, defined for rational values of the variable x 
alone. The definition will now be extended to irrational 
values of x by showing that if (x^) is any sequence of rational 
numbers that has x as its limit the sequence also has a 
limit and this limit is defined to be the value of a®. The 
discussion is rather long but it is not difficult ; the inequalities 
of § 11 are required. It has to be remembered that the base a 
is positive, 

(1) a®->l when x tends to zero through rational values. 

Suppose a>l and let a^/” = l where a„ is positive and n 

a positive integer ; then (§ 11, (8)) 

a = (l +aj^>l +na^, a^<{a-l)ln 
and therefore and when n-^<x ) . 

Further, a-y^ = l/a?-h and therefore when . 

Next, let {Xn) be any sequence of rational numbers that tends 
to zero and let N he an arbitrarily large positive integer. It 
is possible to choose m so that £c„ will lie between - 1/^ and IjN 

n'>m, and therefore also so that lies between and 
if n'>m. But, given & as usual, N may by the preceding 
part of the proof be taken so large that both and lie 
within the interval (1 — e, 1 +e) ; so therefore does if > m, 
and therefore when 

Suppose next that a<l. Then 6=:l/a>l and a^~ljb^- 
so that since 6®«~>1 if 00 . 

(2) Next let {x^) be a sequence of rational numbers that 
tends to a:. We may suppose that lies between two fixed 
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rational numbers u and v for all values of % so that a®** lies 
between and aP and is therefore bounded, say a^<k for 
every value of u. 

The sequence tends to a limit, a say ; because 

I Q^Xn^p I = I (iXn(^(iXn+p~Xn - 1) | < ^ j - 1 | 

and 1 - 1 | -> 0 if since the sequence {x^) is 

convergent and therefore 0 if ? 2 .->oo . 

Again if (?/„) is any other sequence of rational numbers that 
tends to x the sequence (a^”) tends, by the above proof, to a 
limit, ^ say, but /5=a, as may be seen thus. The integer m 
may be chosen so large that x^ and differ from x and from 
each other by less than e if > m ; further, 

I I = I a®'» - 1) I < ^ I - 1 | 

and I ->0 when n-^co because when 

. ’R&n.ae ^=CL. 

The limit a is therefore the same whatever be the sequence 
(a®«) when [x^ is a sequence of rational numbers that tends to x, 
a is defined to be the value of the function a® for all real values 
of X, and it will be noticed that a® cannot be negative. 

(3) If u > 1 and c any rational number in the upper class of 
the section that defines x, when x is irrational, then a® < 
Hence a® > or < according as ^ > or < while if 
a<l, d > or < according as a; < or > y. These con- 
clusions follow readily from §11 and the definition of 
inequality (§ 5). 

Again, it is easy to prove that the index laws 
a® X a-® = 1/u®, (a®) ^ = a®^ 

are valid when x and y are any real numbers. Thus, for 
example, let x and y be defined by the sequences {x^) and {y^) of 
rational numbers ; then, by the fundamental theorems of limits, 

jT (a®'‘ X (a®«+y«), that is, a® x =a®+v 

n— >-00 «— wo 

since all the limits exist. 

(4) a® is a continuous function of x. 

Suppose a>l. It is always possible to choose rational 
numbers y and z such that, whether x is rational or irrational, 
y<x<z and z-y=lln. 
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Now, let z' be anj real number such that y<z'<z; then, 
by (3), < a®' < a*. When y and 2 ; both tend to x so does 
X * ; but in this ease, by (2), both and a"" tend to a® and 
therefore a®' also tends to a®. 

A similar proof holds if a< 1. Hence, whether z' tends to 
z through rational or irrational values of x, a®' tends to a® and 
therefore a® is a continuous function of x, 

( 5 ) It follows now that, if a>l, the fimction is a 
monotonic, strictly increasing, continuous function of x; 

when +oc and when It may 

further be noted that a^-^l when 
If a < 1 let a = 1/5 where 6 > 1 so that a® = 1/5“ and it follows 
that a* is a monotonic, strictly decreasing function of z. 

The student should note specially the following inequality, 
which is required in § 24, and is generally useful. 

If 5>a> 1 then 5“>a“ when a7>0, but 5“<a“ when z<0^ 
where a; is a real number. 

23. Logarithms. In this article a theorem will be assumed 
which is more conveniently discussed in the next chapter (§ 32), 
namely : If f{x) is a monotonic, strictly increasing, continuous 
function of a; for a given range of a; the equation /(a;) defines 
a; as a monotonic, strictly increasing, continuous function of y 
for the corresponding range of y. The two functions are said 
to be “ inverse ’’ to each other (E,T, p. 18). 

In the preceding article it has been proved that is, if a > 1, 
a monotonic, strictly increasing, continuous function of x that 
increases from 0 to 00 as a; increases from - 00 to 00 . The 
inverse function is called a logarithm, and if t/> 0 and a^—y 
the defimtion is that a; is the logarithm of y to the base a,’" so 
that, in the usual notation, 

z=logay if where a>l and y>0. 

It is obvious that log^y =0 if ^ = 1 and that log^y is positive 
or negative according as y is greater than or less than unity. 
(In practice the base a is usually assumed to be greater than 
unity.) 

There is no need to discuss the well-known rules of operation 
with logarithms, but one property may be stated explicitly, 
namely, that if (y^) is any sequence of real numbers that tends 
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to y the sequence (log y^) tends to log y. This property follows 
from the fact that logy is a continuous function of y (§ 21). 

24. The Base e. Theorems in Limits. It has been proved 
in § 11, (10) and (lOu) that, if ti is a positive rational number, 
(1 +lln)^ increases as n increases but that (1 -i-l/n)^ is less than 
4 for every value of n. Therefore (§15, Th. I) (1 +I/ 71 )” 
tends to a limit, usually denoted by e, when n->cc . 

Next, let z be any real number greater than unity and let the 
positive integer n be chosen so that g < 71 + 1 ; therefore 
when either of the numbers z and n tends to infinity so does the 
other. 

Now 

^^+l z n 

and therefore (l ' 

But 

(*+«+! 


1 \>! / 1\”+^ 

and therefore both ( 1 + — and ( 1 ' tend to e when 

\ n+V \ n. 

1\” 

^00 , since ( 1 H — ) does so for all rational values of n. Hence 

^ n/ 

(1 tends to e when z tends to infinity through real 
(positive) values. 

Next let z= - y - 1 where y > 0 ; then z-^ - qo when y- - +co , 


/ 1 \* 

and therefore (^1 j tends to e when z-^ - 00 . 


The above result may be stated as a theorem. 

Theorem I. The expression tends to a definite limits 

denoted by e, when z tends through real values either to + qo or 
to -CO ; or, {if Ijz is substituted for z) the expression (1 +zyi^ 
tends to the limit e when z tends to zero through real values which 
may be either positive or negative. 
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This mimber e, the student knows, is taken as the base 
of the logarithm in all theoretical investigations, and the 
function e® is “ the exponential function of xJ' If a is positive 
the function which is of course an exponential function of x, 
may be expressed, in what is considered the standard form, as 
In accordance with the usual practice, the symbol log a 
is here taken to mean logg a, 

^ Qh _ 2 

Theokem II. =loga, h>0 or h<0. 

A~>0 

Suppose u>l. Then ^* = 1 h is positive or negative 
according as A- is positive or negative and h-^0 when A->0, 
Now h log a = log ( 1 + ib) , and therefore 

a* - 1 _ h log a _ log a 
“T" “log (1 +k) ~Io^l 

But (Th. I) (1 e and therefore, since log re is a con- 

tinuous function of x, log[(l 4-^)^'*]-^log e when ^->0. The 
theorem is therefore proved since log e = l. 

If 0 < a< 1, let h = lja\ then 6 > 1 so that 

A-K) A-M) 

Cor. Let h = lln where is a positive integer ; then n (”/a - 1) 
tends to log a when n tends to infinity. 

TheoeemIII. /l2g(£±4M2gf^l. 

^ h X 

A->0 

Since x must be positive we suppose a: ^ c> 0. Now 

Let hjx — Jc I then Jc->0 when h-^0 since x^ O 0. As before 
log [(1+^)1/^] tends to loge, that is, to unity when ^->0, so 
that the theorem is established. 

Theorems II and III show at once that the derivatives of e®, 

and log x are e* u^log a and Ijx respectively. 

Derivative of x'^ when n is irrational. Since a;”, when a; >0, 
may be expressed as e«iogic find 

d.x^ dinlo^x] n 
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SO that the usual rule for the derivative of applies whether 
n is rational or irrational. However, when n is irrational, x 
must be positive. 

Notation. The exponential function is frequently ex- 
pressed by the notation exp(a;) ; this notation is specially 
useful when the index is a somewhat lengthy expression such 
as (ax^^ •\-hx +c)/(a'x^ +b'x +c') or n log (1 ^xjn). 

25. Limits and Inequalities. The examples now to be given 
establish some theorems in limits of logarithmic and exponential 
functions and also some inequalities that are frequently re- 
quired. 

Ex. 1. If the product nk tends to x when | n [ tends to infinity, so 
does the product n log (1 4-^). 

The proof depends on the theorem which has been applied so often 
in § 24 that log [(1 tends to log e, that is, to unity when k tends 

in any way to zero. 

If nh tends to x whether n tends to + oo or to - oo then k tends to 
zero whether rr is or is not zero. Now 

n log (1 4-ib) —rik log [(1 + k)Vk] 

and therefore 

j^n log (1 +k) ^zjTink ) . [(1 

Jn|->oo |ni-x» 

Ex. 2. If the product nk tends to x when | n | tends to infinity, then 
(1 -{-k)^ tends to e®. 

(1 +k)^ —e^n where =n log (1 +^). 

By Ex. 1, X and therefore, by § 22, (4), e^. 

Two particular cases of this theorem are important. 

(i) Let k =xln ; then (1 +xln)^ tends to e® when n tends either to + oo 
or to - 00 . 

(ii) Let nx ~m ; then, if x is not zero, | m | tends to infinity when | n | 
does so. Therefore 

(l +-')”*= (l+—')™ so that (l+- ->e*. 

\ nj \ mj V n. 

If aj = 0, (1 + 1/n)”® = 1, and therefore the limit is 1 and 1 =e®. 

In these and similar examples it ha.s to be remembered that n and k 
must be such that (1 +^) is positive. 

Ex. 3. Prove the following inequalities : 

(i) e® >1 -hx if x>0 ; (ii) e~® > 1 -x if 0< x<l ; 

(iii) X - log (1 +aj ) <x if 0<x<l ; 

O.A.C. E 
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(iv) a: < -log (1 - + if 0<x< 1 : 


(v) 2a;<logi^<2a;+- 


2 

^313^2 


if 0<x<l. 


For the extreme values 0 and 1 of a: it is best to test the value of the 
function. In all cases the inequalities become equalities for a;=0- 
for a; == 1 the inequalities (ii) and (iii) persist but the logarithms in (iv) 
and (v) tend to infinity when 

These results are proved very simply by the method used in the 
Elementary Treatise, p, 132, examples 24, 33, 34. To iUustrate the 
method take the inequalities (v). Let 


Here 


fff . 2a?2 ,, , 


■l-a;2 3(l-a;2)2» 

and therefore /(ar) is positive and (p\x) negative if 0 < a; < 1. But f{x) 
tod (p(x) are both zero when x=0 so that the increasing function /(x) 
is positive and the decreasing function (p(x) is negative for the range 
0 < a;< 1. The inequalities are therefore proved. 

Ex. i. Prove that e< 

where n is any positive number. 

The inequalities (v) of Ex. 3 may be expressed in the form 


l<i 


7 1 +iC 

Kow let X = l/{2n + 1) where n > 0 ; then 
so that 1 < log 1 +i 


<1 + 


1 


0< a;<l. 


< 1 +- 


X'^ 127^(7^ + l)' 

1 


12n(nH-l)' 

and, therefore, passing from logarithms to numbers, we find the 
mequalities stated in the example. 

^ Ex. 5 If 9 ,(n) ={cos and if 0„^ 0 and /(n)->a. when n^oc, 

diseuss the question of a limit for p(n) when n->oo 

’■ "Educes 

to that of fedmg the tot of This problem is, however, indeter- 
mmate until a relation between e„ and f(n) is given 

is ""T '’LtT 1 ® ’ff ' -fa"- " *-ds to zero 

IS - 1. But log (cos 0„) = } log (1 - to ej and 

“n =i/(«) log (1 -sin® d„) =i/(n) . el |^j gg (1 -sm^ 6n )J _ 

so that the tot of is the same as the limit of ~ifin)8l since the 
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factors sin Bnl^n ^ ~ tsiid to 1 and - 1 respec- 

tively. Hence 

if/(n) 61 0, q)(n)-^l ; 

iif{n) 6l-^a^, q>(n)-^ e-W ; 

if/(n) + 00, u^^-ao, 9(n)->0. 

If 97(n) =(sin let sin 6„/6„ — 1 - — , where a. ->» 0 when 

0 (that is, use the first two terms of the series for sin 6„) and then 
proceed as before. Or, note that (E.T. p. 77) sin BJd^ lies between 1 

and cos when | 6, 

Ex, 6. If m > 0, (log x)lx'^-^ 0 when rc“>oo . 

Let x—e^ and apply tho method of Examples 8, 9, p. 99 of the 
Elementary Treatise. 

26. Extension of Range of Definition. The method by which 
the range of definition of the function has been extended from 
rational to real values of a; is ’of a general character, and may 
often be applied. The principle of the method may be stated 
in the following way. 

Suppose that a function f{x) has the two properties : 

(1) f{x) is a bounded, single-valued function of x, defined for 
all rational values of a; in the range a^x^b ; 

(2) if i is any rational value of x in the range, f(x) tends to 
/(I) when X tends through rational values to f. 

Now every point f in the interval (a, b) is a limiting point 
of the set of rational points in the interval and by Cauchy’s 
Test (§21) f{x) tends to a limit, say, when x tends through 
rational values to f whether f is rational or irrational. When 
f is rational is the value /(f) of the function ; now, if f is 
irrational, let be defined to be the value of f{x) when a; = f 
and f{x) will be defined for all values of x in (a, 6), and 
further, f{x) will be continuous for the range a^x^b. 

To see that f{x) is continuous, let f and c be two values of 
X in the range, f being rational or irrational and c rational. 
When X tends to f through rational values, f{x), by the 
extended definition, tends to /(f) ; it has to be proved that 
f{x) tends to /(f) whether x tends to f through rational or 
through irrational values. 

In the first place, rj may be chosen so that 

\m-m\<ie if ic-fi<77 


(i) 
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Next, let be any number, rational or irrational, between 
i and c ; there is in the interral (f ', c) a ratio'oal number c' 
such that l/(c') -"/(^') I < 1^* is possible that c' may be 
taken to be c ; if not, substitute c' for c in the inequality (i) 
(this substitution is manifestly admissible) and let the one 
symbol c' be used to cover both cases. We now have 

\r~s\<v 

and \m -m I < is, \f(c') -m i < 

so that, if I - f I < we find 

i/(r) -m I = ! {f{ci -m } - {/(c') -m } i 

< is -hie, or, £. 

Thus f{x) tends to /(^) when x tends to f through irrational 
as well as through rational values, and therefore f{x) is con- 
tinuous at 


EXERCISES II. 

+ 1)"^ + 3) 

a„" 1 when n-^co . 

«v Tf n n n 

when n->oo . 

3. If a„+i=iK+5n) and 6„+i=*/K+i6„). o„>0, 5„>0, the 
se(}uences (o^) sJ^d (6^) are raonotonic ajid converge to the same limit. 
CL say. 

If =cos 0, 6i = l, then a=sin0/0; if ai=coshw, 5i = l then 
oc =smh u(u. (Borchardt.) 

4. If a„^. 2 =y(a„+^a„) and a„>0, the sequences and (a^n) are 

both monotonic, one increasing and the other decreasing ; the sequence 
(a^) tends to (aiOa)^. 

5. If «n+2=4(^^n4-i +®n) 8^d > 0, the sequences (a^n-i) ^d (a^n) 

behave as in Ex. 4, and the sequence (a„) tends to J(ai +2a2). 

6. If Hha,j), where each number is positive, the sequence 

(a„) tends to where i is the positive root of the equation =x -ha. 

[Here On+i that (each number being positive) 

®n+i > or < according as > or < that is, (a^) is monotonic. 

Again, since i^=i+a we have so that a 2 >i if ai>i; 

also if aj^>i (the positive root of x^=^x-ta) then af>a-haj^=al or 
ai >a 2 . pius when (aj is a decreasing sequence each is greater 
than i, with a similar conclusion if Hence, since and 
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tend to the same (positive) limit, yj say, we have Y}^=a + ij so that 


7* If a„ =ct/(l (each number positive) the sequence (a„) tends 

to a limit the positive root of the equation x® +a; =a. 

8. If - logn and -~log(n + l) where 

■ffn = l+^ + 5 + ...+~, 

show that (Uji) and (v^) tend to the same limit, y say ; y is a common 
(though not universal) notation for the limit which is always known 
as Euler’s Constant, (y =0*577 215 664 ...). 

[By the inequalities, § 25, Ex. 3, we have 


ti„ -v„ =Iog (l +1) > 0, «„ > v„. 

Thus (uj is decreasing, (v„) increasing, but and v„ < Uj^. Hence 

(uj-i-a limit oc and a limit p while {u^ ~ v^)-> 0, so that a^ = ^:=:y, 
Ory we may proceed as follows ; 

sothat "n=2{p-^°g(l+^)}>‘ 

r=l r=\ 

The series 21/^^ converges and therefore limit; u^-v„-^0 

and the sequence (t4^) tends to the same limit.] 

Cor, = y +log n + where 0„-^0 when n-^oo . This expression 
for the sum of the first n terms of the harmonic series is often useful. 

9. If a„=— + + ^ , 

^ n + 1 n + 2 n+n 

prove that a,j-j^log 2 when n-^co and deduce a series for log 2. 

-fl'„ = (y +log 2n + e') - {y +log n + 6'), 
sothat a„=log2 + (e;-SJ)-s-log2smce e;->0, e'-^-O. 

Again 

r=l r=l r=l 


so that 


log 2 =2 


r 2^3 4^’ 


2« , n , 
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prove that 
and deduce that 


^t“n-6n)=i log 2, 


^ ■^3“2'^5'^7“4 + - 


= I log 2. 


[Here =^4^ - The infinite series 

+ ^ + ... 

is a derangement* of the series in Ex. 9 for log 2, so that this derange- 
ment alters the sum of the series.] 


11. If p and q are fixed positive integers and if 


~ ^j2(r-l)j)+2s 


1 j 

D+2S-1’ 


2{r-l)g+2s’ 


show that 


(i) a„ —bj^—H^pn 
(u) jT (a„ - b„) =log 2 + 2 log I . 


State the result as a theorem on the change produced in the value of 
the series for log 2 (Ex. 9) by a derangement * of its terms. 

12. If p is a fixed positive integer and if 

a -1,1,1, I 1 

" U'hl n +2 n + Z n-hpn* 

~2n + 1 '^2n + 3'^2n + 5 ^ *** ^2n + 2pn - 1’ 
show that both and tend to log (p + 1 ) when w -> 00 . 

13. If o„ ={J(ai/n show that tends to \/(ah) when n-^00 . 

[Here a„=(l +A;)” where nk=i{n(ayn - l) +n{byn - i)} and (§ 24. 

Th. II, Cor.) log (ab) when n->oo .] 

A, =^’ P + 1>0. 








(a+c)P-f (g+2c)P + .., +(a+nc)P nc^ \ 

■ — . 

=(a + Jc)c*’~h p>0, a^O, c>0. 
* On derangement of series, see § 69. 
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17. If f{T^) — ^ 9 Q>Qf show that n“ i-p/(? 2)->- 0 whesn 

ri->oo and then prove 

(i)/'n-y(n) = i; (ii)/'{|-/(n)}=^. 


(Ces^ro), 


19 1 4- \/2 + V3 + 4^4 4- . . . + Xfn , 

’ As n * 

n-^oo n—^ao 

21- /'^{(’" + l)(»^+2)...(n+n)}”=l 

n-s-oc 

1 

22. {(i; + 1)(^: +2)...(^: +n)|”=^, (i: fixed). 

23. If a„ =Coa;o +C 3 ,a;j^ +<^ 2^2 + ••• +c„a;„, =Co +Cj^ +C 2 + ... 4-c„, where 
C;.(r=0, 1, 2, ... , w) is positive (at least for all values of r greater than 
a fixed integer) and h^->cc when n-^co , prove that if £c„ tends to a limit £ 

/^ Cq^o + + . . . + 

A> Xj Cq +C i +... 4 -c„ 

»->QO n— >"00 

£is not necessarily finite (see § 20, Ex. 2). 

24. If the symbol denotes the binomial coefficient 


show that, 
pHere 


n{n - l)(n - 2 ) ... (n - r + l)/r 1 
, when r is a fixed integer, ^ (r)“^ ^ "when 3 
I /n\ 1 1 ^ 


I 1 /n\ 1 1 , 

[Here U j < FI ' 2S=r! i^uSi^^O ^ J 

25 . n “»=i>:o + (l)a:i+( 2 )a;a + ...+(”)»r + ..- + (^)®;„ show that 
cJ2^-^ 0 if 0 , and that Gt^/ 2 ”^ a; if {Xn)-^x. 

+(l) + (2) +—+{”) + — + (n)=(l + ^)" = 2" 

Now if 0 we can choose r so that 1 1 < Je if 55 >r and then. 

2"[(r + l)®*'+i + (r + 2)‘®’'+»'^"' ^2®' 


Xn) show that 
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Chooso r and keep it fixed ; the other part of aJ2^ contains a finite 
number of terms, namely (r + 1), each of which tends to zero when 
n->oo , and therefore their sum will be less than when n >N. Thus 
a^/2” is less than e if n >N so that ct,i 2”-?- 0 if 0. 

If {x^) tend to x we may write 


and hj%^ 0 since (x„ -x)-^ 0 so that a x.J 



aJ-K) 


and (sin ® = 1 , 
z-*o 


27. If tan ait = A tan (kstjn), where 0 < A ^ 1 and ^ is a fixed positive 
integer, prove that 

(i) ^cos (najfc)=cosAI;:7r; (ii) ^( 0080 .*)" = !. 
n— ►x n—vx 

The following Examples 28-30 lead to Stirling’s approximation for n ! 

28. If <p{n) apply Ex. 4 of § 25 to prove that <pin) is a 
monotonic, decreasing, positive function of n and therefore tends to a 
limit h when n->-oo . Show that /j > 0. 

r q>(n + 1) e 

L 97(n) ’ <p(n + 1 ) < (p(n), 

i_ 

To prove!; > 0, letf(n) =e ^’»(p(n) ; then ^|r(n + 1) >^|r(n). Since (n) 
has the same limit as (p{n) and increases to its limit k, it follows that 

i>0.] 


29. From Wallis’s expression for 3t/2 (E.T. p. 307) prove that ./(’t/2) 
lies between PJsJ(,2n) and PJ^(2n + 1) where 

P„ = (2".n!)V(2n)! 

and therefore 

(2» . nim2ny. = ^(^')^(2n + d„), 0< «„<1. 

Deduce that 

1.3.5... (2n-l) o„ , 1 

'2':4.6... (2n) • 


30. SW «... 

and therefore that !:=^/(2 jc), where k is defined in Ex. 28, so that 
9 ?(n) -> ^y(2rT) when n^ao . 



EXERCISES n 


55 


n.] 

[By Ex. 28, <p{n) is greater than. Jc and or e I2n qj(n) is less than 
k or ; that is ^ 

9 ?(n) > \/{ 27 t) but <p(n) Ci^( 27 t)e^-^ 
and therefore 9?{^) =s/(23i:)e®/i2n, 0 < 6 < 1. 

Thus finally ^ s/(25m)e®/l2n, 0 < 6 < 1. 

The factor is less than 1 + >1) tends to unity when 

n-^oo . The value 

(n/e)"s/(2jcn) 

is known as Stirling’s Approximation to n I when n is large. 

For the form in which Stirling states his theorem see Tweedie’a 
James Stirling : A Sketch of his Life and Works, pp. 43-44.] 



CHAPTER III 


FUNCTIONS OF ONE VARIABLE. DERIVATIVES. 

DIFFERENTIALS 

27. Oscillation of a Function. Some of the general pro- 
perties of a continuous function f(x) that have been either 
explicitly or implicitly assumed in the Elementary Treatise 
(Chapter V) will now he considered. The function, if not 
continuous, will always be assumed, unless the contrary is 
expressly stated, to be defined for an infinite set of values of 
its argument and the properties of the bounds of the function 
will be often required. 

Let fix) be a single-valued, bounded function of x, defined 
for an infinite set of values of x such that a^x^b, or, for an 
infinite set of values in (a, 6), including a and 6. The set of 
values of f{x) for which fix) is defined is a boimded set and 
therefore has an upper bound M and a lower bound m (the 
letter Ji is so often used to denote an increment of x that it is 
convenient to use a different sjmabol for the bound). The 
difference M -m, which cannot be negative, is called the 
Oscillation of fix) in the interval (a, h) and is usually denoted 
by O. 

The notations Jf(a, 6), m(a, 6), and 0(a, b) will be used when 
it is desired to specify the interval, so that 

0(a, 6)=Jf(a, b) -m(a, 6) or 0=M -m, 

Ex. If c is any number in (a, 6) prove that 

0{a, b)^0ia,c) + 0{c, b). 

Theobem. If M is the upper bound of the isingle-valued) 
function fix) of x when x varies from a to b, (a and b included) 
there is at least one value f sudh that the upper bound of fix) 
in the interval H — s, i +£) is also M, where e is an arbitrarily 

66 
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small positive number. If m is the lower hound of f{x) there 
is at least 07 ie value svich that in the interval (f'-s, 
the loiver howid of f{x) is also m. 

If f (or f') is a the interval is (a, a 4-e) and if f (or f') is 6 
the interval is (6 - e, 6). 

The function need not be defined for all values of x in (a, h). 

Bisect the interval {a, b) and let c = |(a +6). In at least one 
of the intervals (a, c) and (c, b) the upper bound of f(x) is M ; 
for, obviously, if the upper bound of f(x} is different from M 
both in (a, c) and in (c, b) it could not be if in (a, b). If if is 
the upper bound in both, select, for definiteness, the interval 
on the right, that is (c, b) ; denote the one interval or, if there 
be two, the selected interval in which the upper bound is if 
by (%, 6i) so that %< and bj^—aj^ = ^(b - a). Therefore the 
upper boxmd of f(x) is if in the interval (aj, b^) where 

-a). 

Next bisect the interval (a^, 5^) and proceed as in the first 
case. Denote the one interval or, if there be two, the interval 
on the right by (ag, fcg) ; then b^-a^ — {f)^-a-f)l2=^{b-a)l%^. 
Thus the upper bound oif{x) is M in the interval (ag* ^ 2 ) where 
< 62^61^6, (62 - af) = (6 - a)/22. 

Proceedmg in this way we see that the upper bound of f{x) 
is if in the interval {a^, bf) where 

••• ••• ^62^^!=^ 

and -a„ = (6 ~a)/2^. 

The sequence of intervals (a„, 6„) satisfies the conditions 
of § 16 and therefore determines a point ^ which is common to 
each interval. Given e, choose n so that {b--a)/2^ is less 
than B and the interval (a„, 6„) will lie wholly within the 
interval (i - b, ^ +s). Hence the upper bound of f{x) in the 
interval (i - s, i +s) is if. 

The same proof holds for the lower bound m. 

The numbers f and need not be values of x for which /(a;) 
is defined. 

If f{x) is not bounded above in {a, b) — ^that is, if there is a 
value of a; in (a, 6) such that /(a;) > K, where K is an arbitrarily 
large positive number — ^the same reasoning shows that there is 
a point i in (a, b) such that in the interval - e, f +e) the 
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fxmction f{x) is not bounded above. Similarly, if f(x) is not 
bounded below in (a, 6), there is a point in (a, 6) such that 
in the interval (i' -s, +£) the function /(re) is not bounded 

below. 


Note, A function f{x) may be finite for every given value 
of a; in the closed range (u, b) and yet not bounded in {a, b). 
For example, let f(x) be defined as the limit when ^ oo of 
7 ix/(l+nx^); then f(x) = 0 if x=0, hut f(x) = l/x if x is not 
zero. Thus f(x} is finite for every given value of x but, in 
any interval which contains the value 0 of x, the function 
f(x) is not bounded since, if Z is any arbitrarily large positive 
number, | f(x) | > X when 0 < | a; | < 1/X, 


28. Theorems on Continuous Functions. Throughout this 
article the function f(x) is supposed to be single-valued and 
continuous for a range a^x^b, or in the closed interval (a, b) ; 
in the interval x varies continuously — ^that is, x may take any 
value between a and 5, including a and b. 

The phrase ‘‘ neighbourhood of f ” will be used occasionally, 
and by a neighbourhood is meant the set of values of rr in the 
interval f +<5), excluding where d is an arbitrarily 

small positive number. If i=a the interval is (u, a +6) and 
if f =6 the interval is {b- 6 , b). 

Theobem I. If f{x) is continuous at c and if f{c) is not zero, 
then f{x) has the same sign as f(c) for all values of x in the 
neighbourhood of c. 

By the definition of continuity | f{x) —f{c) | <£if|a;-c|<A 
so that /(c) -s<f{x) <f{c) 4-e if 0<|a;--cj <h. When /(c) 
is not zero s may be chosen so that both /(c) - e and/(c) + s have 
the same sign as /(c), and therefore f{x) has the same sign as 
/(c) when 0 < | a; - c [ < A. 

Theoeem II. If f{x) is continuous for the range a^x^b 
and if f (a) andf{b) have opposite signs, f(x) will be zero for at 
least one value of x between a and b ; further, if f{a)=A and 
f(b) =B,f{x) will take once at least every value between A and B 
when X varies continuously from a to b. 

The second part of the theorem is a simple corollary of the 
first part. For, if A < C< B or A > 0> let (p{x)=f{x)-G; 
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then (p{x) is continuous for 9?(a) =A ~ G, g?(b)=B- C 

so that 9? (a) and (p{b) have opposite signs. Therefore, by the 
first part, there is at least one value f, where a<i<b, such 
that (p{i)=0 and therefore /(|^) = (7. 

To prove the first part of the theorem suppose, for definiteness, 
that f{a) is negative and f{b) positive, and apply the method 
of the decreasing interval. 

First let c = |(a+6). If /(6)=:0 the theorem is proved, but 
if /(c) is not zero, let a—a;^ and 0=6^ when /(c) is positive, but 
let c = «! and b = bj^ when / (c) is negative. Thus /(«i) is negative, 
/(6i) is positive and/(a;) is continuous for a^^x^b^ where 
is equal to \{b - a). 

Now repeat this process. If Ci = J(ai+6i) either f{cj)=0, 
in which case the theorem is proved, or else f(c{) is not zero, 
and then we take %=a2, when /(c^) is positive, but 

Cj==a2, 61 = 62 /(^i) is negative. Hence f{a^ is negative, 

/(^a) positive and f{x) is continuous for a^^x^b^, while 

62 -«a = i(6i-«i)=p(6-a). 

Proceeding in this way we find either a number, say, for 
which /(c,.) =0, in which case the theorem is proved, or else a 
sequence {g^i 6„) of intervals which determines a number 
common to every interval, and f{a^ is negative, /(6„) positive 
for every value of n. 

The continuity of f{x) now comes into play. If /(^) is not 
zero f{x) has the same sign as /(f) in the neighbourhood of f . 
But however small the positive number h may be, n may be 
chosen so that the interval 6^) lies wholly within the 
interval (f-A, f 4-A) and therefore, since f (a n) and /(6„) have 
opposite signs, f{x) has not always the same sign as /(f) when 
X lies in (f -A, i +h). Hence /(f) must be zero and the 
theorem is proved. 

Ex. If n is a positive integer and k a positive (real) number the 
equation x‘^-—k has one and only one positive (real) root. 

Take h so that 6 > ^ and also 6 > 1. Then a;” =0 if a; =0 and x*^=h^>h 
if a; =6. Therefore as x varies from 0 to 6 the continuous function 
must, for at least one value of x, be equal to h. Further, if a; > 0 and 
y > 0, a;” and y" are unequal if x and y are unequal, so that there is only 
one positive value of x that makes x^ 
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Theobem III. If f(x) is continuous for the range a^x^b 
and if e is any given arbitrarily small positive number there is 
a positive number h such that | f{x') -f{x") | < e, where x' and x" 
are any two values of x in the range such that \x' -x" \<h. 

Several proofs of this important theorem have been given ; 
the following is by Peano. 

First, choose a^>a so that \f{x)-f{a) | <^s if 
this choice is possible because of the continuity of f(x). Next 
choose a2>ai so that \f(x)-f{af) | <|£ if and let 

this process be continued. It has to be proved that a finite 
number of values, say ag, ^3, , a^, can be found such that 
in each of the (7^ +1) intervals 

{a, of), (%, a^) ... , a„), {a^, b) (1) 

\f(x)-f{a^) i if a^^x^a^^j^, ao=a, a^+^=b. 

If a set a^, , 0 ,^ is not finite the me hod of determining 

these numbers gives a sequence (a^) which tends to a limit c 
where c<b, because each element of the sequence is less 
than b and the sequence is monotonio and increasing. It 
will now be shown that the supposed sequence has no limit- 
ing point and that, in fact, c may be taken to be one of the 
numbers a„. 

The function f(x) is continuous at c and therefore there is a 
number such that \f(x) -f{c) | < if Again since, 

by hypothesis, c is a limiting point of the sequence (a^) there is 
an element, say, of the sequence such that < c and 

therefore, by the last inequality, \f{(^m)-f{<^) I <6^- Hence 
if a^^x^c 

\f{x) -fiaj I ^ |/(a:) -/(c) | + |/(c) -/(«„) | < 

SO that c may be taken to be the element a,n+i- The 
supposition therefore that the point b cannot be reached in a 
finite number of steps is untenable. 

The interval (a, b) must be closed ; if b were only a limiting 
point of the set of values of x and not itself a value of x the above 
reasoning would fail. 

Suppose now that h is the least of the intervals (1), that is, 
that h is the least of the differences (% - a), (ag ~ ^i) . . . , (b - a„) ; 

I /(^') -/(*") I < S if \x'-x‘'\<h. 
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For, either x' and re" lie in the same interval, (a^, say, 
and then 

I /(»') -/K) 1 < ie, I fix") -f{a,) I < 

SO that 

\f(x') -fix") \ ^ \fix') -fiaf) I + \fix") -fiaf) | <|s< 
or else, x' and x" lie in adjacent intervals (a^_i, a,) and (a,, a^f). 
In this ease, x' being in af) and x" in {a^, 

\f{x') -fK-i) I <|, |/K_i) -/K) I <|, \ fix") -/(a,)| <|, 
and therefore | fix') -fix") | < «. 

Thus \f{^')-f{x")\<sii\x'-x"\<h. 

Uniform Continuity. This theorem expresses the property 
of uniform continuity. In virtue of the continuity of fix) it is 
possible to choose so that \fix) -/(ci)| < a if | a; - | <h^, and 

also to choose so that | fix) -fief) | < a if | a; - Cg | < ; but 

it is quite possible that would have to be less than The 
theorem however proves thatj no matter what point c in (a, b) is 
taken, there is always one value of h such that | fix) -fic) | <e 
i I a: - c I < A. The uniformity of the continuity lies in the fact 
that the same value of A secures the inequality | fix) — fic) | <e 
when I a; - c I < A whatever point in the interval (a, 6) the 
point c may be. 

Theorem IV. If fix) is contimums for the range a^x^b it 
is bounded for that range. 

Let a, a^, ... , a„, h be an increasing set of numbers that 
divide the interval (a, b) into (w+1) sub-intervals such that 
fflr+i— «r<A’ and 

\fix) -fiaf) I <fi if I a; -aj < A, r=0, 1, ... , n, a^^a, a„+i=6. 
If we have 

fix) =fia) +{/(«!) -fia)} + {/(ffla) -fiaf)} +... + {fix) -/(a,)} 
and therefore 

I /(a:) I ^ I fia) \ -t- \fiaf) -fia) \ + |/(aj) -fiaf) | +. .. 

+ !/{») -/K)l<l/(a) | + (>--M)fi. 

Now (r -(-l)eg(«, a finite number, and therefore if 
l/(«) I +(« +l)fi=A we have | fix) | < k when a^x^b so that 
f(x) is bounded. 
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The theorem follows at once from §27. If f(x) is not 
bounded in (a, b), there is at least one point i in the interval 
(a, b) in the neighbourhood of which f{x) is not bounded ; but 
this is impossible, because /(a;) is continuous at f and therefore 
f{x) lies between /(f) -s and /(f) +s, when x is any number in 
the interval (f -e, f +e). 

Theorem V. If f(^) continuous for the range a^x^b then 
the upper hound M and the lower bound m of f{x) are values of 
f(x) ; or, f(x) attains its upper and lower bounds. 

By Theorem IV, f{x) is bounded and therefore has an upper 
bound M and a lower bound m ; it has to be proved that M 
and m are values that f{x) actually has — ^that is, that there is 
at least one value f for which /(f) =M and at least one value f' 
for which /(fO =m. 

The Theorem of § 27 proves that there is at least one value f 
in the neighbourhood of which the upper bound of f{x) is M. 
'Sow f{x) is continuous at f and therefore, given a as usual, there 
is a positive number h such that | f{x) -/(f) i < e if i ^ - f | < A. 
But M is the upper bound of f{x) in the interval (f - A, f 4-A) 
and therefore there is a value of a; in this interval such that 
M ^f{x) >M - a or M -f(x) < a. Hence 
I M -m \ = \{M -fix) +fix) -m I ^ I if -fix) I + 1/(0;) -m\ 
so that I M -/(f) I < 2£. But M and /(f) are constants and a 
is arbitrarily small ; therefore M =/(f ). 

In the same way it is proved that m =/(f') where f'^6. 

M is the mcmimum and m the minimum value of f{x). 

29. Discontinuity. In § 44 of the Elementary Treatise the 
discontinuity of a function which is in general continuous is 
briefly referred to ; Fig, 27, p. 88, and Fig. 32, p. 155, of that 
book are graphical representations of certain types of dis- 
continuity. Fig. 32 should be specially considered, as it 
represents cases that actually occur and not cases manufactured 
to prove a possibility. 

Removable Discontinuities. Suppose f{x) to be defined for 
a range a<x^b ; if a< c< 6 it may happen that when x-^c +0 
(that is, tends to c through values greater than c) f{x) tends to 
a lunit I and that when — O (that is, tends to c through 
values less than c) f{x) tends to the same limit Z, but that Z is 
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not the value /(c) which the function has by its definition. 
The function is therefore discontinuous at c. In this case the 
definition of f(x) for the value c of x may be changed and /(c) 
taken to be equal to Z ; if c is the only point of discontinuity 
in an interval {c-h, c this change would make f{x) con- 
tinuous in the interval. 

In this case the discontinuity is said to be removable and when 
the case occurs the change is usually made. 

Discontinuities of the First Kind. If f{x) tends to a limit I 
when - 0 and also to a limit V when x tends to c +0 and 
I is not equal to l\ whether or not one of the numbers Z, Z' is 
equal to /(c), the discontinuity is said to be of the First Kind. 
As a rule, f{x) is not, by its original definition, defined for the 
value c of x, but in this case no value assigned to /(c) will make 
f{x) continuous at c. It is not unusual to define /(c) to be 
|(Z + Z') — the mean of the two limits Z and V {E.T. Kg. 27, 
illustrates this type).* 

Discontinuities of the Second Kind. If one (or both) of the 
limits oif{x) when x-^c-O and when a;->c +0 does not exist 
the discontinuity is said to be of the Second Kind. The fxmction 

sm illustrates this case ; the fimction does not tend to 

a limit either when x-^ c - 0 or when c +0. 

30. Derivatives. If f{x) is defined for the range a^x^b 
and if x and x^ are any two values of the argument in the range, 
f{x) is said to have a derivative, denoted by f(xf), for the 
value x^ of the argument when the quotient q^(x), where 

={/(*)-/(%)}/(* -*1), (1) 

has a limit Z for x tending to Xj^. It is to be specially observed 
that the limit must be the same whether x tends to 
or to - 0. The number Z is supposed to be finite ; the cases 
Z = + 00 and Z = - 00 are considered a little further on. 

When the number Z exists /(a;) is said to be differentiable at 
or to have a derivative when x=x^. 

It may happen that the quotient (p{x) tends to a limit Z^ 
when +0 and to a different limit Zg when x-^Xj^-0. In 

this case f{x) is not differentiable at x^ but f{x) is said to have 

* The letters “ jEJ.T.” indicate the Elementary Treatise on the Calculus. 

G.A.C. F 
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at a derivative on the right ” or “a progressive deriva- 
tive '' and '' a derivative on the left ” or “a regressive 
derivative ” Unless = ^3 the function /(a;) is not differenti- 
able at ; if, however, aj^ is the extremity of an interval 
(a, b) the function /(a;) will be said to be differentiable in (a, 6) 
if it is differentiable for every x between a and h and has a 
progressive derivative at a and a regressive at h. 

For example, letj{x) be defined as follows : 

f{x) =1 +x if hutf(x) =5 -x if x^2. 

Here /(a;) is differentiable for all values of x except for a? = 2. The 
quotient {f(x)-f{2)}j{x-2) tends to -1 when x tends to 2 from 
above but to + 1 when x tends to 2 from below. There is a progressive 
derivative - 1 and a regressive derivative + 1 for the value 2 of x, but 
f{x) is not differentiable for the value 2 of x. 

If f{x) does not tend to /{%) when x tends to x^ the limit I of 
the quotient (p{x) does not exist and therefore f{x) is not 
differentiable at x^^. Hence f{x) is not differentiable at x-^ unless 
f(x) is continuous at x^\ if f{x) is differentiable for the range 
a^x-^b it must be continuous for that range. 

The converse of this statement is, however, not true ,* that is, it is 
possible for f{x) to be continuous for a^x^b and yet not differentiable 
for any value of in that range. See Hobson’s Functions of a Real 
Variable, § 425 of First Edition. Non-differentiable functions of this 
character are outside our limits. 

Cctses 1= + CO and 1= -co . If f(x) ~^oo when x — > Xj^ the 
fxmction is not continuous at Xj^ and therefore has no derivative 
for x=Xi. On the other hand, if fixf) is a finite number and 
if the quotient <p{x) tends to +00 when x tends to x^ (whether 
from above or from below) it is reasonable to say, especially 
in view of the geometrical interpretation of f{Xj) as a gradient, 
that f(x) has a derivative, but that the derivative is +qo. 
Similarly, if (p{x) tends to -qo whether x tends to %-0 or 
to -hO, the derivative off{x) for is - 00 . In all general 
theorems on derivalives, however, it is assumed that the limit I is 
finite ; each case of an infinite derivative must be considered 
by itseff. 

If /(a?) =: (a; the derivative of f(x) for a:=a;i is + 00 , but if 

f{x)=(x -xf)^ it has no derivative for x=:x^^ since <p{x) tends to +00 
or to - 00 according as x tends to + 0 or to x^ - 0. 
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The student might with advantage read pp. 104-108 of the 
Elefaentary Treatise where various considerations respecting 
the derivative are stated. It is useful to remember that f{x) 
is strictly monotonic for the range if for every value of 

X in that range f{x) is continuous and has a derivative f{x) 
that is either always positive or else always negative when 
a<x<b. At a (or h) the derivative may be 0 or +co or - oo , 

The Theorem of § 34, Ex, 4, should be noted. 

Ex. 1. lif{x) ~x sin ~ and if /(a;) is assigned the value 0 when ar =0, 

show that f{x) is continuous for a; = 0 but has no derivative for a; = 0. 

It is necessary to assign a value to /(a:) when x — 0 because sin {l(x) 
is undefined for a: = 0. The derivative of f(x) for a: = 0, if it existed, 
would be the limit for x tending to 0 of f{x)fx, that is, of sin ( 1/a;), so that 
there is no derivative for a? = 0. 


Ex. 2. If /(a;) =a;2 sin - and/(0)=0 show that f{x) is differentiable 
for aU values of x, on the understanding that x sin ( 1 /x) is 0 when a; = 0. 
Here f'{x)=2x sin^-cosi if x is not zero, but/'(a;)=0 when 


a;=0 since 




a;_»0 

The derivative /'(x) is discontinuous and has a discontinuity of the 
second kind at a; = 0 ; for we have 


jTfix) =/'(2:« sin 1 - cos 1) = - 
a;— M) x-Mi x~>0 

and cos (1/a;) does not tend to a limit when 0. 


cos 

X 


Ex. 3. lff(x) =x tanh ~ and/(0) =0 show, that f(x) is not differenti- 
able for a;=0, but has both a progressive and a regressive derivative 
for a;=0. 


31. Elementaxy Functions. Function of a Function. The 
derivatives of x'^, when n is any real number, and of e® and log x 
have been considered in § 24 ; re in the case of may be any 
real number while it may be any positive real number in the 
cases of and log x. 

It is possible to define sin x and cos x by infinite series 
without any assumption of the geometrical meaning of the 
fimctions and when x is complex the functions are in fact 
defined by series (§ 69). It does not, however, seem to be 
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desirable to depart at this stage from the usual definitions, and 
it is not therefore necessary to reconsider the proofs of the 
derivatives of the direct trigonometric functions as these appear 
in the Elementary Treatise, 

The theorems on Function of a Function and Inverse 
Functions may be noted ; the first of these will be considered 
in this article and the second in the following article. 

Function of a Function. If y=zf(x) and x = (p{u)^ where 
(p(u) is single- valued and continuous for a given range of u 
and f{x) single-valued and continuous for the corresponding 
range of x, then y is said to be a function of a function of u. 
If F{u) denote this function of u, that is, F{u) =fl(p{u)], it will 
first be proved that F{u) is a continuous function of u. 

The function y or f{x) is continuous and therefore, s having 
the usual meaning, there is a positive number h such that 

1 2/i -2/ 1 = i/K) “/W i < £ if \x:^-x\<h. 

Again, f(u) being continuous, there is a positive number k 
such that 


= | 1<A if \ui~-u\<k. 

Hence | F{ui) - F{u) | = | -y [ < a if \u^-u\<h, 
and therefore F{u) is a continuous function of u. 

Next suppose that the derivatives f{x) and (p'(u) exist, and 
let Xj^ and y-^ be the values of x and y corresponding to the 
value u-^ of u so that x^-x^dx—d(p{u) and y^-y^dy= dF{u), 
Two cases have to be considered. 

(1) If dx is not zero for any value of in the neighbourhood 
of u we have the identity 

SF{u) ^ df{x) d(p{u) 

du dx du 

and therefore, since /'(a;) and ^\u) exist, 


r{u)=fix)<p'iu), 

(2) Since a; is a function of u and not an independent variable, 
it is possible that for one or more values of the increment dx 
may be zero and for such values of x the identity (a) would not 
be valid. But, by the definition off{x), 




m 
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where a-^0 when dx-^0, and therefore 

SF{u) = = [f\x) 4-a] dx= \J'{x) +oi]S(p{u), , 


•K) 


so that 




When 0 so does a and the derivative (p'{u) exists so that, 
letting du tend to zero, we get the same value of F'{u) as before. 

It should be noted that equation (a') is true even if < 5 a; = 0 
because dy is then also zero and the derivative f(x) exists. If 
dx is zero for an infinite number of values of % in the neighbour- 
hood of u so is Sx/ dUy that is d(p(u)jdu, and therefore since <p'{u) 
exists (p'{u) is zero. In this case F'{u) is also zero, 

32 . Inverse Functions. Let f{x) be a continuous, strictly 
monotonic function of x for the range a^x^b, that is, 
/(^2)>/(^i) ^2>^i or olse f(x2)<f(xj) when X2>Xj^; 

then, by Theorem II of § 28 , f(x) takes every value between 
/(a) and f{b) as x varies continuously from a to 6, and can 
take each value only once since f{Xj) and fix^) are unequal 
when x-i^ and x^ are unequal. Hence the equation f{x)=y^ 
where y lies between /(a) and /( 5 ), has one and only one 
solution, say x = (p{y), and therefore (p{y) is a single-valued 
function of y. The function 9? is called the inverse of the 
function /, and the equations f[<p{y)] =y and (p[f{x)] =x are 
identities {E,T, p. 18 ). 

If f{a)=a' and f(b)=b' the function q}{y) either steadily 
increases [that is, 9(2/2)>9^(2^x) ^ y2>yi} or else steadily decxeeLses 
[that is, 9? (2/2) < 9 ^ (2/1) if y2>yil V ’^^-ries from a' to h\ Further, 
(p{y) is continuous. 

For, if yi=f{xi) and if x lies in the interval (xj^ - A, x^+h), 
y will, since /(a;) is continuous, lie in an interval (a/i + A'"), 

and therefore if A is the smaller of the two positive numbers A' 
and X" the difference \ x~x-^ \ wiQ be less than Ji when \ y-yi\ 
is less than A, Hence x->x^, that is <p{y)->(p{y^, when 
and therefore (p[y) is continuous. 

How let y and y' be two unequal numbers in the (closed) 
interval (a', b') and let x and x' be the corresponding values of x, 
which are necessarily unequal ; we now have the identity 

y -y \x -xJ 
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If iy' -y)l(x* -x) tends to a limit that is not zero when x 
tends to x, that is, if the derivative /'(x) exists and is not zero, 
we deduce at once, since x'-^x when that the 

derivative dxjdy or (p’(y) exists and is given by the equation 

9>'(y) = !//'(»)■ 

If f{x)>f{a) when«>^z the derivatives /'(a;) and (p'{y) are both 
positive ; henceif /'(x)->0 whenrr-^a the derivative (p'{y) will 
tend to + 00 when y tends to a\ Similar considerations apply 
if f{x) is negative when x>a and tends to zero when x->a, and 
the cases in which x~yb can be treated in like manner. 

The derivatives of the inverse trigonometric functions may 
be found as in the Elementary Treatise, § 64. There is one 
change, however, that seems to be desirable, namely, that the 

range of cot"*^ x should be from 0 to n and not from - 5 ^o ~ ; 

2 2 

with the new convention 

tan“^ X +cot“'^ a; =-^. 

33, Rolle’s Theorem. A proof of this theorem will now be 
given in which the proposition (tacitly assumed E.T. p. 162) 
that a continuous function reaches, under certain conditions, 
its upper and lower boxmds becomes one of the essential 
elements. The theorem may now be stated as follows : 

If F{x) is continuous in the closed interval {a, h) and has 
a derivative F'{x) for the range a<x<b, that is, for the open 
interval {a, b) ; if further F{a)=0 and F{b) = 0, then F'{x) 
will be zero for at least one value f where a<i<b. 

Of course F{x) is continuous for those values for which 
F (x) exists, but for the validity of the proof it is necessary 
that, when x tends to u or to 6 from within the interval, F(x) 
should tend to zero ; the particular form given to the enuncia- 
tion of the theorem secures this. 

If F{x) is constantly zero F'{x) is also zero for a<x<h. If 
F{x) is not constantly zero it must take either positive or 
negative values or both, and therefore, being a continuous 
function, must actually take for at least one value of x its upper 
bound, if F{x) is positive, and its lower boxmd if F (cc) is negative, 
"that F{x) takes positive values; then, for at least 
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one value | snch that a<$<b, F(x) is equal to M, its upper 
bound. If the positive number h is sufficiently small both 
F(^+h) and F{^-h) will be less than and of the tw'o 

quotients 

F{^+h)~F{^) F(i~h)~F(i) 

h ’ 


the first will be negative and the second positive. Now the 
derivative F'{i) exists and is the limit for h tending to zero of 
either quotient; as the limit of the first quotient F'{i) is 
negative if not zero, while as the limit of the second it is 
positive if not zero. The only possible conclusion is therefore 
that F'{S) is zero, as was to be proved. The same conclusion 
follows if F{x) takes negative values, since it must be equal 
to its lower bound for at least one x such that a<x<:b. 

The proof does not require that F'(x) should be finite, only 
that it should be definite] geometrically, the graph of F{x) 
might have an inflexional tangent at [f, ^(f)] perpendicular 
to the x-abxis (a<f<6). But F(x) must be continuous. 

The following method of discussing the theorem depends on 
the use of the derivative as a test of an incr, easing or decreasing 
function. 

By the definition of the derivative 

F(x +Ji) -F{x) =zh{F'{x) +1} 

where 0 when so that if j ^ | is sufficiently small the 
sign of F'(x) +A is that of F'(x) provided F'(x) is not zero. 
Hence, so long as F'(x) is positive F(x) increases or decreases 
according as x increases or decreases, while so long as F'(x) 
is negative F(x) decreases or increases according as x increases 
or decreases. Conversely, F'(x) not being zero, if, for example, 
F(x) increases as x increases by | ^ | the derivative F'(x) must 
he positive, but if F (x) decreases when x increases by | A | the 
derivative F'(x) must be negative, | Ji | being sufficiently small. 

Now if F{x) takes positive values in the interval {a, b) it 
must, since F{a)=0y F{b) — 0 and F{x) is continuous, have 
an upper bound M which it reaches for a value ^ oi x between 
a and 6. Hence F'{x) is positive if | -h<xcS and negative 
if S<x<^ +h when the positive number h is sufficiently small. 
If F'{i) is not zero F{x) will either increase from a value a 
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little less than F{S) to one a little greater than F{i)^ or else 
decrease from one that is greater than F(i) to one that is less 
as X increases from i -h to ( But there is no greater value 
than F{^) and therefore J’'(|)=0. 

The same argument holds if F{x) takes negative values in 
the interval (a, b). 

Ex, 1. Suppose that /(a:) is continuous and has a derivative /'(a:) for 
the range a^xzlb. Iff (a) and/'(6) are unequal and if h is any number 
betw 0 en/'(a) and/'(6) there is a value ^ such that f{^} =k where a < | < 6. 

Let (p{x)=f{x)-kx; then (p{x) is continuous and has a derivative 
f{x), equal tof{x) - h, Now gj'(a) and (p'{h) have opposite signs since k 
lies between f{a) and /(6). Suppose q}'(a) > 0 and <p'{h) < 0. Since 
f{a) is positive, (p{x) increases as x increases from a, and since f{h) 
is negative (p(x) also increases as x decreases from 5. Now (p{z) is 
continuous and therefore has an upper bound G which it attains for a 
value, I say, between a and h ; but if <p{^) is the upper bound f(i) = 0 and 
therefore /(l^) =k. Similarly it is seen that if (p'(a) < 0 there is a lower 
bound for <p(x) and therefore a value of x for which ^'(x) —0 orf(x) =ifc. 

Ex. 2. If E(x) and E'(x) satisfy the conditions of Rolle’s Theorem 
for the interval (a, 5) and if a. and p are two values of a; in the interval 
such that F[(x) =F{p) and «.< show that there is a value i such that 
F'($) = 0 where a.<i<p. 


Ex. 3. If % QJid If F (x) and its derivatives up to 

and including the (n - l)th derivative are continuous for the range 
prove that when ^(aj), F(a^), F{a,).,. , F(a^) are each zero, 
F(^- will vanish for at least one value of a; in the interval (a^, a„). 


34. Theorem of Mean Value. This theorem (F.T. pp. 162- 
165) is an immediate deduction from Eolle's Theorem and may 
he stated as follows : If fix) is continuous in the closed interval 
(a, b) and has a derivative /'(a;) for every value of a; in the open 
interval (a, 5), then 


where a<i<b. 

Take the function F{z) so that 


( 1 ) 


F(x) satisfies the conditions of Rolle’s Theorem, and therefore 
there is at least one value ^ of a; such that F'{S)=0 and a<i<b; 

thus m-{m-m}i(b-a)=o, 

fib)=-fia) +(b -a)f{i). 


that is, 
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An immediate deduction from this equation is that if f{x) 
is zero when a<x<b the function /(a:) is constant for that range ; 
for if c and d are any two such values of x the theorem is 
applicable, and therefore, | being some number between c 
and d, f^d) =/(c) +{d- c)f{i) =/(c). 

Thus all the values of f{x) in question are the same. 

It follows at once that if /(a:) and (p{x) have derivatives that 
are equal for every value of a; in (a, b) the functions differ, if 
at all, by a constant ; for if F{x)—f{x) - (p{x) the derivative 
F\x) is zero. 

The equation (1) may be put in different forms {E.T. § 73) ; 
a useful form is 

f{a +A) =/(a) +hf{a+6h), 0<d<l (2) 

The theorem in Ex. 4 should be noted. 

Ex. 1. If the functions /(ar), (p{x), are defined for the closed 
interval (a, 6) and have derivatives for the open interval (a, h) prove that 


m 

(p(a) 

f{a) 

m 

m 

f{b) =0, 

fW 

<p'iS) 

r(?) 


where a< |< 6, and deduce the theorem of E,T. p. 419. 

Let F(x) be the determinant formed from the given determinant by 
putting /(a;), <p(x), -fix) in place of /'(I), respectively ; F{x) 

will satisfy the conditions of KoUe’s Theorem and F'(^) is the given 
determinant. Next let f{x) =1 ; then if ‘\jr^{x) is not zero for a<x<b 

y(&)-y(a) 

f (6) -yiriarrm' 

Ex. 2. If /(aj) is continuous for the closed interval (a, &) and has a 
derivative f'{x) which is hounded for the open interval (a, h), say 
\f(x) 1 < K, then \f(x^) \ <Ei \x^-x-^ \ where x^ and are any 
two values of x within the interval (a, 6). 

The Theorem of Mean Value is apphcable under the conditions 
required by Rollers Theorem ; these conditions do not require that /'(a:) 
should be finite but only that it should be a definite number, finite or 
+ 00 or - 00 . If, however, f\x) is bounded and if Xj^ x^ are any two 
numbers in (a, 6) we have 

f{Xz) =/(^i) + (r^a - x^)f{$), Xj^<i<x^ or < | < x^, 

and therefore 

\fix,) -f{x,) I = I (a, \<K\x^-x^\ 

if \fX^) 1 < ^ ■when a<x<h. 
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A function f{x) which satisfies the condition 

l/{2'j) -/(^i) I < -^ 1 2^2 I 

when *1 and are any two values of a; in (a, b) is sometimes said to 
satisfy *‘Iiipschitz*s Condition.” 

Ex. 3. If f{x) has a derivative /'(a:) in the interval (a, h) and if c is a 
point in (a, b) such that /'(a?) tends to I when x tends to c then I =f{c). 
For, 

=/'(e + 6h) ; but f'(c + $h) I and /'(c). 

Ex. 4. Theorem. If f '(x) is a continvmis function of x for the range 
a^x^b the quotient {f(x +h) -f(x)}/h converges uniformly to i'{x) 
when h tends to zero. 

By the Mean Value Theorem 

f(x+h)-f{x)^hf(x + dh) 

and therefore 

+ eh) -fix). 

FTow, sine©/'(a:) is continuous it is uniformly continuous (§ 28, Th. Ill), 
and therefore, given s as usual, there is a positive number h such that 
\f{x +h) -f{x) I < £, if I 1 < Jb 

whatever value x may have in the interval. Hence, since 1 | < [ ^ |, 

-/(?) < fi if I A I < 

80 that the convergence is uniform — i.e. does not depend on x. 


EXEKCISES III. 

1. The functions /(x) and/'(x) are continuous for the range a^x^h. 
Iff {a) and/(6) are zero but /'(a) and/'{6) not zero prove that, whatever 
number h may be,/(a;) =kf{x) for at least on© value of x between a and 6. 

2- Prove that e* - 1 is greater than (1 4-x) log (1 +x) if x is positive. 

3. If f(x) =e*(x2 - 6x + 12) ^ (x2 + 6a; + 12) jSnd f{x), f{x), f^{x), and 

show that f'{x) is positive when x is positive. Heduce that when x is 
positive I I I X 

6^“i+2^l2- 

Show also that the expression on the left of this inequality is positive 
when X is positive, and tends to zero when x tends to zero. 

4. If /(x) =:6^(x^ — X + 2) — (x® -i-x + 2) prove that when x is positive 
fix) increases as x increases. Deduce that if 


<p(x) 


_e^(x ~2) +(x +2) 


x2(e®-l) 

<p{x) tends to J when x tends to zero, and that <p(x) cannot be greater 
than I whatever value x may have. (Hermite.) 
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5. lia<x<h, prove that 

(x -a)f(h) +(h -x)f{a) 


f[x) = 

where a<x-^<b, 

6. Show that if ir''{x) is not zero for a<x<ht 
(p(b)-<p(a) -(b-a)gp'(a) 




f{b) -f{a) ~(b-a) f'(a) f^ix^) 
7. Show that if ’^in){x) is not zero for a<x<b 

a <x,<b. 


, a < £Di < 6. 


where 


f = (p{h) -q>{a) - ri°~ 

r-1 


g=:ir(b)-ir(a)-X 

r=«l 


(h-ay 

r\ 




8. Determine the constants Cq, Cj, Cg so that the quadratic function 
Q(x) where 

Q{x) =Cq +Cj(a; +02(2; — aj)(a; “*^2) 

may be equal to /(ai),/(a2)>/(®3) when x is equal to oti, agj ots respec- 
tively, the numbers ag, otg being all different ; then prove that 

fix) =Q(x) +—3*^- (a: -Oi)(a: -02)(a; -Oj), 


where lies between the least and the greatest of a^, a^, x, 

C /K) I /(°t) , /(?_3) 

‘ (aii-aa)(ai-as) (“s -ai)(as -^s) («» -“ijK -«a)' 


Next choose P so that 

f(x) =Q{x) +P(x -a^)(x-a2){x -a^), 
and let F{z) =f(z) - [Q(z) +P(z - ai)(2 - ag) (z - ag)]. 

The function F(z) is zero for the values a^, %, ag, rr of z, and therefore 
P'"(z) vanishes for a value Xj^ of z between the least and the greatest of 
Oi, ttj, ag, a;. But 

P"'(:2)=/"'(z)-1.2.3P, 

so that P = f'"{x^ J 


9. Determine the constants Cg, ... so that the polynomial 
Q(a:) where 

Q(x) =:Co +Ci(a; -Oj) ^c^ix -a^)(x -a^) 

+c„_i(a; -ai)(a; - ag) ... (a; -a^_i) 
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shall be equal to /(»/, /(a^) ... ,f[a„) when a: is equal to Oj, Oj a„ 

respectively, the numbers a^, Oj, ... , a„ being all different; then prove 

that 

/(X) =Q(x) -ai)(aj -Oj) ... (x -a„), 

where lies between the least and the greatest of 02 , x. 

=/(ai) ; c, depends only on Oj, a,, ... Or+i if 

Vr+lix) =(X -ai)(x -Oj) ... (x -Or+l). 

C - y 

The following notation is often used : 

Cq =f(ai). Cl =/(%, Os), Cg =/(«!» a2> <2^3) ... =/(<ii, ag, ... a^, 

and it may be proved that 

„ \ _/(%> ®2> 1» ‘2tr) “/(%» ®2» ^r+l)”! 

/(Oi, Oj, ... a„ Ur+l) Or-dr+l J* 

10. If f(x+h)-f(x)=Af[x) 

A/(x+A)-A/(x)=dV(^) 


A«-y(x +h) - A*-y(x) =A’‘/(a:) 

and if^ in Example 9, % =a, =0 r = 1, 2, ...» 

prove that /(x) is equal to 

{x-a){x --a^h). ., ix-a-'{n-2)h] 

, (x-a){x^a-h) ... [a; -a -(n - 1)^] , 

where lies between the lea^t and the greatest of the numbers a, 

a +(«. - 1)^, X. 

11. The equation e® ^ - x = 0 has no real roots if A; < e, and never has 
more than 2 real roots for any real value of k. 

12. If 0 < a. < jr/2 and 0 < x < 7t, the equation 

sin (x - ol) —m sin% 

where m is positive, has (i) one real root if tan ol > f , and (ii) one or three 
real roots if tan oc^ f. There are three real roots if m lies between the 
minimixm and the maximum values of the function {x — oL)/sin^. 

(Tisserand.) 
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show that 


2/ =tan“^ X 


IZx^ + Zx 
3a5* + 14a;2 + 3’ 


dy 162;^(3a:2 + l)(a?2_l) 
dx~(l +a;2)(3a;^ + 14a?2+3)2’ 


and then prove that the equation y = 0 has three real roots. (Tisserand.) 


35. Differentials. If y=f{x) the derivative /'(a;) is the limit 
for dx-^0 of dy I dx so that 

|| =/'(*)+ ^ ; di/=f{x)dx+Ux, 
where A->0 when 6a; ->0. 

When X is the independent variable the part /'(a;) 6a; of dy is 
called the differential of y or /(a;), and is denoted by dy or df(x). 
If dx is an infinitesimal {E.T, p. 195) the difference {dy-dy) 
is an infinitesimal of a higher order, hecanse {dy-dy)ldx is 
equal to 1 and when 6a; ->0. When in any calculation 

powers of dx higher than the first are to be rejected dy may 
be substituted for dy. 

If a; is a function q){t) of t then is a function of t, say 
y=^f[(p{t)] =F(t) ; the independent variable is now t and 
therefore ^ 

But X is now a function of t and dx = (p'{t) dt, so that 
dy -f{x)<p'(t) dt =f'{x)dx. 

Thus, when x is the independent variable dy=f(x)Sx, but 
when t is the independent variable dy=f(x)dx. The two 
expressions for dy will therefore have the same form, whether x 
is the independent variable or not, provided we take dx to 
mean the same thing as dx when x is the independent variable. 
There can be no objection to doing so, since 6a; may be any 
number whatever provided dyjdx is equal to f{x) ; but, further, 
dx and dx are the same thing when the function f(x) is x itself 
because in that case f{x) = 1 and therefore df(x) =dx. 

No confusion therefore can arise if the increment 6a; of the 
independent variable be denoted by dx. There is, besides, the 
notable advantage that dy has now the same form, 

dy=f'{x)dx, (1) 

whether x be the independent variable or not ,* it is this property 
of the differential that makes it so useful. 
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Tilus the differential d{uv) of the product uv is given by the 
equation d {uv) = vdu + udv, 

because, if u and v are functions of x, 
d{uv) d% . dv 
dx 


d% , , 
dx dx 


and 


d {uv) = + 


since du—^dx and whether x be independent or 

not. 

If ti>l the differential of the nth order d^y, when y is a 
function of a:, is defined by the equation 

d^y =:/<”>(a;) {dx)”‘ =f^'>{x)dx^, (2) 

when X u the independent variable. If a; be a function of t^ 
say a: = 9 ?(i) so that y^f[(p{t)] ^F{t), then 

^%y ^ F’'{t)dt^ and d^x = p''{t) dt^. 


Now 
so that 


F‘^{t): 


d^f{x) f dcpityf df{x) d^cpit) 
dt^ ’ 


dx^ 


dt A ^ dx 


F''{t)dt^=^ 


dx^ 

dx^ 


'^dt 

at 


^ , df(x) 


(t) 


dx L dt^ 


dP' 




or, d^y —f''{x) dx^ +f{x)d^x, (3) 

and this is different from the form f"{x)dx^ which is the value 
of d^ when x is the independent variable unless d^x = 0, There 
is no longer the advantage of the same form for d^y whether 
the variable x is or is not the independent variable, and the 
definition (2) is essentially confined to the case in which x is 
the independent variable, or, what is equivalent, to the 
assumption that dx is constant so that the differential of dx, 
that is, d{dx) or d^x, and all higher differentials of x are zero. 
When x = <p{t) and t is the independent variable 
dx^=lp'{t)]^dt‘^ • 

so that d {dx^) = n [9?'(0] ^~^<p''{t) dt . dt^ 

d {dx^) =72, dx'^~^ d^x. 


and therefore 
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If X is not independent we find by taking the differential 
of the product that 

d[f'(x)dx] =dxd[f'(x)] +f{x)d{dx) 

=dxf''{x)dx +f{x)d^x 

^rix)dx^+fix)d^x, 

so that the value of d^y in (3) may be found by taking the 
differential of dy, that is, of f'{x)dx ; if a: is the independent 
variable dx is constant and 
In the same way 

d^y=d{d^y)=dxHlf''{x)] i-f''{x)d[dx^] + d'^xdlf' (x)] 

+f'{x)d[d^x] 

=f"{x)dx^ + ^f''{x)dxd^x +f'{x)d^x. 

Similarly d^y, ... may be found. 

Ex, A curve is given by the equations 

x=f(t), y=^g{t), z=^h{t) ; 

find the equations of the tangent at the point P (a;, y, z) and the equation 
of the plane to which the plane through the tangent at P and a point Q 
on the curve tends, as its limiting position, when Q tends along the 
curve to P. 

The direction cosines of the chord through P, “ the point i,” and P' 
“the point are proportional to 

fit + St) -fit), git + St) -git), hit + St) -hit), 
that is, to f'it) + Aj, /(#) + Aj, h'it) + A3 

where Aj^, A^, A3 tend to zero when St tends to zero. Hence, ii tj, ( 
are current coordinates the equations of the tangent at P are 

'r(t)~g'(t) -h'{ty 

or, if diSerentials be used, 

i-x _r] 

dx dy dz * ^ ' 

The equation of a plane through the tangent at P is of the form 


Aii -x)+Bir] -y) +CiC-z) =0 (ii) 

where Adx + Bdy + Cdz = 0 (iii) 


If i is the parameter of the point Q these two equations must be 
satisfied when for x, y, z we put x 4- Sx, y + Sy, z 4- Sz, and since the 
limit for 0 is alone required we may simply take the differential of 
each equation ; therefore 

-Adx ~ Bdy - Cdz =0 

Ad^ 4- Bd^ 4- = 0 (iv) 
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The first of these equations is merely (iii) ; elimination of A, B, C 
between (ii), (iii) and (iv) gives the required solution 

i-x r]-y C-~ I 

dx dy ds = 0. 
d^x d^y d^z [ 


36, Higlier BerivatiTes. An expression for the nth derivatiye 
of a function of x is, when the function is at all complicated, 
usually difficult to find, though the value for x = 0 may some- 
times be easily obtained (E.T. p. 397). Some general methods 
have been elaborated and a statement of some of these will 
now be given ; for further information the student may consult 
the books named below * from which the following exposition 
is largely drawn. 

The tith derivative of y when y=f(u) and u~(p{x) is usually 
to be found by calculating a few successive derivatives ; by 
noting the form it may be observed whether any law is 
suggested, the suggestion being then tested by mathematical 
induction. In the present case we have 

% = %= + wi^wfiu) ■ 

and so on. It is at once suggested that the nth derivative 
will be an expression of the form 



( 1 ) 


where the coefficients An,r do not depend on the function /(u) 
and will therefore be the same whatever function /(w) may be, 
so long as <p(x) is the same. 

Now put ioT f(u) successively u, in the equa- 

tion (1) ; then 




dxn 


. +An.2 ; 


,u^ _ ^ 


32^2 2 . Su +An,z ; 


and so on. 


* SchlSmilch, Compendium der holier en Analysis ^ vol. 2, and Uhungshuch 
zum Studium der hoheren Analysis, voL 1 ; Nielsen, Elements der Eunktionen- 
theorie ; Tisserand, Eecueil compUmentaire d^Exercices sur le Calcullnfinitisimal. 
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These equations give then then An,^, and 

finally An the values obtained suggest the law 

-(2) 


where the symbol is the usual binomial coefficient ^(7^, 

that is, r(r- l)(r-2) ... (r-5 +1)/^! 

To test (2), put n+l for n and (2) becomes 


-^n+l,r — 2 ( 1)* ( 

s=0 

) 

(2') 

Now differentiate (1) ; then 



^»+ly_n+l n ^ 
^^n+l 

^{r-iy.dxj^ • 

(3) 


on the understanding that and An^n+i are identically zero. 
If we have the relation 


iAhl^rA ^-A 


-(4) 


equation (3) will show the same law as equation (1), and there- 
fore the formula (2) will hold for every value of n. Now 


+ {S(-')‘ 

I S = l 


SW 


S' 


and the expression within the brackets is easily found to be 

- »• S ( - 1)4*" " -^>2 K'M = - rAn.r- 1 , 

ito \ s / 


because and the variable index s may be 

changed to ^ -hi. Hence 

^ <»-> 

and the relation (4) is established ; the formula (1) where An^^ 
is given by (2) is therefore proved. 

GJL.O. a 
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The expression for A„,r may be put in another form which 
is frequently more convenient. Let it be first noted that if 
9;(x+(>) is a function of the sum (x+q) of the independent 
variables x and o, we have 


d”q!!ix+o) d’^(p(.r-hg} _pXa; +o)' 


Now let l(p(x +q)-<p{x)Y be expanded by the binomial 
theorem ; we get 

J {'?(» +e) - < - i)'0[9>wr[9>(* +e)]'- 

where the term for s = r disappears since it is independent of q. 
^ . [(p{x +^)]^"n __d^ . [(p{x)Y-^ __d^ . 


and therefore 


r a» f V" 

= [_g^ + Q) - <P{^) f J 


Ex 1. If y—f{u) and u=^<p{x) find 

In the formula (1) put n~r for r ; this choice of the variable of 
summation often gives a simpler form to the result ; then 

da!^- ^^{n-ryj ^ 

Now {tp(x + ^) - = {2xq + ; 

the only term in the expansion which does not vanish, when q is made 
zero after the differentiation with respect to is that whose index is n 
and the nth derivative of is nl. Thus we find 


{n-r)\ \ r J{n-r)l^ ' ^ 

_ n(n-I)...(n-2r + I) 

on the understanding that this expression is {%xy^ when r = 0; and 
therefore when y~f(u) =f{x^) 

where m is 4n or i(n - 1) according as n is even or odd. 


.( 6 ) 
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lff{u) = (1 - and if in (6) we put n-l for n w© find 

. (1 

^^n-l 

= + l ) *”""’■■'(1 -( 7 ) 

where A' = l - 3 . 5 ... (2n-I). 


In (7) let .^■ =cos fl where 0 < 6 < ; then 

=( - (s) 


by using the expression for sin nB 

n cos^~^ B sin B - ^ cos**~® 6 sin® B + cos””^ 6 sin^ 6 ~ 

Formula (8) was first given by O. Rodrigues in 1815, but is usually 
attributed to Jacobi who, no doubt without knowledge of Rodrigues’ 
work, published it in 1826. (See Exercises IV, 14, for another 
solution.) 

Ex. 2. If y =f{u) and u =loga: find 

The formula (1) is not suitable when w=loga; and it is better to 
start afresh. A little consideration will show that the form to be 
tested is the following : 


=^S( -ir On.rf^’^-'Hu). On.0 = l (9) 

A further diHerentiation shows that the form is correct. 

Now Cn,r is independent of the form of/(w), and to determine these 
coefficients we take f{u) equal to where t is any constant. Thus 
y =e-i^ ::^e~iloga! ~x-t^ 

and therefore 

g=(-l)"«(i + l)(i+2)... (t+n-l)cc-t-n, 

so that, by substituting these values in (9), we have the identity 

n-l 

i(J + ])(i + 2) = 

r=o 

By equating the coefficients of the value of Cn, r is found. When 
n is not a large integer the values of Cn,r can be picked out -without 
much trouble, but there does not seem to be any convenient explicit 
formula. 
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37. Other Methods for Higher Derivatives. The formula (1) 
of the last article is cumbrous, and other methods are available 
that often lead to interesting results apart from the particular 
formula for the derivative. The formula suggested by a few 
differentiations may have coefficients that can be more con- 
veniently dealt with than by the method used in the last 
article. 


I. Comparison of Expansions, 

y=f{x)=^\ This is a particular case of § 36, Example 1. 
Express /(a; 4 - A) as a series in two different ways. 


(i) 


/(a;+A)=2^/W(a:). 


7**-- V 

Next we have f{x +h) —/{x) . e- 


pm 


and if each of these two exponentials be expanded in powers 
of h and their product formed the coefficient, Un{x) say, of 
h^jnl will, when multiplied by /(a:), be equal to f^^\x) in (i). 
Thus we have the second expansion, 


(ii) 


f{x +h) =f{x) . 


^ {2xtYh^ '\ 


where 


=f{x)±u^{x)^. 




- 1) 1 » - 2)(. - 3) ^ 

The last term is independent of x when n is even and contains 
the first power of x when n is odd. Hence 

,u^(x). (2) 

If t=J{ ~ 1) this formula gives the derivatives of cos (x^) 
and sin(a:2) since e^=cos sin (a;^) and the real and 

imaginary parts on the two sides of (2) may be equated. 

We take the same example to illustrate another method. 

II. Use of a differential equation. 

The form of the nth derivative of e^* is easily seen to be 
the product of e^ and a polynomial Un{x) ; the polynomial 
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is of the wth degree in x (or 2x), the exponents decrease by 2 
and the coefficient of {2x)^ is Thus we have, when y = 

Dly=e^‘u„(x), ( 2 ') 

where 

Unix) ==Co( 23 :)’‘ + Ci(2a;)*»”2 + + (a) 

and Cq = P^. ' 

We now j&nd a dijfferential equation for Un{x). Write the 
value of Dy in the form 

Dy=2xty, (3) 


and differentiate this equation n times, using Leibnizes Theorem; 
then = 2xt ]>y + 2 nt 

But J>^^y = 5 

therefore = 2xt + 2nt Un-x (^) 

It would be possible to calculate Un+i from (4) if Un and Un-i 
were known ; now % and Uz are easily found so that Wg, %, ... 
could be calculated. It is better, however, to find a differential 
equation for Un ; the process is a little troublesome though not 
really hard if the principle be grasped. We have in fact to 
eliminate Un-i and Un+i and put in their place K and u^ 
where < =D^Un, K = DlUn^ 

Differentiate the equation (2') once ; therefore 

J[)n+ly—^tx^ . Un +2xt . Un, 

80 that Un+i =u^+ 2xt Un. (5) 

Elimination of Unj^^ between (5) and (4) gives 

Un = 2ntUn-.x (^) 

Differentiate (6) and for put ^in-l)tUn-^, the value 
obtained from (6) by changing n into n-li then 

ul=:2nt . 2in-l)tUn-2. .......( 7 ) 

Next in (4) put - 1 for ; therefore 

Un = 2xtUn-x +2(n - 1)^ W„_ 2 , (4') 

and then the elimination of Un^i and between (4'), (6) 
and (7) gives the required differential equation 

ul + 2xtUn-^'^i'^n = ^, (8) 

We now substitute in (8) the value of Un given by (a) ; the 
equation must be then satisfied identically, and therefore the 
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The coefficient 


[ - %nt -f 2{n ~ 2r)if] -f 4(a - 2r +2 ) {n - 2r + 
and as this coefficient must be zero we find 


__(m-2r-f2)(n~2r+l) i - a 

— -1, r = 1, 2, 3, ... 

the coefficient of (2z)” being identically zero. Thus, since 
Cq — I”' we get 

rV2 . ... r ^ 

and therefore ujx) is the same as was found by the first method. 

When t is negative, say ^ = -1, the polynomial %^{x) has 
interesting properties. 

Ex, 1, When t~ - I prove, by applsnng Rolle’s Theorem, that the 
roots of Uj^(x) =0 are all real and diffierent. 

Let w„(x) -v^(x) when t- - I ; then we take 

f{x) =e-*‘, /<»)(*) v„{x). 

Now/(!e)=0 for *= - CO and for a;= +oo ; therefore /'(a:) vanishes 
for a. value a. of x. But/'(<x) =e -«*ei(oL) and, as e - is not zero, =0- 
AgMn, /'(x)=0 for the values -oo, +00 of ar, and therefore the 
derivative of f'{x), that is, /'(a:) vanishes for a value, p say, between 
- CO and a and also for a value, y say, between a. and 4 - 00 . As before 
Vs(x) = 0 for X = and x = y. Proceeding in this way it is readily seen 
that r„(x) is zero for n different values of x. It is besides clear from 
equation (8) that if v„(x) had two equal roots, each equal to A say, we 
should have t’„(A)=0, i;i(A) =0, and therefore also x,'(A)=0; if the 
eq^tion be differentiated once it will be seen that we should have 
t'* (A) =0, and so on, so that every derivative of i'„(x) would vanish for 
X = A which is impossible since u„(x) is not identically zero. 

^ Eodngues’ Formula. The following relation between deriva- 
tives, known as Rodrigues’ Formula, is of importance in the 
theory of Legendre’s Coefficients : 

d"-*- ■ {x^ - 1)" ^ [ n-r ) ! ,^3 ^ 

da:-- {n + r)i^^ ' 

The proof may be easily given by the method I. The 
function {2a:+A-f-(a:2-l)A-i}", where n is a positive integer, 
is not altered when (x^ - l)h-^ is substituted in place of h. Now 

{2x+h+{x^ - {(a: +h)^ _ i)}n^ 
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and therefore by Taylor’s Theorem is equal to 

If for h we substitute {z^ - 1)A~^ the expansion becomes 
V . {x^ - 1 )^ 


Since the two expansions last written are identical the co- 
efficient of is the same in both ; for the second expansion 
s=n-r and for the first ,5 =7i q-r. Hence 

(^2 _ l)-r ^n-r^ (^2 - l)n 1 ^^n+r ^ (^2 _ l^n 

(72,-r)l dz'^~^ ~(72-+r)I dx^'^^ ’ 

which at once gives the formula stated. 

Ex 2 If P (x) — ^ . (x^ — 1)” 

prove that E^{x) satisfies the differential equation 




T (1 -x^)D^y -2xDy +n{n + l)y=0. 

Let ij=2^ . nlP^(x) ; then Rodrigues’ Formula (r=:l) gives 




gn+l _ (a .2 _ ^)n 


=n(n + 1) 


d"-! . (a;» - 1)« 


and therefore 

£\ 
dx ' 


+ 1)2'- 


EXERCISES IV. 

1 . If « and V are functions of a prove that 

vD^u = D^-\uDv) + (^2) ^ ^ 

+ ( - ir(^) E>^~‘^(uD'^v) + ...+(- l)*^uD^v. 

2. If 2/ =(a:2 +a2)-i and x=a cot 6 prove that 

3^ = ( - 1 ^ (sia e)"+i sin(n + 1 ) 0, 

and deduce that the nth derivative of tan-“i(a;/a) is 
( - - 1) ! a~” sin^ 0 sin n 6. 

3. If y =x(x^ +a2)“i and a; = a cot 0 show that 

d^v , 

3^ = ( - 2)" ^ (®ia ®)"+^ cos (n + 1) 0. 
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4. If y and ti = 1/a: prove that 

and show that 

^ / 1 \« ffl? (n ~ l)i /n\ 


5, 


d»»' 




1 

€» 


dx” 


(Halphen.) 


6. If t/=/(w) and u==sjx prove either by the general formula or 
independently that 

, ,,, (w + r-I)! f<.n-r}{u) 

“q ^ ^ r! (n -r - 1)! 

and show that if y=^ {I 

d^y 1 . 3 . 5 ... (2n-l) ^ f ^ 
dx'*”” 2 *^ ‘ f/x ’ \ X/ 

[Schlomilch gives the following proof, Compendium II, pp. 7, 8. 

Let Q^xt and w=sf{l-\-t)-l; then §36, (5) gives 

Now (t - tt?) dwfdt^lw and therefore, multiplying by 

^ Dt{vf) = 

Differentiate (n -- 1) times as to ^ and then let t^O; thus we find the 
reduction-formula 


or, if n~r is put in place of r so as to obtain n~r> 

Now apply this formula till the index of w becomes unity and 
note that 

The verification of the value of d^yjdx”^ is simple.] 

7. If y =f{u) and w =e® prove that 

r«i 

cr=2(-i)>n(r-»)« 

«»o w 


where 
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8. If 1/ =(w + 1)”^ and u—e^ prove that 

d^y_ I y 

da:" + 1 ^ U® + 1/ 

where Cr is given in Example 7. Show independently that 

( - l)"{e® + 1)"+1 fji =a„e"== + ... +a^e^. 


where 


“» = 1". = - (S" - ^ 1”). 

ttn-a =3" • 2” . 1" 


9. If i/=(l -x^) ^ show that 

(1 —X^)^+i* 

where is a polynomial in a; of the nth degree in which the coefficient 
of a?” is 71 ! and the exponents of x decrease by 2. Establish the relations : 

(i) ^n+i - (2^ + l)xun-n^(l - = 0 ; 

(ii) «„j.i=(l -a;2X + (2n + l)a5W„; 

(iii) (1 -x^)un +(2n -l)xun -n^u^z^O, 

and find u^ix). (Compare § 37, II.) 


10. li y = (I +x^) ^ deduce from example 9 or prove independently 

that I'n «ni^) 

da^~^ (l+a:2)„+i» 

where (I +x^)vn - (2n - l)xvn 4- = 0. 

Prove that the roots of Vf^(x) =0 are aU real and different. 


11. Deduce from Example 10 the nth derivative of log {a; + v(l +x^)}, 

12. If ^=(x log.a;)" show that 

^ ^ (log 

where Sf is the sum of the products, r at a time, of the numbers 
1, 2, 3, ...,n. 


13. If u = [f'(x)]-~i and v =f(x)[f^(x)]-i prove that 
1 1 d^v 

u dx^ V dx^* 


U. If 2=(l_a:»)»-i and y ' <1 "f 

dnrn—T- 


■Drove that 


(Goursat.) 
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and that if x =cos Q the equation (ii) become 

dO^ ^ 

Next show that when x := I 

y = 0 and |/(1 =( - l)»~i 1 . 3 . 5 ... (2n - 1), 


and deduce that 






sin nd. 


IS. If z = (z* - 1)« and )/ = ~ 

(i) (zs-l)g-2nas=0; 

(ii) (1 -a-s)^-2x^+n(n + l)2/=0. 

Show that y = 1 when x = l and {/=(-!)« when a; = - I and deduce 

that the roots of the equation y = 0 are all real and different and lie 
between - 1 and + 1. (See § 37, Ex. 1.) 


16. If P and Q are two rational integral functions of x (polynomials) 
such that 1 - P2) 1 a:2) 

prove that 

where n is an integer. 

[I_p2=g2(l_3.2) (j) 

SO that, by diiferentiation, 

~2PP' =2 {QQ'{ \ ~x^) - xQ} (ii). 

From (i) Q is prime to P and therefore from (ii) ^ is a factor of P' ; 
then compare the coefficients of the highest powers in and Q^, and 
also in P' and Q.] 


38. Derivative of a Determinant. The proof of the nde for 
forming the derivative of a determinant of the nth order whose 
elements are functions of a variable x will be understood by 
consideration of a determinant D of the third order, say 




a, 

h 


Let da ^ dcj and dD be the increments of ..., Cg and 

D corresponding to the increment da; of a: ; the determinant 

£> + SD is I X s 

a-^ + oa^ ag + da^ + da^ 

6i + < 56 i b^+dbz 63 + <563 

Cj^ + <5cj Ca + dcg Co + dc. 
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and may be expressed as the sum. of 8 determinants, namely: 

(i) the determinant X> ; 

(ii) 3 determinants, each containing one column of incre- 
ments, 




^3 

Ui 




^2 

da^ 


h 


h 

bb^ 

^3 > 

bx 

h 

<563 

bc-^ 

^2 

^3 


b02 

<^3 

Cl 

Cg 

&3 


(iii) 3 determinants, each containing two columns of incre- 
ments, of the type 

Sb^ db^ b^ 

(iv) 1 determinant, containing increments alone. 

<5D is the sum of the 7 determinants (ii), (iii) and (iv) ; when 
each of these determinants is divided by bz * and bx made to 
tend to zero, the determinants in (iii) will have each one column 
that tends to zero, and the determinant in (iv) two columns 
that tend to zero. Hence if accents indicate derivatives with 
respect to x we find 


a[ 


0-3 

Ch 

O3 Oi 

O2 O3 

D^= b[ 

b. 

63 -f* b-^ 

K 

63 H- b^ 

^2 b^ 

C'l 

^2 

C3 

C2 

C3 

^2 ^3 


If D were of the nth. order the determinant (i) would be D 
while (ii) would contain n determinants each containing one 
column of increments, — ^the first column of the first deter- 
minant, the second column of the second determinant, . . . , and 
the nth colunm of the nth determinant. All the remaining 
determinants, namely (2^^ - 1 - n) determinants, would contain 
at least two columns of increments and would therefore tend 
to zero when bx tends to zero. Hence the rule : 

The derivative of a determinant of the nth order is the sum 
of n determinants which are obtained by substituting in turn 
in place of the elements in the 1st, 2nd, ... , nth columns the 
derivatives of the elements in the 1st, 2nd, . . . , nth columns. 
Instead of columns ” the word rows may be used since 
a determinant is not altered by the interchange of rows and 
columns. 

* To divide one of these determinajats by dx, divide any one column of 
increments in it by Sx* 
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Sx. 



D = 

a -Xy 

h. 

9 








h 

b -X, 

f 









f. 

c-x 




D' = 

-1 

0 

0 

a - a:. 

h. 

g 

a — a;. 

K 

g 


K b 

~x. 

/ + 

0 

-1 

0 

+ K 

h -X, 

J 


9f 


C -X 

9* 


: -X 

0 

0 

-1 

=: 


f2(fl 

6 +b +c)a: 

-(bc + 

ca+ab -P 





39. Linear Dependence of Functions. Let /g, , /„ be 

n functions of x defined for a range a^x^b i if there are n 
constants Cg, ... , c«, not all zero, such that 

®l/l "^^ 2 / 2 + +^n/n = 0, (1) 

the functions /i, /g, •••>/« are said to be linearly dependent \ 
if there is no such set of constants the functions are said to be 

linearly independent. 

Obviously if Cj, Cg, is one set of constants that satisfies 
(1) so is the set I-C 2 , ... , kcn where k is any constant that is 
not zero. Hence one of the constants may be taken to be ±1. 

The test now to be given for the linear dependence requires 
that each of the functions should have all the derivatives up 
to and including the {n - l)th. 


First. Suppose that are linearly dependent and 

that equation (1) therefore holds. The equation (1) may be 
differentiated (n - 1) times ; differentiate and let accents 
denote derivatives with respect to x. We thus find the 
following n equations, including equation (1) : 

+^2/2 + ••• +^n-l/n-l -^^nfn 

^1/1 +^2/2 + +^n-lfn-l 

..( 2 ) 

+ ... + = o, 

+ c,/r~« + . . . + = o. 

Now the coefficients c^, Cg, ... , c„ are not all zero and therefore 
the determinant TF of the equations must be zero for every x 
such that a^x^b where 



-•/n-l fn 
-/n-t fn 


fn~ 2 ) /(n-2) f[n- 2 ) /(n-2) 

Jl J 2 ***Jn-l Jn 



( 3 ) 
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W is called the WronsJcian of the functions /i, /g, , /«, and 

is denoted more fully as W{f^, A, , A)- 

Hence the condition TF=0 is a necessary condition for the 
linear dependence of ... ,/n and it is to be noted that W 
must be identically zero, that is, zero for every value of x in 
the interval (a, b). 

Second. The condition TF = 0, which has been seen to be 
necessary, is also a sufficient condition for the linear dependence 
libe Wronskian, say, of the (n-l) 
functions A, A, ... ? A-i is not zero for a<x^b. 

Consider the system of (n-l) equations : 

^l/l +^2/2 + • • • + ^n-l/n-l =/nj 

^ifl +^2/2 + ... +Cn-l/n-l =Aj 

Oifi + C0/3 + . . . + =/n, (4) 

+ . . . + =Ar-^), 

The determinant of this system is the Wronskian and 
is therefore not zero. Hence the system determines 
Cj, Cg, . . . , and these numbers will usually be functions of x ; 
it has to be shown that if W vanishes for every x in the interval 
(a, b) the numbers c^, Cg, ... , will be constants and then the 
first of equations (4) proves the linear dependence of As A? • • • ? A* 

Let it be first noted that if ]F=0 we can add the following 
equation to (4), namely : 

+ .. . + c„ .i/i’tTi'’ =/„“■*’ (4') 

For in virtue of (4) we have 

A> Aj •••A-iJ ^ 

fu A, ...A-i. 0 

w= 

= X ~ c,A"-^) - - ... - 

and ]F = 0, lFi=5^0 so that equation (4') follows. 

Now diSerentiate the first equation in (4) ; therefore 
Cl A + oj 2 + . . . + c^^„iA-i 

+CiA + <^2/2 + • • • + ^n-lA-l —fn) 
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which, by the second equation in ( 4 ) reduces to 
clfi 4- ^^^3+ ••• “r<^n-l/n~l 

If the other equations in ( 4 ) be differentiated it will be seen 
in the same w’ay that each equation reduces to an equation 
in c;, d, ... , c;„i, the right-hand side being zero; for the last 
equation in (4) this result follow’s from equation (4'). Hence 
we have the set of (n - 1) homogeneous equations 
cji +dj. =0, 

dr +c:j', = 0 , 

-f dfr^ 4- ... 4- = o. 

The determinant, of the system is Tf^ which is not zero and 
therefore each of the numbers c[, ci, , c'_i is zero, so that 
each of the numbers Cg, ... , is constant. Hence, by ( 4 ), 

fn = Cj/i -h C2/2 + • • • + n- 1 » 

and the functions /s, ... , /n are linearly dependent. 

Cor. If IF and TFi are identically zero but TFg, the Wron- 
skian of the {n- 2 ) functions /i,/2, ... ,fn-2i zero, then, by 
what has been proved, the (^-1) functions /j, /g, ... ,/n-.i are 
linearly dependent and there are therefore (?^ - 1) constants 
Cl, C2, not all zero, such that 

^ 1/1 +<^ 2/2 + ... +Cn^ifn-i = 0 ' 

The n functions /i, /2, ,fn are therefore linearly dependent 
because in (1) we may make zero and the n constants 
Cl, Cg, ... , are not all zero. 

Similarly, there is linear dependence of the n functions if 
IF, IF;i and are identically zero but IF3, the Wronskian of 
the (7i - 3 ) functions /u/g, ... ,fn-3 ^ot zero, and so on. 

Ex. 1. The functions e®, are®, a:®e® are linearly independent. 

Here, xe®, x^e® 

IF = (x + l)e®, (x^4'2x)e® =2e®® 

(x-f2)e®, (x^ + 4x + 2)e® 

Ex. 2, The functions sin x, cos x, sin (x 4- ol) axe linearly dependent. 

Here, IF =0. CiSinx4-C2Cosx+C3sin(x+a)=0 

if Cl = ” cos OL, Cg = — sin ol, Cg = 1. 

Ex. 3. Show that the derivative of a Wronskian is obtained by 
differentiating each element of the last row. 
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Ex, 4. If 3 / 1 , 3 / 2 ^ fxmctions of x and if x is a function oit 

prove that 

ic(2/i» 2^2» ••• » 2/n) > yn)* 

where the suffixes x and t denote that the derivatives in the Wronskians 
are derivatives with respect to x and t respectively. 

Ex. 5. If y, 3 / 1 , 2 / 2 » ••• » 2/n functions of x show that 

2/2/2» yy^f --- » 2/2/«) =2/”I?^ar(.Vn 2/2» S/s^ . 2/n)* 

Ex. 6 . If y is a function of a; prove that 

TF(1, 2y, 3y®, =nl (w- - 1)! (n - 2)! ... 21 1 • 
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FIMCTIONS OF SEVERAL VARIABLES. DERIVATIVES. 

DIFFERERTIAIR. CHANGE OF VARIABLES 

40. Functions of more than one Variable. The characteristic 
properties of a function of n independent variables may usually 
be understood by the study of a function of two or of three 
variables and urdess some definite purpose is to be served the 
restriction to not more than three independent variables will 
be generally maintained ; this restriction has the considerable 
advantage of simplif 3 dng the formulae and reducing the mere 
mechanical labour. 

By extension of the usage of analytical geometry a set of 
values Uji, ag, of n variables will often be called ‘‘the 

point Ug, The set of values x-^y other 

than ag, ... , that satisfy the conditions 

! “”<^1 I i ^2 I •*• s I 

where ^ is an arbitrarily small positive number, is said to form 
a “neighbourhood” of the point (%, a^, , a^). The 

neighbourhood may, however, be specified in other, though 
equivalent, ways ; for example, the points inside the sphere 

+y^ — may be taken as the point (0, 0, 0) and its 

neighbourhood. 

The set of values of the variables for which a function is 
defined is called “ the region (or, domain) of definition of the 
function.” A function may be defined for integral values 
alone of its variables or for variables that vary continuously 
within given limits or that take all real values. The simplest 
type is the polynomial which is defined for all real values; 
next in simplicity is the quotient of two polynomials which 
is defined for all real values except such as make the divisor 

94 
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zero. In general, all the usual fxznctions of a single variable 
reappear. 

The language and conceptions of geometry necessarily play an impor- 
tant part and certain assumptions are made that may be illiLstrated 
by considering a function f{x, y) of two independent variables. The 
function may be defined for the whole plane or for a part or parts of 
the plane that are boimded by closed curves. It is supposed that a 
closed curve C, without double points, divides the plane into two regions, 
an interior and an exterior, such that any two points in any one region 
can be joined by a path that lies wholly within that region while every 
path that joins a point of one region to a point of the other cuts the 
curve C that separates the two regions. 

If x = (p{t), y where 9? and y are continuous functions of t, are 

the equations of a curve the curve is closed when cp and ip are periodic 
functions of t with period co. In this case the points t ” and ‘‘ t-bnco,” 
where n is any integer, are identical. If on the other hand t' and 
are two values of t which do not differ by co dr a multiple of co, such that 
and ip{t') =ip{f) the point t' or f is a dotible point, 

A curve of the kind spoken of may be a circle or an ellipse or any 
“ ordinary ” curve that does not intersect itself (like a lemniscate), 
but it may equally well be a rectangle or polygon, and the path spoken 
of as joining two points may be a “ curve ” in the ordinary sense or a 

broken line ” consisting, for example, of a set of segments that are 
alternately parallel to the coordinate axes. 

The functions cp{t) and ip{t) are supposed to be continuous but 
nothing is prescribed as to their derivatives ,* it may be said at once, 
however, that it will be assumed that every curve may be divided into 
a finite number of parts such that for each part cp'it) and ip\t) exist. 

When a ftmction f{x, y) is defined for the region bounded 
by a closed curve O the region of definition is said to be closed 
if fix, y) is defined for all points within and on the curve C, 
but open or unclosed when the function is defined for points 
within but not on the curve (7. 

The extension to regions for functions of three variables 
is fairly simple, and while geometry fails for the ordinary 
mortal when he enters regions of n dimensions it is possible 
at least to xmderstand what is meant when it is said that the 
region is that within the sphere xl->rxl+ ,,, -\-xl=c^. 

Limiting Points, If ;iS^ is an infinite set of points lying in a 
region A the point , a^) is called a limiting point or 

a point of condensation of the set when an infinite number of 
points of the set lie in every neighbourhood of ci^, , a ^) ; 
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the limiting point itseK may or may not be a point of the set 

(§ n). 

If, for example, S consists of all the points inside a sphere, 
every point inside or on the surface of the sphere is a limiting 
point. The region A bounded by the sphere is “ open ” if it 
does not include the points on the surface — that is, if it does 
not include all its limiting points — ^but “ closed ’’ if it contains 
all its limiting points, because it then contains all points 
inside and on the surface of the sphere. 


4 L Limits and Continuity. A function f{x^, , x^) of 

n independent variables is said to tend to a limit I 

when x^, respectively to a^, if, given 

the arbitrarily small positive number e, there is a positive 
number rj such that 

when |, \ x^-a^ \ are each less than 

the set of valnes being excluded. 

The modifications required when one or more of the variables 
tend to infinity or when Hs +oo or - oo may be left for the 
student to state ; with his previous work there should be no 
dfficulty. 

It should be specially noted, however, what the above 
definition implies ; there must be no assumption of any relation 
between the variables as they tend to their respective limits. 
Tor example take f(x, y) where 

f{x, y)- 2 xyl{x^ +2/^). 

If a; “>0, 3/ being constant, f{x, y) and if y->0, x being 
constant, f{x, y)-^^ so that these limits of f{x, y) exist and 
are the same when x ->0 and when ^-^0. On the other hand 
f{x, y) has no limit when x and y tend independently to zero; 
for if we put a;=rcos 6, y =r sin Q, we see that /(a;, y) =:sin 20, 
so that near (0, 0) /(x, y) may take any value between ~ 1 
and 1 and therefore has no limit. It has to be noticed that 0 
is not a value that x can take when = 0 or that y can take 
when ij? = 0. The assumption that y is'constaht when a: 0 is a 
violation of the conditions imposed by the definition, just as 
the assumption y=ar or any other relation between x and y 
would be. 
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Continuity. The function f{x, y, z), the case of three 
variables being taken, is said to be continuous at the point 
(ci, 6, c) of a region for which it is defined if, given the 
arbitrarily small positive number e, there is a positive number 
f! such that \f{x,y,z)~f{a, b, c)\<£ when \ x-a\, \y-b\ 
and \z-c\ are each less than rj. 

It is necessary, therefore, for the continuity of f(x, y, z) 
at {a, b, c) that f(z, y, z) should tend to a limit when x, y, 
tend to a, b, c respectively, and also that that limit should be 
the value f(a, b, c) which, by hypothesis, exists since (a, h, c) 
is in the region for which /(rr, y, z) is defined. If (a, 6, c) is 
on the boundary of the region the values of x, y, z that satisfy 
the conditions |y-6|<'?7 and \z — c\<r} must all, 

like /(a, b, c) itself, be in the region of definition of the function. 

A point to be particularly noticed is that f{x, y, z) may be a 
continuous function of each variable when the other two are 
constant and yet not a continuous function of x, y and 2:. 
This peculiarity (for it does at first sight seem peculiar) is 
illustrated by the function 2 xyl{x^ +y^) just considered above. 
If /(x, y) is defined to have the value zero at (0, 0) it is defined 
for every neighbourhood of (0, 0) ; as has been seen, f{x, y) 
tends to its value 0 when x~^Q and y is constant, or when y~> 0 
and X is constant, and is therefore continuous at (0, 0) when 
considered as a function of a single variable x or as one of a 
single variable y. On the other hand, f{x, y) tends to no 
limit when the independent variables x and y tend to zero, and 
is therefore not continuous at (0, 0). 

42 . Sequence of Decreasing Eegions. The conceptions of 
i nfi n i te sets and of upper and lower bounds have no special 
restriction to fimctions of one variable, but the method of the 
decreasing interval used in the proof of various theorems 
requires a little explanation when it is applied to regions of 
two or more dimensions. 

For definiteness, consider an area A bounded by a curve G ; 
the principle is obviously applicable to regions of three or 
higher dimensions and the description is greatly facilitated by 
restriction of the region to a plane area. 

The area wiU lie completely inside a rectangle B. given by the equa- 
tions X and y=zc,y=d>c. Let the rectangle B be divided 
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into four equal rectangles by the lines a:=J(a4-6), y =|(c+(f), and let 
one of these four rectangles be selected, it being imderstood in this 
and all subsequent choice of rectangles that the selected rectangle 
contains a continuous piece of the area * 4 . If the sides of this reetanele 
Ml say, are given by x^a^, x=bi>ai and y=Ci, 2/=d^>q then 
c^Ci<di^d while 6i -«% =|(6 -a), =I{d -c). 

Next divide the rectangle into four equal rectangles by the lines 
+ 5 ^), y = liCi +di) ; select one of these four and let it be called 
i?2. The sides of will be given by arzra^, x=:b2>as and y=c, 
y=d^> 02, and the following relations will hold : 


a^ai^a^<b^^bi^b, b^-a^=±{b --a), 


cSc^Sc^Kd^Sd^Sd. ds-Cj=i(d-c). 

Proceeding in this way we obtain a sequence of decreasing rectangles 
(B„). The sequences (a„) and (c„) are increasing and the sequences (6 ) 
and (d„) decreasing sequences ; a„<b„ and c„ < d„ while 

K-a„=ib -a) 12^. d„ -c„=(d -c)/2". 

Hence the sequences (a„) and {6„) determine a number f, the sequences 
(c„) and (d„) a number rj and the point (S, tj) is common to each 
rectangle if„, each rectangle being closed (§16). 

If the region were three-dimensional it might first be included in a 
cuboid (or rectangular parallelepiped) K bounded by the planes 
x=a,x=a' ; y =b, y-V z=c, z=c'; a' >a, V >b, c'>c. 

The first step is to divide K into 8 cuboids by the planes 
x = \{a+a'), y = Ub+b'), z=J(c+c'), 
and to select one of these (call it K^) ; its boundaries would be the plan^ 
z=ai,x=ai'>ai ; y=bi, y=b^' >bi, z=Ci, z=C:^' >c^ 
where &S6i<6/S6', cSci< 0 i'Sc' 

and a;-Oi=i(o'-a), b\ -b^=i{b' -b), cj -Ci = J(c' -c). 

Oi^rate on in the same way and so on. The process determines 
a point (f, t], () that is common to each cuboid K„. 

Here, and above, if the region is closed, the point found is a point of 

the region. 


Notation. If P is the point (x, y, z) it is often convenient 
to denote the value of f{x, y, z) at P by the symbol /(P). A 
point P'{x', y', z') is in a neighbourhood of P if 

Q<\x' -x\ <Q, ^<\y' ~y \<Q, 0< \ z' -z \ <Q, 

or, if the length PP' is not zero hut is less than q. (One 
or two but not all of the differences IP -a; I \y' -y\ and 
\z' -z \ may be zero.) 
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Theorems I and II of § 13 on the upper and lower bounds, 
JI and m sa}", of a bounded set need no new proof, while 
Theorems I and II of § lo on the limits of bounded monotonic 
functions are also valid for functions of several variables. 
Thus, if f{x, y, z) increases (or does not decrease) when each 
of the variables x, y, z increases but is always less than a fixed 
number h, then f{x^ y, z) tends to a limit which is not greater 
than h when x, y, z tend to infinity. 

Similarly Theorems I and II of § 17 need no new investiga- 
tion. The important theorem of § 27 for a function f(x, y, z) 
say, namely that '‘if M is the upper bound of f{x, y, z) m. b, 
region B there is at least one point P(f, rj, C) such that the 
upper bound is also 31 in any neighbourhood of P,” may be 
proved at once by using a sequence of decreasing regions (P„) 
instead of a sequence of decreasing intervals. The method is 
the same whether the sequence be a sequence of intervals or 
a sequence of regions. 

The condition that f(x, y, z) or /(P) should tend to a limit 
when X, y, z tend respectively to f, 57, f is that there should 
be a neighbourhood of the point A {i, 7 ], C) such that 
I 1 than £ (where s has the usual 

meaning) when P' and P" are any two admissible points 
{x\ y', z') and {x'", y", z") of that neighbourhood. [The point 
{x\ y\ z') is admissible when /(a;, y, z) is defined for the values 
x\ y\ z'.] In other language, there must be a positive number 
Q such that I f(x\ y\ z') - fix", y\ z") | <e when each of the 
differences \^~x'\,\ k-x" 1, \ r}-y' ], I, \C-z"\ 

lies between 0 and p. (Some but not all of these differences 
may be zero.) 

That the condition is necessary is obvious. To prove the 
sufficiency of the condition proceed as in § 21. When it 
is satisfied we have 

f(P")-e<fiP')<fiP") +a, 

when P' and P" are any two admissible points of the neighbour- 
hood of A. The set of values /(P') is therefore bounded and 
has maximum and minimum limits 0 and g, and so on, the 
rest of the proof being, except for verbal changes, the same 
as in § 21. (The meaning of the terms “ upper limit of 
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mdetermmation ” and '' lower limit of indetermination '' needs 
no further explanation.) 


43. Theorems on Continuous Functions. The theorems of 
§ 28 for functions of one variable are easily extended to func- 
tions of several variables ; the theorems will now be stated, 
but the proofs will usually be indicated very briefly, if at all, 
since they are little more than repetitions of those for a function 
of one variable. 


Theoeem I. If f{x, y, z) is continuous at {a, 6, c) avid if 
f(a, hj c) is not zero, then f{x, y, z) has the same sign as f {a, h, c) 
at all points (x, y, z) in some neighbourhood of {a, b, c). 

Theoeem II. If f{x, y, z) is continuous at all pomts of a 
closed region R and if {x\ y', z') and {x'\ are tim 

different points of the regkm at which f{x, y, z) has turn 
different values A and B thenf{x, y, z) takes in the region B 
cdl values between A and B, 

The method of § 28 may be adopted to prove the theorem, but the 
following method reduces the proof to that for a fimction of one variable. 
Assume, as will be proved in § 44 from the definition of continuity, that 
if X y =fi{t)i 2 =fzit)> where are continuous functions of t, 

the function /(x, y, z) becomes F(t) where F(t) is a continuous function 
of L If f and F give the points (a?', y\ z') and {x"^ y'\ z") respectively, 
then F{t) takes all values between A and B sus t varies from f to f; 
if A and B have opposite signs there is at least one point r or (|, rj, () 
at which the function f{x,y,z) is zero. But, in general, there is an 
unlimited number of functions /i,/ 2 ,/ 3 — or, in geometrical language, 
an unlimited number of paths from (a?', y% z') to {x", y", z") that lie 
in the region U — and therefore }{x, y, z) takes every value between A 
and B infinitely often. 

The following theorem — ^the theorem of uniform continuity — 
will be proved for a function of two independent variables x 
and y but the method of proof is quite general. The method is 
not quite the same as that used in § 28 though not essentially 
different and the student might, as an exercise, apply the 
following method to the theorem of § 28, 

I’HEOEEM III. If f{x, y) is continuous at all points of a 
closed region A there is a positive number h such that, e having 
the usual meaning, | f{x% y') -fix", y'')\<s where [x', y') and 
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are any two joints in the region A, such that \x^ -x‘ ch 
and \y' -y'" \ < 

Tiie proof is in two parts ; the notation /(P) to denote the 
value of f{x, y) will be freely used. 

(1) If £i is any given arbitrarily small positive number the 
region A can be divided into a finite number of smaller regions 
(sub-regions they may be called) such that if P' and P" are any 
two points in any sub-region [/(P') ~f{P") | will be less thanes. 

If such a division of the region A is impossible there will be, 
whatever division be made, at least one sub-region in which 
two points P' and P" can be found such that | /(P') -/(P"') 1 ; 

let such a sub-region be called, for convenience, special. It has 
now to be proved that A contains no special sub-region. 

Let the area A be enclosed in a rectangle P, and, as in § 42, 
proceed to form a sequence (P^) of rectangles. Of the four 
rectangles constructed at the first step one at least must 
contain a special sub-region, because if none of them did 
neither would A ; select the rectangle (or one of the rectangles) 
that contains a special sub-region and call it P^. Operate 
on Ml in the same way and select a rectangle P 2 that contains 
a special sub-region, and so on. A sequence P^, Pg, ... of 
rectangles is thus obtained ; the sequence determines a point 
Pq of A such that every region within which P^ lies contains a 
special sub-region. This conclusion will now be shown to be 
inconsistent with the continuity of /(a:, y). 

Since f(x, y) is continuous at (f, ?;) there is a region, a say, 
within which Po(l, rj) lies, such that if P' and P" are any two 
points in <t 

\f{Po) -f{P') I < hv mPo) -fiP") I < hi, 

and therefore | f{P') -/(P") | < ej. 

Now n may be taken so large (but finite) that the rectangle P„ 
will contain P^ (either within or on its boundary) and lie 
wholly inside the region a; therefore this rectangle P^ (a 
region that includes Pq) contains no special sub-region, since 
P' and P" may be any two points in P„. 

Hence the hypothesis that the region A cannot be divided 
into a finite number of sub-regions of the kind stated is 
inadmissible. 
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(2) Theorem III now follows at once. Take = let 

the area *4 be covered by two sets of straight lines parallel to 
the axes of x and y, the distance Ji between two consecutive 
parallels being the same for each set. By (1) it is possible to 
choose /i so that if P' and are any two points in, or on the 
boundary of, a sub -region or square of side h we shall have 

\f(Pl -f{Pl\<is. 

Now any two points P'(x', y') and P'^ix", y") for which 
I I < A and \ 7/ -y" \<h must either lie in one and the 
same square in which case | f{P') -fiP^) | <ls<£ or else lie in 
adjacent squares. In this case if P is a point on the side 
common to the two squares (or if P is a common vertex of the 
two squares) 

i/(P') -/(P") 1 = 1 /(P') -m +f{P) -f{P") 1 

S l/(^’') -f{P) I + l/(^’) -nn \<h + h ore. 

Of course at the boundary of the region A the sub-regions 
will as a rule not be complete squares, but this makes no 
difference in the proof. Theorem III is therefore proved. 

It thus follows that every function which is a continuous 
function of its variables, when these assume any values in a 
closed region, is a uniformly continuous function of its variables. 


Theobem IV. If f{x, y, z) is contmuous at all points of a 
dosed region it is hounded in that region. 

Theorem V. If f{x, y, z) is continuous, and therefore 
hounded, at all points of a closed region there is at least one 
point (I, rj, C) of the region for which f{i, rj, C)=My the upper 
hound of f{x, y, z), and at least one point (f rj', C') for which 
f{i\ C')=rn, the lower hound of f(x, y, z). 

The proofs of these two theorems may be left to the student 
as little more than verbal changes are needed to adapt the 
proofs for a function of a single variable. 


44. Function of Functions. If F{x^, xf) is a con- 

tinuous function of the n variables x^, x^,..., x^ in a region D 
and if the variables x^, x^,...,Xn are continuous functions of 
m variables y^, y^, ... , y^ in a region P' the function 
5 when expressed as a function (p[y^, yg, ... , y^, 
is a continuous function of y^, y 2 , , y^ bi the region P'. 
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Suppose m = 2 and let the two sets of variables be 

denoted by x, y, z and Sy t where 

x=fis, t)y y=g{s, t), z^Ji{Sy t ) ; F{Xy t/, z):=(p{Sy t) ; 
also let x'=f{s', t'), y'=g{s'y f)y z'=h{s'y f). 

Given e as usual it is possible, since /(x, y, z) is continuous, 
to choose f]{>0) so that 

1/(3;',^', z')-f(x, y, 2;) |<£, 

when I x' -X |, | y' -y | and \ z' -z \ are each less than rj. 
Again since x, 2 /, z are continuous functions of s and t it is 
possible to choose f (>0) so that 

I /(«'> t') -/(«. t) \ <'n> I 9(s', t') -g{s, t)\<rj, 

I h{s', t') -h{s, t) \ < 7 ] 

when I s' -s ] and | t' -t | are each less than C. Hence 
I (p{s' y f) - (p{Sy ^.) I < £ when | -5 | and \f - t\ are each less 

than C und therefore (p{Sy t) is continuous in the region D', 

An important case of this theorem is that in which x, y, z 
are functions of a single variable t, so that the equations 
x=f{t)y y=g{t)y z=h{t) can be taken as giving a curve; the 
function F{Xy 2 /, z) or 93 (if) is therefore continuous for all points 
on the curve so long as the curve is within the region of definition. 
When X, 2/3 z are functions of two variables the point (x, y, 2 :) 
is restricted to a surface. 

45. Partial Derivatives. Mean Value Theorem. In Chapter 
XI of the Elementary Treatise partial derivatives have been 
defined and various theorems proved ; it seems desirable, 
however, to re-state briefly the fundamental equations and to 
present a more systematic treatment of the theory of differen- 
tials. The student is recommended to revise carefully 
§§ 92, 93 of that chapter which deal with the rate of variation 
in a given direction (important for its applications in mathe- 
matical physics) and with the interchangeability of the order 
of differentiation, the proof of which is often found difScult. 

Suppose f{Xy y, z) and its partial derivatives /a,, /y, to bo 
contmuous ; the increment <5/ corresponding to increments 
hyh.lm X, y, z respectively is given by the equation 

+ K y + h,z + l) -f[Xy 2/, z)y 
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and this may be stated in the form 

6f=lf{z + fi, y + k, z + l)-fiz, y + k, s + Z)] 

+ [/{.x, y + k,s + l) -fix, y, 2 + Z)] + [fix, y,z + T) -f{x, y,z)]. 
By the mean value theorem for a function of one variable 
these diSerences may be expressed in the form 
hf^(x + O^h, 0, kfy{x, y + BJc, z +1), lf,{x, y,z + BJ) 

where B^, B^, B^ all lie between 0 and 1. Hence 

=¥x(^ + y + j: + Z) + I'fyix, y -h BJc, z + l) 

+ If,{x, y, z + B^l), ......(1) 

or, since these derivatives are continuous and therefore tend 
to /jj, fy, respectively when h, k, I all tend to zero 
Sf =h{fs;-h 0}i) + Jc(fy+ 0 ) 2 ) + lifs + w^) 

+ ICCO 2 -^Ico^) ( 2 ) 

where odi, cog, CO3 tend to zero when h, k, I all tend to zero. 

Suppose now that x, y and z are functions of other variables, 
say functions of the two independent variables s and t, and 
that these functions and their partial derivatives with respect 
to s and t are continuous ; the function /(rr, y, z) is now a 
function of functions and its derivatives dfjds and dfjdt may 
be obtained at once by appl 3 dng (2), 

Let s alone vary and let the increments A or dx, h or dy, 

I or dz and <5/ correspond to the increment (5^ of 5 ; if each 
member of (2) is divided by ds and the limit taken for ds~^0 
the last three terms in ( 2 ) will tend to zero because a> 2 , co^ 
tend to zero while their coefficients are finite. We thus find 
dfjds and by a similar process dfjdt, their expressions being as 
follows: a/ 


ds dx ds dy ds dz ds^ 


4 .?£^ ^ 

dt dxdt dy'dt'^dzdf 

The method is obviously the same whatever be the number 
of variables in (2) or in (3) ; if a:, y and z were functions of one 
variable only, say functions of t, the notation dxjdt, ... instead 
of dxjdt ... would be used. 

The equation (1) can be expressed so that instead of three 
fractions $ 2 , B^ there shall be only one, and this alternative 
form is often useful ; it has in fact been already given in § 157, 
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p. 409, of the Elementary Treatise for the case of two variables. 
Let F{t)=f{x + lkt, y-^ht, z-{-lt)] then by the mean value 
theorem for a function of t 

F[t) - F{Q) =tF'{dt) 0 <6 <1, 

It is proved in § 157 that 

ir'(i5) + y + lct, z + U)^ 

and if we now put 6t for t in this expression for F'{t) and make 
t equal to unity we find 

fix + h, y + Jb, z + l) -f{x, y, z) = hf^-hhf^ + Z/^, ....(4) 

where means the value of df{x, y, z)ldx when x+Bh^ y+Bk 
and z-^Bl have been substituted in it for y and z respectively 
with similar meanings for /^, This notation is not at all 
suggestive ; an alternative notation is /^{x + Oh, y z +QI) 
which is suggestive but cumbrous. 

The equation (4) gives the Mean Value Theorem for functions 
of more than one variable. 

Note. The earlier examples in the Exercises at the end of 
the chapter should be worked at this stage. 

46. Differentials. The equation (2) of the last article has 
an important meaning in itself. Tor many purposes a valid 
approximation for the increment <5/ is desirable, and such an 
approximation is deducible from (2) ; but the expression for 
the approximation has also very useful applications to the 
problem of differentiation and change of variables, so that it 
is very desirable that the student should have a thorough 
grasp of the meaning and working of the differential, as the 
expression for the above approximation is called. 

Let a principal infinitesimal [E.T. p. 195), q say, be chosen 
when dx, dy, dz or h, k, I are infinitesimals ; for example, let 
q =J{{dxf + {dy)^ + ((32)2} or p = | (5a; | + | <3y | -f 1 ^2 1 
so that lijQ, kfq and Ijq can not exceed unity (numerically). 
The part + km^ + Zcoa of the increment of df is an infinitesimal 
of a higher order than q since its ratio to q is numerically less 
than the sum \o,.,\ + \o>^\ + 

which tends to zero when h, k, I tend to zero. The other part 
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of the increment 6f is called the differential of the function 
f(x, y, z) and is denoted by dj{x, y, z) or df, so that 

df=f^dx+f^dy -i-ffdz ( 1 ) 

The differential df is a valid approximation for the increment df 
when each of the increments dx, dy, dz is small ” ; this 
approximation is of very frequent application. 

There is, however, another aspect in which the subject may 
be considered, namely, that in which the differential sums up 
a whole set of derivatives ; there is no question now of 
approximations but rather of useful rules of operation. 

If X, y, z are independent variables the part 

ffSx+J^dy+ffdz that is, + + 

of the increment df is called the differential of f{x, y, z) and is 
denoted, as before, by df{x, y, z) or df simply. The teimf^dx 
is a partial differential and may be denoted by {df)^, with 
similar meanings for {df)^ and {df)^. The equation (1) is now 
considered simply as defining the differential when the variables 
y, z are independent. 

Suppose now that x, y, z are not independent but are 
functions, say, of two independent variables s, t ; the function 
f{x, y, z) is therefore a function, say t), of the independent 

variables t. By definition 

df(z, y, z)-dF{$, t)=F^d$ -hFidt (2) 


Now 


F, 


-f ?MA.f ?! 


while, since x, y, z are functions of the independent variables 
5, t, their differentials are given by the equations 

dx = ^ds + ^^dt, dy = ..., dz = 

Hence 

df=dF (5, t) =fx{^ 

so that df==f^dx+f^dy+f^dz (3) 

The forms (1) and (3) for the differential df differ in nota- 
tion ; in (3) the differentials dx, dy, dz take the place of the 
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Increments dx, dy, dz respectively. Now the increments are 
arbitrary and no confusion can arise if they be expressed in the 
notation of differentials (see §35); in fact, if a function of a 
single variable f{x) be taken as a special case of a function 
J(x, y, z) of three variables we can take x itself as the function 
and then dx =f:^dx=dx. With this change of notation we now 
have the theorem a/? 3 / 

+ (4) 

whether the variables x^ y, 2 : are independent or not ; df is the 
total differential of the function /(:r, y, z). 


Note. If by any process the total differential df of a function 
of any number of independent variables s, t, u, ... has been 
expressed in the form 

df =P ds + Q dt + R du (5) 


where the differentials ds, dt, du, ... of the independent 
variables alone appear and R, ... do not contain the 

differentials, then 


p-lf -Q-K R-^l 

^"9s’ 


For, by definition, 


and the expressions (5) and (5') for df must be identical ; since 
the variables are independent we may suppose every increment 
except one, say ds, to be zero, and then we find P — dfjds. 
Similar reasoning leads to the stated values of JS, ... . We 
thus see that an equation such as (4) or (5) sums up a whole set 
of partial derivatives. 


Ex. 1. llu=(x^ -y^)l(x^ +y^) and 2 ;=sin"^ {u^) find dz. 

dz = ?! — j . 1 du=-\ . - . du ; 

(l-uf ^ 2 ^ y(x^-y^-)^ 

+y^) -y^) -y^) d(x^ +y^) _ 4:xy(ydx --xdy) 


and therefore 


{x^ +y^)® 


(x^+y^)^ 


d^- ^^^(ydx -xdy) 

The coefficients of dx and dy are dzjdx and dzjdy respectively, and may 
therefore be written down at once. 
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Ex. 2. If s is given as a function, of two independent variables x and 
I/, cliango the variables so that x becomes the function and s and ^ the 
independent variables, and express dxjcz and dxjdy in terms of the 
derivatives of 2 with respect to x and y. 

When X and y are indei^endent variables and 2 the dependent, a usual 
notation (which will be often employed) is 

0 s _ __ __ 0 % _ _ 

dxdy~"^* 8 ^^”'* 

First, express dz in terms of dx and dy ; we have 

C" 02 

+ =P<^ +<1^!/ (i) 


Xext, when 2 and y are independent and x the function, we have 
. dx , dx . 

H 

Again, by solving (i) for dx we find 



Equations (ii) and (iii) must be identical by the above Note, and 

XI, f dx I dx q 

therefore ^ = 

dz p dy p 

See example of § 47 (Second Method) for a different treatment. 


Ex, 3. If u and v are determined as ftmctions of x, y, z by the 
equations (p(x, y, z, u, v) =0 and y)(x, y, 2, u, v) =0, find the derivatives 
of u and v with respect to x, y, z. 

In the solution, to seeur© brevity, w© use the notation of Jacobians 
(§ 55), namely. 


V) _ (pur 
d(u, V) " Wv 

and so on. 


= 9uWv’~9vWu ; 


^(9^ 9) \ 9vy 9a 
d(v, x) ( tp^, V'a 


First Method. Differentiate 9? =0 and ^ = 0 with respect to x, keeping 
y and 2 constant ; thus 

, dv ^ du dv ^ 

<p. + <Pu^ + ^.^=o, %+v'«^+y.gj=o. 

If these equations be solved for dujdx and dvjdx w© get 

9) . d(p, fp) dv_d{(p, ip) , d(p, ip) 
dx d(v,x) ■ 8(u,v)^ dx~'d(x,n) * ^(u,v) ' 

In the same way the other derivatives may be found. 

Second Method. Use differentials. The total differentials dp and dip 
are zero ; therefore 

dx -{■pydy + p^dz + py^du + p^ dv—Q, 

+ 9ydy + Ps dz du +p^ dv =0. 
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Solve these equations for du and dv ; we get 


But 


8(y. y) ^ v) ^ , ^(<p> v) 

du ! d'^ 


3(t;, x) 


d(v,y) 


^(<P> W) , 
d{v, z) 


d{u, V) '~dix, u) ^d{y,u) d(z,u) * 

, du, du^ dll. . dv , 

du=^dx +^dy 4 - t - dz; dv =-;:-~ dx + . 
dx dy ^ dz dx 


The equating of coefficients of dx, dy, dz gives 

dii_ d{(p, tp) ^ d(q), tp) 
dx^ d(v,x) * d{u, v) ’ 

and the other derivatives may similarly be written down at once. 


47. Higher Differentials. For brevity suppose that / is a 
function of two variables x and y. The second differential of 
f{x, y) is the differential of df{x, y), that is, d[df{x, y)] which 
is denoted by d^f{x^ y) or simply d^f. Hence 

d^f-dif^dx +fydy) = dx df^ +fj,{dx) + dy df^ +f^d(dy), 
or d^f = dx df^ + dy df^ +f.^d^x +f^d^y ( 1 ) 

Now df^=^dx + ^dy=::f^Jx+f^^dy, 

and df^=^dx + ^dy=f^^dx+f^^dy, 

SO that 

dx df^ + dydf^ =^f<,Mxf‘ + 2f^^dx dy+f^^{dyf 
=fxaA^^ + 2/*vda; dy +f^ydy^, 

and therefore 

+ ^fxydx dy +fyydy^ +fyd^y (2) 

The question now arises how is the distinction made between 
the case of x, y as independent variables and that of x, y as 
functions of other variables ” ? The answer that is found to 
be most convenient is that, when x and y are independent 
variables their differentials dx and dy are taken to be constant 
so that d'^x and d^y are zero. Hence when x and y are 
independent 

dj{x, y) = dj + ^Lydx dy +fyydy^, (3) 

while if X and y are not independent d^f{x^ y) is given by (2). 

In the same way the third differential d(d^/) or d^f and higher 
differentials are defined ; when x^ and y are independent 
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#x, . . . and dhj , ... are all zero. Thus one part of d^f is 
formed from the first term in the expression (3) for and gives 

or +/xx (4) 

and for the value of d^f when x and y are independent we find 

-^Svw^h^ ( 5 ) 

If X and f/ are not independent w^e must in finding d^f take 
equation (2) and include the terms that arise from dx and dy 
which are no longer constant. Thus to find d\J^./Ix^] we must 
add to the expression (4) the term fy.j^d{dx^) or 2f^^dx d-x since 
d(dx^) is 2€!xd^x, 

The notation of differentials gives a compact form for 
Taylor’s expansion of fix+h,y+h) when li=dx, k=dy and 
h, Ic are constant ; the form is simply 

f(x + h^ y + k)==f+df (^) 


and the series on the right is of the same form whatever be the 
number of independent variables x, y,z, it being noted that 
df{x, y, z, ..,)=f^dx+fydy+fj,z~h‘‘- . 

(See E.T. p. 508.) 

It must be specially noted, however, that when x, y, z, 
are not independent the expressions for d^f, d^f, ... have no 
longer the simple forms given by (3) or (5) but involve the 
higher differentials of dx, dy, dz, — 


Ex, Take Example 2, § 46, and express the second derivatives of x 
with respect to z and y in terms of p, q, r, s, f. 

First Method. We have ~=--^ 

dz p dy p 

Prom the first of these equations we find by taking the differentials 


(i) 


dl- 


\dz 


)-©• 


or. 


d^x j d^x j dp 


.(ii) 


Now 


dp=^dic+^dy=rdx+sdy. 


smce p is given as a fimction of x and y. In this expression for dp put 
the value of dx in terms of dz and dy, namely (dz -qdy)lp, and the 
equation (ii) takes the form 

d^x , d^x j T j rq —sp 


p^ 


p^ 


■dy. 
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In this equation we have only the differentials of independent 
variables, and can therefore equate the coefficients of dz and dy respec- 
tively ; hence 

d'^x _ r d^x __ Tq -sp 
^ ~ p®’ dzdy~' p® 

In the same way the second of equations (i) gives 
dzdy dy^ 

dq— ^dx -{-^dy =sdx-\-tdyy 


But 


and substituting as before for dx in dq and dp we find 


,, . d^X y rq ~sp ^ 2pgs - tp'^ - 




-'r<r 


dy* 


and therefore 


d^x __ 2pqs ~ tp^ - rq^ 


0ys 




the value of d^xjdzdy being the same as before. 
d^x 


Cor. 


dz^ dy^ \dzdyj 


Second Method. Suppose z —J{x, y) ; then 

dz . . 

If the equation z=f{x, y) is solved for x in terms of z and y, giving 
x = (p(Zy y) say, then the partial derivatives with respect to z and y of 
any function y(a;, y) are given by 

/dyj\_dxp dx dtp 
\dz)~dx dz* \dy)~~dx dy'^ dy' 

Here and 3'^© the toted derivatives of tp with respect to z and y. 

The function ‘yj(.r, y) contains s, since x is now a function of z and y, 
and contains y explicitly as well as through x, thus bringing in the 
additional term dtpfdy. The two values (dtp/dy) and 0^/0y are quite 
different. 

Now differentiate the equation z ~f{x, y) with respect to z and y 
respectively ; we find 


0 = 


1 =/ ^ 


so that 


02 ~fx~P ’ 


o=/,|+ 4 . 


SO that 


dx _ q 


dy' 


P 


Again, 

O.A.C. 


d^x_ ~ 1 /0p\ - 1 ^ ^ dx^ ~r 

dz^~ \dz)^ p2 ^ pB > 
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since p is a function of x and ?/. 

dzd]}'" 'p- U'ir/ Ldx cy'^ dp J 


rq ~ sp 
-tp^- rq^ 


\dy) dx dy dy p'^ ‘ 

The student should note carefully the two different meanings of the 
symbol d^{x, y)ldy, "i^lien x is independent of y there is no ambiguitj", 
the derivative being as usual ; but if x contains y the derivative is a 
total derivative (see E.T, p. 212 and p. 219). 

If the relation between a*, y and ^ is given by an equation of the form 
F{Xt IP z) =0 we have^ when z is considered as a fxmction of x and ?/, 

n + ng=0. or p=-FJF,, 
and similarly q=^-FyjFz‘ 

When jP = 0 is taken as defining x as a function of s and y we find 
t p _ A Fg 1 




dx 

5’v + -F,|5 = 0, 


The rest of the work is as before. 

/ 48. Change of Variables. If y is given as a function of x, and 
if the variables are changed by the substitutions x = <p{u, v), 
y=i^{u, v) so that v becomes a function of u, the problem of 
expressing the derivatives of y with respect to r in terms of 
u, V and the derivatives of v with respect to u has been briefly 
discussed {E,T. p. 234) for the simple but important case 
a: =17 cos -w, y = 'y sinw. The method is quite general and the 
student should have little difficulty in applying it to a given 
case. Thus 

dv\ . f dv\ 


dx~~du’ dn^V^^ 

dx^ ~ \d% * dx) * du^ 
. d /dv\ 


dx 

( dv\ , 






and the derivatives 

du \dx, 


and ^ are easily found. 


• The problem of change of variables for functions of several 
variables is distinctly harder. A special but very important 
case has been worked out fully {E.T, pp. 237-240), and the 
principles that underlie the solution in that case will now be 
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illustrated in some detail, particularly for a function of two 
independent variables. 

/ Problem la. If z is a function f{x, y) of the independent 
variables x, y and if x, y are changed to new iridependent variables 
n,v by the substitutions x = (p(u, v), y=y}{u, v) it is required to 
express the derivatives of z with respect to x, y in terms of u, v and 
the derivatives of z with respect to u, v. 

The student must pay particular attention to the meaning of 
the symbols. Thus dzjdx means the partial derivative of z 
with respect to x when y is constant, while dzjdu is the partial 
derivative of z with respect to u when v is constant, z being now 
expressed in terms of u, v. 

By §45, (3), we find 

dz __ dz du dz dv dz _ 3; 
dx ~dudx'^ dv dx ’ dy 
To obtain dujdx, , dvfdy, differentiate the equations 
x^(p{u, v) and y=ip{u, v) with respect to x and y respec- 
tively ; thus, differentiating with respect to x, we get 


du dz ^ 

~ dudy^ dv dy * 


( 1 ) 


d(p du 
~du dx 


d(p dv 
dv dx’ 


r._d'(pdu dy) dv 
~~ du dx"^ dv dx’ 


or. 


or, 


, du dv 


du 


0 = y>„ 


dv 


.{2a) 


.( 26 ) 


and these equations give 

J ’ dx' J 

while, by differentiating with respect to y, we find 
du _ <P^ 02 ? _ (Pu 

Wy~^7’ dy'^'T 

where J is the Jacobian (see § 46, Ex. 3 or § 55) 

j=w w -<p w 

The equations (1) now give the required values of dzjdx and 
dzjdy., namely, 

dx J du J dv’ dy' J du^ J dv' 

W© may also proceed as follows. By § 45, (3) w© liavo 
dz __ dz dx dz dy dz_ dz dx dz dy 
du'" dx du^ dy du’ dv'~dx dv'^ dy dv’ 
and if these equations be solved for dzjdx and dzjdy in termi 


.(3) 

of dzjdu 
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and dzjdv w© find th© valn^ given by equations (3), it being observed 
that dxjdUy , Byjdv mean the same thing as , y® respectively. 

Equations (3) are of the form 

dx " du dv^ dy 
where A, B, C, D, dz/du, dz/dv are all functions of u, v and do 
not contain x, y explicitly. We may therefore say that dz/dz 
and dz/dy are functions, F{u, v) and G{u, v) say, of the new 
variables w, v. Hence, to find d^zjdz^ we put F{u, v) in place 
of z in the first of equations (3) or (4) ; thus 


-Cl^ + Dp. 

du dv 


.(4) 


dh 

dx^'' 


d^ 

^'dx'^ 


ydxJ 


'dx' du * dv' 

the function dzjdx of x and y being F{u, v) when expressed in 
terms of u and v. In the same way we see that 


dF r.dF 

V}=J± — {- - 


.(5) 


'dy\dyJ dy 


du 


dv 




,dG ^dG 

= ^ a- + 5--— 
du dv 


.{5a) 


or 


dy^' 
d^z _ 

dxdy’~ dxKdy)' 
d^z 0 fdz ^ 

^ \ — - M int \ — f ; _ , 

du ^ dv 

When the derivatives are expressed as in (4) we may say that 
the operators djdx and dldy, applied to any function of a; 
and y, are equivalent to the operators 

d 


a /cz\ 0 . rt^F t\^F 

d~xd^'~dy\dx)~^'^^'^^ — 


A ^ O 3 

"^du'^^dv 


and 




respectively, acting on where is the value of w expressed 
in terms of u and v. 

The value of d^jdx^ is thus seen to be 


d^z 


-4 


j d^z dH dA dz dB dz 
du^ du dv ^ du du'^ du dv. 


, 4 jy dA d^ dB dz\ 

\ dudv^ dv^ ^ dv du~^ dv dv) 


du^ dudv 




jdA jydA\dz 
du'^ dv) du 


A dB yy dB\ dz 

and the values of d^zjdy^ and d^zjdx dy may be found in the same 
way. 
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The higher derivatives may be obtained by exactly the same 
method ; fortunately they are not often required. The 
algebra of the transformation is tedious but the method seems 
simple. 

Ex. 1. li x=r cos 6, y —r sin 6 show that 

dH A • n cos^ 6 -.sin® 6 d^z cos 0 sin 0 d^z 

dx dy r dr dO r® 00® 

cos 0 sin 0 dz cos® 0 - sin® 0 ^ 
r dr r® 30* 

See E.T. p. 236, equations (3) and (4). 

y Problem I b. If the relation between the old and the new vari- 
ables is given by the equations u = <p{;c^ V)^ express the 

old derivatives in terms of the new. 

It is of course understood that the equations determine x 
and y as fimctions of u and v, or that they can be solved for x 
and y in terms of u and v. In this case the form of the solution 
is simple ; we have 

dz dz dz dz dz dz 

dx ~ dv dy dv 

where the derivatives 9 ?^;, Wv Hiust now be expressed in 

terms of «and^;. The higher derivatives are then found as before. 

Problem I c. .<?/ the relation between the old and the new vari- 
ables is given by the equations (p{x, y, u, v) = 0, y){x, y, u, v)=0^ 
express the old derivatives in terms of the new. 

Assuming that the given equations define each pair of the 
variables in terms of the other pair we proceed as follows. 
The functions to be determined are the functions A, B, 0, D 
of equations (4). It may be possible in a given case to find 
the expressions for u, v in. terms of x^ y or for x, y in terms of 
u, V, and when these are found we can apply one of the two 
methods already given. If the expressions just mentioned 
carmot be found conveniently we calculate dujdx, , dvjdy 
in § 46, Ex. 3 ; these values are 

du_ d{g), y)) ^ d{(p, y)) dv __d{(p, y>) ^ ip) 

dx^d{v, x) ‘ d{u, vy dx~~d{x, u) * d{u, v)' 

W 

du^d{(p, ip) ^ d{q>, y)) dv ___d{(py y) , 0 ( 9 ?, y) 

dy^d[v, y) ' d{u, vY dy~'d(y, u) ' d{u, v)' 
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When these values of the derivatives of u and v are inserted 
in the equations (3) we have the formal expressions for dzjdx 
and dzjd'^ ; if in these expressions the values of x and y in terms 
of u and v are substituted w^e shall have equations (4) and can 
then find the higher derivatives as before. Even when x, y 
cannot be convenient!}^ expressed in terms of u, v the values 
of diijdx , , dvjdy given by equations (6) are often useful, and 
the student should note carefully the method by which they 
are obtained. 


Ex, 2. Apply equations (6) to show that 

(n t?) 0 ( 9 ?, tp) ^ ^ d(x, y) ^ d(u, v ) ^ 

^ ^ 8(w, v) d{x, y) d{x^ y)’ ^ ^ d{u, v) d{x, y) 

Problem 11. If z is a function F{x, y) of the independent 
variables x, y, and if all the variables are changed by the sub- 
stitution 

x=f{u,v,w), y=g{u,v,w), z=h{u,v,w), (7) 

it is required to express dzjdx and dzjdy in terms of u, v and the 
derivatives dw/du and dwjdv of the new function w with respect 
to the new independent variables u, v. 

It is supposed that equations (7) determine u, v, w as 
functions of x, y, z. The equation ^ = F{x, y) becomes an 
equation between u, v, w which defines a function w of u, v. 
Hence z may be considered as a function of x, y where x, y are 
functions of u, v, w, and w a function oiu,v', we may therefore 
find {dz/du) and {dzjdv) in terms of dzjdx and dzjdy by the rule 
for fimction of a function.” The forms in brackets are meant 
to indicate that s is a function of u, v and another variable w 
which is also a function of u, v. 

Thus when z=^h{u, v, w) 


'0s \ 03 dz dw y dw 

du)'~'du^ dwdu~ ^du 


.( 8 ) 


and there are analogous expressions for (dxjdu ), , (dyjdv). 


Now 


(p.)jMp)+pm 

\ dw dx \ duJ dy \ du. 


since z = F{x, y) and x, y are functions of u^ v, w. If we 
now insert the values of {dzjdu)^ (dxjdu) and (dyjdu) as given 
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|)y (8) and apply the same method to (dzjdv) we find the 
equations 




’^du 


dwxdz 
du/dy 

I 1 /i* . ^ dw \dz ( dw xdz 

K+K - (fv +/„• j ^ j ^ 


.(9) 


Equations (9) when solved for dz/dx and dz/dy determine 
these derivatives in terms of dwjdu and dwjdv. As a rule, the 
coefficients in the expressions will involve all the variables, 
but as X, y, z, w are all functions of u, v, the solution is theoreti- 
cally complete though in practice the actual determination of 
the explicit forms in terms of u, v may be very laborious. The 
values given by (9) are, however, of great importance in many 
applications. 

Equations (9) may be found by using differentials, thus : 


dz=^dx + ^dy=pdx + qdy. 


Now express dx, dy, dz in terms of du, dv ; then 

(£) + (i) [(£) + (S ) H ^ [(IS + (If) 


Equating coefficients of du and dv we find, using (8), the 
values given by (9). 

v/ 49. Special Cases. In problems involving change of variables 
it is frequently required to transform a particular expression 
involving a combination of derivatives, and the general methods 
given above can often be modified so as to reduce the algebraic 
work. The following example illustrates an important case. 


Ex. 1. Transform the expression + 
x — (p{u^ v), y^fp{u, v) and show that 

dy^ J \ du^'^ dv^J * 


by the substitution 


, where J - 


\duj 


/ dx 


du'^ dv^ dv"' du' 


In this case it is much simpler to transform from derivatives in 'W, v to 
derivative in x, y. No doubt, by this method the transformation is 
rather verified than proved, but the method of verification is important ; 
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a Straightforward application of the general method wotild be tedious. 
We have, using the subscript notation to save space. 




.(ii) 


In fmding/«w the factors dxjdu and dyjdu are obtained by differentiating 
with respect to u ; the values of dfjdu and dfyjdu are found by 
substituting/^ mid fy respectively in place of / in (ii). 


Thus 


/ nu -Jx y ‘^dudu’ 


but, by (ii), 

!£a.f £lf ^4./ ^ 


SO that 


f — / j-f 

Juu~~j X 0 J ^2 


0u2‘ 




4.2™^/ 4- 


f^Vx 

\ 0 W 


(iii) 


In the same way we find 


fvv ~~f a 




+/v aP+ /*x + 2 ^ g^/x! 



(iv) 


The expression /„« +/,jt, involves some symmetrical combinations of 
the derivatives of x and y which in virtu© of conditions (i) reduce the 
whole to a simple form. We have 

j__ dix, y) dx&y dxdy fdxY (Sxy _/3yY /dyV 

d(u, v) du dv dvdu \duj '^\dvj \duj ~^\dv/ ' 


d^x_ d 0y_ 0 dy 
du^~~ du dv~~ dv du" 


d^x 


and in the same way 




d^x d^x _ - 


.(vi) 

(vii) 


Also 


dxdy dxdy_ dxdx dxdx 
du du^ dv dv~~ dti dv'^ dv du 


,(viii) 


If we now add corresponding sides of (iii) and (iv) and take account 
of (v) ... (viii) we find 

/ MU "t/ tjy *^ifxx d'f yy)' 

Hence, if / satisfies the equation + fyy = 0 it also satisfies the 

equation/tiu +fv'o =0 since 0. 

If X and y are interpreted as rectangular coordinates the equations 
x = (p(u,v)y y~'ip(UjV) determine, by assigning constant values to u 
and letting v vary, a family of curves (ti= constant), while if v is con- 
stant and u variable the equations determine another family of curves 
(f = constant). The equation (viii) shows that the two families are 
orthogonal — that is, at each point where the two sets of curves intersect 
the tangent to the one curve is perpendicular to the tangent to the 
other. Whenever the curves are orthogonal the equation /^.^ +/yy =0 
becomes /„t* that is, does not alter its form. 
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It is not hard to prove that, when the eguationa (i) are satisfied, the 
equations (i), (vi), (vii) and (viii) will be satisfied if x and u are inter- 
changed and also y and v — that is, if x and y become the independent 
mrMlcs and u and v functions of x and y ; the J* acobian J will become 
1 /J. (See § 48, Problem I. a). The proof of the relation {A ) by applying 
the general method may then be carried out, as above. 

The student may, as an exercise, work out the transformation when 
X =cosh u cos Vy y =sinh u sin v ; the two families of curves are confocal 
ellipses and hyperbolas. 


Ex. 2. If 2 : is a function f{x, y) of the independent variables x, y, and 
if the variables are changed to the independent variables u, v and the 
function w where 


92! 92! 

w=px + qy-Zy 


(i) 


find the first and second derivatives of w with respect to u, v. 
Apply the method of differentials. We have 

dw =pdx +xdp +qdy +ydq -dz =xdp +ydq 
since dz^pdx^qdy, 

so that dw=xdp->rydq=xdu-\-ydv. 


But 


dw=^du-\-^ dv, so that 
du ov 


dw dw 


If dwjdu =P and dwjdv =Q we therefore have 


X = 


du 



z =Pu -w. 


(ii) 


Let Ii = dhu/du^, S = d^wfdudv, T=dhvldv^, the symbols r, « 
denoting the corresponding derivatives of 2 ! as to a;, y (§ 46, Ex. 2). 

Take the differential of P ; thus 

dP = ^du+^dv = Edu +S dv. 


Now, expressing these differentials in terms of dx and dy we get 
dP =dx, du=dp =rdx +sdy, dv =dq=sdx +tdy, 
so that dx=R{r€b>+sdy)+S{sdx+tdy)y 

and therefore, equating coefficients of dx and dy, 

Rr+Ss = \, Rs +8t~0. 

Hence R=tl{rt-s^), S ~ -s/{rt -s^), 

and, by a similar method, T —r/(rt -s^). 

It is easily shown that RT -S^~ll{rt-s^) and therefore 

r = TJ(RT -8^), s= -8f{RT --8^), t = RI{RT-8^). 

The transformation fails if rt ~s^=0. 

The transformation is known as Legendre’s (see Porsyth, Piff. Eons., 
4th Ed., §§ 202, 203). 
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The following example illustrates a change of variables that 
sometimes causes difficulty through failure to notice the precise 
meaning of the symbols. 


Ex, 3. If s is a function <p(x, y, t) of three independent variables 
y, ij and if two of the variables x, y are changed to two other inde- 
pendent variables u, r by the substitution x=f{u,v,t), y=g{u,v,t), 
find dzjet when 2 is expressed in terms of w, r, t. 

If ff{x, 2 /, becomes y(?4, r, t) when the substitution has been made, 
it is plain that, w^hile z~(p-tp, tlie variable t occurs in tp{u, v, t) in quite 
a different way from that in which it appears in (p{x, y,t) ; hence 
though (p~tp it is not possible (in general) to have d(pldt 

The simplest w^ay of treating this and similar cases is to change all 
tlie variables ; the substitution will then be, if i =s, 


x=/(tt, r, s), y^g(u, v, s), t=s (1) 

Now’ denote 2 by 97 or by tp according €ls the differentiation refers to the 
old variables x, y, t or to the new’ ti, v, s ; by the usual rule we now have 


dy}_d(pdx dcp dy dcpdt 
ds ~ dx ds"^ dy ds dt ds‘ 

From (1) we get dx/ds=fs, dylds=gsf dtjds^l and therefore 
dw dw , dw dcp 




-( 2 ) 


We might by finding dip/du^ dtpjdv complete the transformation in the 
usual w’ay, but the diJSiculty to be noticed is that dzldt, when 2 is 
expressed in terms of w, v, t, is equal to the expression on the right of 
eqtiatwn (2) after t has been svbstiUited in it for s. Thus if x=f{u, v, t), 
y =g{u, V, t) the required value of dzfdt is 

dx di dy dt^ dt * 

and the expression is often, indeed usually, wnritten as 
dz df dz dg dz 
dx dt'^dy 


on the understanding that z is (p{x, y, t). 

If the required value of dzfdt be denoted by (dzjdt) we have 
(^\_dz dz ^ dz dg 

Ft' 


In this simple case if the new value of dzfdt alone is required we may 
at once apply the rule for differentiating a function of a function ; we 
thus find ^ dz dy ^_dz ^ ^ ^ ^2 

V0^ / dx dt dy dt^ dt~ dx dt~^ dy dt^ dt' 


50, El i m ination of Functions. By the elimination of con- 
stants it is possible to form Ordinary Differential Equations 
{E.T. Chap. XX) ; we shall show by means of examples that 
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Partial Differential Equations may be derived by tbe elimina- 
tion of functions, Tbe general theory is quite beyond our 
limits, and for it reference must be made to works on Differential 
Equations. The notation q, r, s, t for the partial derivatives 
of s mth respect to x, y will often be used in the text and in the 
Exercises (§ 46, Ex. 2). 

Ex. 1. The equation ^ — -~f(- — where/ denotes an^/ function 

Z C — C J 

(an arbitrary function), represents a cone wiiich has the point (a, 6, c) as 
vertex and whose generators are the lines given by {x -a)l(z -c) 

(y -b) I (z- c) =t. Show that the differential equation of the cone is 
z -c=(x •~a)p+(y ~b)q. 

Differentiate the given equation with respect to x and y respectively ; 
thus, iidfit)fdt=f{t), 

(z-c)-(x- a)p =-{y- b)pf(t) 

-{x- a)? ={(z - c) - (2/ - b)q}f{t). 

EHminate f'{t) between these equations and we find, after a slight 
reduction, the equation stated. 

It will be noticed that the differential equation is independent of the 
particular function denoted by the symbol / ; the function may be a 
polynomial or any other function so long as it is differentiable. 


Ex, 2. If z=f{x+ay) where a is constant and / is an arbitrary 
function show that q=ap. 

Let X + ay =t ; then p and q ^af{t) so that q=ap. 

In this case we may prove the converse, namely : j£q=ap show that z 
is an arbitrary function of x-hay. Change the variables by the sub- 
stitution u =x +ay, V =x ~ay so that u and v are independent. 

dz dz dz dz 


We find 


^ du^ dv’ 


^ du dv 


so that q^ap becomes 2a -^^=0, Hence z is independent of v and is 
therefore any function of w or a; +ay. 

Ex. 3. If 2 ; —xq? + yj show that 

x^r+2xys-hyH=0, (i) 

and by changing the variables from x, ytou, v where x =u, y =^uv, prove 
that equation (i) becomes dHjdu^—O, 

Let ylx =v and denote by an accent derivatives with respect to v ; 
then differentiating with respect to x, y we find 

p=p{v) g=9>'(«) 




(ii) 


so that 
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Again, diSerentiato (ii) with respect to x, y ; thus 

SO that, by elimination of <p\v)i 

arV + 2xy a + = 0 (j) 

Next w© have u=Xj v =ylx and therefor© 

__ dz V dz __ 1 ^ 
u 8v^ ^ udv* 

__dp V dp __d^z V dH “y® 2vdz 

_dq^dq V dq_\ dH v 0% 1 dz 

^’“05~0w”w 0W0?? dv^ dv* 

i?!? 

dy~u dv~u- dv^' 

d^z 0% 

Hence equation (i) becomes or 0^=0, the integral of 

which is z=Au jh B where A, B are constants with respect U> u biU may be 
any functions of v; that is z =uq)(v) A'lpiv). Thus equation (i) has 
z =xfp(ylx) +y^(ylx) as an integral where (p and ip are arbitrary functions. 

Bx. 4. Show that each of the functions defined by the equations 

z=(zx +by +db, (i) and z=2*f{z:y) + 1, (ii) 

where a and b are any constants, are integrals of the difierential equation 
z=a^-\ryq+pq (iii) 

From (i), p =a^ q=^b, and elimination of a and b gives (iii). 

From (ii), p —>f{ylx), q=if{xly) and therefor© 

xp+yq +pq =^iooy) +*fixy) + 1 = 2 ;, by (ii). 

The integral given by (ii) cannot be obtained by assigning particular 
valu^ to the constants a and 0. (Compare E,T. p. 432, Ex. 2.) 

Note. Wben it is said that a function is an integral of a 
partial differential equation all that is here meant is that the 
differential equation may be obtained from the integral by the 
elimination of functions^ as in Ex. 3, or of constants, as in 
Ex. 4, (i), or else that, as in Ex. 4, (ii), the differential equation 
is satisfied by the derivatives of the function, in combination 
with the expression for the function in terms of the independent 
variables. Whether, in any given case, more integrals than 
one exist and, if so, what is the character of the iategrals is a 
subject discussed in works on Differential Equations, e.g. 
Forsyth’s Differential Equations, Chapters IX and X. 
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EXERCISES V 

1. If 2axz +2byz 4-c2* =^, ax +by +cz=R, prove that 

=a‘k, =o6i, =6“i:. 

dx^ dxdy dy^ 

2. If s® + 3 (gp 7 + 62/) 2 =c®, prove that 

j;2 ?!£ + 2a?!/ — + 

9a;^ ^ dxdy ^ dy^ (aa; 4-% +z®)®’ 

3. If ax* + 9y* + cz* + 3^ xyz = k, show that 

d^z 

{h xy + cz®)* =hk(h xy - cz^) - 2{abc + h^)x^yH, 

4. If =log[{x + (x® -(x* -2^*)^}], then 

du =2{ydx -xdy)fy(x^ -y^)^. 

5. If u =cos""^[(l -xy)!{l +x* +2/* +xy)^], then 

du=dxl{l +x*) +dyf{l +2/*). 

6. If xw* 4- 22 /v - 4x2/ — 1 0, yv^ - 2x?^ 4- y* = 1 5, prove that 

du_4:yv - —u^v dv^ ^y 
dx~ 2x{uv + l) ’ dx~2y{uv + iy 
du ^2y + 4:xv - dv __4 lX - 2yu ’-2v —uv^ 
dy~ 2x{uv + l) ' dy^ 2y{uv-\'l) 

7. If z =a tan~^ (yl^) show that 

(i) (l+q^)r-2pqs+(l+p^)t=0 ; 

(ii) (rt -5*)/(l 4-p* +q^y= •~a*/(x* 4-2/* 4- a*)®. 

If z =a cosh'“^[(x* 4-2/*)^/a] show that equation (i) holds but that in (ii) 
(x® 4-2/*)* must be put in place of (x* +y^ 4- a*)*. 

8. If 9?(x, y, z)=0 and ^(x, 2/» z) =0 show that, when these equations 
determine y and z as functions of x, 

dy^ d{p, tp) j d(p, y) dz_ e(y, y) / 9(y, y) 
dx 0(z, x) / 0(2/, z) ’ dx 0(x, 2/)/ ^{y> z) 

9. If |=2/®4 -z“*, 77=z*4-x“*, f=x*4-2/“* and if -w ’is* a function of 
X, z prove that 






.( ^du ^du 9 0 m \ 

10. If x=Oi^4-6i?7, 2 /=ct 2 l+^ 2 ^» 9^d if f(x,y) become 

»?) when expressed in terms of prove that 
0 / , 0/ . 0F 0J^ 

dx ay 8f dri ’ 

where rji are the values of rj when x^, 2/1 are the values of x, 2 /. 
Extend the result to n variables x^, Xj, , x„ and ^ 2 j ••• > 
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11. If /(x, y) is a polynomial of degree n in x and y and if 
t^f(xjU ylt)=<p{x, y, t) 
prove that + y<Py •¥t(pt=n(p, 

and that, if /(x, t^) =0, 

[zy^ + !/?!^+?f4](-i=0. or .r/^ + !(/', + [99t]t=i=0. 

Deduce that the equation of the tangent at (x, y) on the curve 
/(x, 1/) =0 is, X, F being current coordinates, 

^fx + ^7y + 

Find also the corresponding form of the equation of the tangent 
plane at (x, y, z) on the suTface/(x, y, z) =0. 


12. If /{x, ?/) =M„ +... +Wi +Wo> where is a polynomial in 
X, y that is homogeneous and of degree r (Uq= const,) y show that the 
equation of the tangent at (x, y) on the curve/(x, y) = 0 is 

Xf^ + Yfy + + 2w„_2 + ...+(^”1)^1+ nU(^ - 0. 

If Wi =ax +&y, prove that the polar of the origin is 
aX +5F +nuQ =0. 

Find the corresponding equation of the tangent plane at (x, y, z) on 
the surface /(x, y, z) =0, where is now a homogeneous polynomial of 
degree r in x, y, z. 


13. Change the variables x, y, z in the equation 


du du du 
x— +2/-^. +z~ =n^fc 


dx 


dy dz 


to y, ( where i=xlz, 7j=t^/z, f=z and show that the equation 
becomes (duld^=nu. Deduce that w is of the form y), i,e. 

z^F{xlz, ylz), and is therefore homogeneous. 


14. If tt is a function of the differences y -z, z -Xy x-y of the 
independent variables x, y, z, prove that 

dujdx + dujdy + dujdz =0 (i) 

Deduce by a suitable change of variables a form of equation (i) which 
shows that w is a fimction of the differences of x, y, z. 

16- If z =f[{ny -mz)l{nx -hy] where / is an arbitrary function, prove 
that {nx -lz)p+ (ny - mz) g = 0. 


16. If z ~ax=f{z - by)y show that 

bp +aq^ab, 

and give a geometrical interpretation. 


17. If tA=logr + 6 where r^=x^+y^, tan 0 =y/x and z=r<p(u)y the 
function 97 being arbitrary, show that 

(x+y)p -(x-y)q=z, 

18. If w =f{v) where u, v are functions of x, y, z, prove that 
d{Uy v) dz ^ d{u, v) dz d(Uy v) 
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11). If u—f{x+at) + tp(x --at), 9^, y} arbitrar^% show that 

d^u „ d^u 
W~°~dx^’ 

. Prove also that if the variables x, t are changed to y, z, where 
yz=xi-at, z=x-at equation (i) becomes d^ujdydz^^O, and deduce that 
u=f(ij)^F{z), (/, F arbitrary). 

20. If s is defined by the equation y —x<p{z) +tp(z), where <p and yj are 
arbitrary fimctions, show that 

(i) p + q<p(z) = 0 ; (ii) q^r - 2pqs +pH = 0. 

21. In the differential equation r-2a+j5=0 change the independent 
variables to u and v, where x:=Uy x +y=Vf and prove that the equation 
becomes d^zjdu^ = 0. 

Deduce that z=:xp(x +y) ^hyf^x +y) is an integral of the given 
equation. 

22. If s =f{x + g>iy)}, where / and 9? are arbitrary functions, prove that 

ps=qr, 

23. * If z is defined by the equations, <p arbitrary, 

={2/ -?’(«•)}*. (a: +0-) ^1^=2/ -?!(«.), 

prove that pq=z. 

24. *If {z - 9?(a)}^ =x^{y^ -OL^) and {z ~ 9j(a.)} =<xx\ show that 

pq=xy. 


25. -If z=ax -hhy +c where a, 6, c are functions of a variable A that 
satisfy the equation 

da . db dc ^ 

prove that rt-s^ = 0. Give a geometrical interpretation. 


^ 26. If 2 is a function of x, y and x —u y —uv^ prove 

... , .02 02 02 . . 02 02 02 

(I) 

3(a;, y) d(u, v) _ , 

' ^ 8(w,d) 3(®, y ) 


27. If u and v are functions of a;, y defined by the equations 


dF(x, u) 


dF(x,u) 

§5 ’ 


where F is an arbitrary function, prove that 


d(u, v) _ 
dix, y) 
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'^S. If / and F are two functions of x, y such that 

df{x, y) _ dF(x, y) 8f(x, y) _ dF{x, y) 
dx 8y ’ dy &x ’ 

prove that if x =r cos 0, y=rsm 6, 

^_1SF 

dr~~ r 00 ’ r 86 dr “ 

29. Change the variables x and y in the equation 
y^r -xH =xp —yq 

to u and v where w v =2xy, and show that the new equation is 

/a A 

i, =0. 


V dv duj dv 

30. If x =r cos 0, 2 / =r sin 0, prove that the equation 


(dhjL d^u\ 
' V0x2 dyV 




becomes 


dhi du 
'drdd'~M'' 


and show that u=r(p(d) + ip{r), where q> and are arbitrary functions. 

31. If X, Y denote respectively the operators 


-cr 0 0 Tr ^ 

dx'^^ dy* dx^^ dy* 

evaluate Y^{x‘^y'^), 

If p = dz/dXj q = dzjdy, show that 

X{x^p +y^q) = Y{xp -{-yq + 2 ;). 

Prove that, if r is any positive integer, 

rx»'=(x-irr. 

32. Prove that if in the equation 

S + 

the variables x, y are changed to it, v, where x=uv, y — lfv, the new 
equation is obtained by writing u for x and v for y — ^that is, z is the same 
function of w, t; as of rc, y. 

33. If the variables x, y in the equation 

(x^ +y^) (r+t) + 4xy s + 2xp + 2yq — 0 

are changed to u, v, where 2x=e“+e^, 2y=e"-e^, show that the new 
equation is 

dH 

du^.^dv^^ 


34. The coordinates of a point P with respect to two sets of rectangular 
axes with a common origin are (x, y, z) and (^, y, f), and the direction 
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cosines of tbe second set of ax^ with respect to the first are mi, ; 
h* » ^3' ^3’ ^3 respectively. If is a function of x, y, z, prove that 

du ^ du j du 

with similar expressions for dufdy and dujdz so that the operators 
djdx, djdy, djdz and d/d^, djdri, djd^ are changed by the same formulae 
as the variables x, y, z and rj, 


Deduce : 


'» 2 (ST- S (|)’i (ii) 2 s 




S /duY fduY f^\ 


, etc. 


35. If r® =x^ +y^ +z^, and if the function/(r, z) satisfies the equation 

deduce from Example 34 that the function/(r, lx +my +nz) also satisfies 
the equation, provided 4-n2 = 1. 


_ dhjL d^u dhi _ ^ 


y. 


36 . If X —T sin 0 cos 9, y =r sin 6 sin 9?, z =r cos 6 , prove that 


=sin 6 cos (p. 


dr 
dx ' 

dd cos 6 cos (p 
0a?”" r ’ 


dr • /j . 

^ “sm 0 sm <p. 


=cos d ; 


s^in^fi , 
7 


= 0 .- 


00__cos 6 sin <p 
_ 

09?_ sin (p 09? _ cos (p dq> 

^~'~rsmd* dy^r sin. 6^ dz 

Find also the derivatives of x, y, z with respect to r, B, <p. 

\/ 37 . If u is a function of the independent variables x, y, z, prove, using 
die values in Example 36 , that 


0t4 . _ du cos B cos w du 

gj=siix 0 cos <P 


sin 9? du ^ 
r sin B dp ’ 


du . ^ , du cos B sm 9? du cos w du 

^ =sin 0 sm 9? 0“ ; 

dy ^ dr r dd r sm 0 dp 


du 


a ^ 

cos 0 *5 

dr 


sin B du 
”T^ 00’ 


S fduY_f /I duY ( 1 0 ^^ 

^^^jjV0a?/ ”"\0r/ ~^\rdBj ’^xrsia&dpj' 

38 . Using the abbreviations P, Q, R, where 

^ . « « 0% 008^0 0% sin 20 03^^; B du sin20 0w 

0 0^+-^^+— a;: 3 g+-— 5:— 00' 

Q —1 cot 0 03 ^ 1 du 

^~~rdrdp~^ r^ dBdp sin^ 0 093’ 

^ _ 1 d^u 1 du cot 0 du 

"”r3sin30 0972 + r 0r "^“r^ 


GJL.a 
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prove that 


=P cos® (p -Q sin 29? + P sin® 93, 


-g =P sin® (p +Q 8m2<p + R cos® 99, 


^ a®u , ^ ^/1 d^u ldu\ . /I 

'0aF^+sm2®(pj^+-^j-sm2e (- 


13 ^ I 9 m 

r 0ra0 r® dd. 


and deduce that V®m {E.T. p. 238) is equal to 

a®M 2du I 8®t^ cot Qdu 1 a®t^ 
r dr^ d&^ r® dQ r® sin® 0 09?^ 

1 f .a®(nf) a®(m) , , a^i^) , 1 a®(m)'j 

=;3 +<=°t 0 -W^+iS?0 W 

39. In Example 38 let ru—lchs and tq =1c^ =i const . ; if the variable r 
is changed to q show that the expression (ii) in Example 38 for Vhi 
b o oo xyiQ S 

e* I |,ot g 8(g^) , 

F\® ee® se '^sm^e d<p^ r 

Hence show that if F(x, y, z) satisfies the equation V^u=0 so does 


1 y^fJc^x h^y hH \ 
T \ r® * r® ’ r® / 


(Kelvin.) 


[If ^ =Q sin B cos 99, 7) —Q sin B sin 9?, f cos B the equation V®ti = 0 
becomes V®t?=0 where in the variables are rj, f. 

But x=mjg\ y=l<?7,le\ z=k^^le\ Q^=P+r,^+^ and 

r ,1 kh] k^t\ 

v=^,F(x,y,z)=-F{-^, -I). 

In V we may now put x, 2/, 2;, r in place of 77, 


40. If ^=h^xlr^, 7}=k^yfr^, ^—TcHfr'^, r® =a:® +2/® +2:®, ^®=const., and 
if S is a summation as to x, y, z, show that : 

(i) '^nx^c=Vi£x+nv^v+n^^l=^> sf^a,=0; 

(u) S(4)^=S(^J==2(4,)==i:*/r*; 

(iii) 21^^ = -2^/r^ 27?^^= -^rtlr\ -2C/r*. 

If /(a:, y, z) =9!(f, 7?, 0 ; 

(iv) ®/*+k 4+2/*= -(fPf+W>;+fPf)- 

41. If z—F{x,y) is the equation, of a surface and if x=f{u,v), 
y =g(u, v), z =h(u, v) (See Bell, Coord. Geom. of Three Dimensions, § 186), 
prove that 

02 J J j 02 / J 2 
dx~ ~Jl’ dy~ ~ Ji’ 

T _ 9(y. 2 ) 7 _^z,x) T _2(a!,y) 

1 e(«,i7)’ '^^~d{u,vy 


where 
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42. z; g, r) is ci function of two sets of independent variables 

X, ?/, 2 and p, g, r, three in each set, and (p is homogeneous and of the 
second degree in p, q, r. The variables p, q, r are changed to S, rj, f 
by the transformation 

^ if (p{x^ y, s ; p, g, r) becomes y}{x, z i 0 prove that 

__dy} 

P-W '■~a? 


j^By Euler's Theorem, p + q ^ 


pi +q7j +ri = 2q? =<p +y}. 

Xow take the complete differential of each side and apply (i) ; the 
r^ults follow at once. 

If there are two sets of n independent variables, x^^ , x^ and 

pi, pg, , p„, and if q>{x-^y , x„; p-^ ... , p„) is homogeneous and of the 

second degree in p^, , p„ the transformation 


t - 


= 1, 2, pi, ...,p„) = v^(ari, 

_ dy} 9p _ 0y? "I 

dif* dXr~~ 0a;^' 



CHAPTEE V 

IMPLICIT FUNCTIONS. JACOBIANS 

I 

51. Implicit Pimctions. Throughout our work it has been 
assumed that an equation /(a;, «/) =0 determines as a function 
of X ; y may be determined for all real values of x, or only for a 
limited range of x, and the equation may define more than one 
value of y. For example, the equation 

lOa;^ “ Qxy -1=0 

gives y=^Zx - x^) and y = - ^/( 1 - , 

and thus defines two functions, each of wh^ch exists for the 

range -Igar^L 

It is seldom, however, that it is possible to obtain, as in this 
simple case, the expression of y as an explicit function of a;, 
and appeal is made to the representation of the equation by 
a curve as sufS.cient evidence for the existence of a function 
y that can be treated as if it were explicitly defined as a 
function of x. Exercise in the tracing of curves from their 
equations is from this point of view of special value as it 
produces what may be called a practical certainty that, at 
least in a very large number of cases, the equation does define y 
as a single-valued, or as a many- valued, function of x. It is 
desirable, however, that the advanced student should investi- 
gate the question more closely, and we now consider Existence 
Theorems — ^that is, theorems that specify conditions which 
guarantee that an equation does define a function, even though 
the actual determination of an analytical expression for the 
function may demand new processes or may be, from a practical 
standpoint, too laborious. For many purposes, however, it is 
the fact that an equation does define a function, rather than 
an expression for the function thus defined, that is of real 
importance ; hence the value of Existence Theorems. 

130 



^ IMPLICIT WHCTIOITS 


131 


[CH. V. §§ 51 , 52 ] 

In the following discussion the conditions imposed on the 
functions are more drastic than is absolutely necessary but 
they allow’ sufficient scope for the demands of ordinary analysis ; 
for an excellent treatment of the whole subject, with less 
drastic conditions, the student is referred to Goursat’s Gours 
d^Analyse^ VoL I, Chap. III. 

In regard to the general character of the discussion it may 
be helpful to the student to note that the existence of a function 
is only established, in the first place, for a small range of each 
of the variables. Thus if f{x, y, z) is zero for the values a^b^c 
of X, y, z respectively it is shown that, under certain conditions, 
the equation /(ic, y, 21 ) =0 determines z as a function (p{x, y) of 
X and y where x, y, z differ but little (in general) from a, h, c. 
In the language of geometry the point {x, y, z) is confined to 
a region {R-^ defined by such inequalities as 

\ X - a \ \ y ~b 1^^, | 2 ;-c|^Z 

where Ti, h, I are positive and may be very small.’’ It may 
be possible afterwards to extend the range of the variables 
for which (p (x, y) exists, but the essential element of the dis- 
cussion is the proof of the existence of <p{x, y) for values of x, y 
that differ but little from a, b respectively. 

52. Existence Theorem I, Let f(x, y) he a function of the 
two variables x, y which satisfies the conditions : (i) f{x, y) is 
zero for x~a, y = b; (ii) the partial derivatives f^ and fy exist 
arid are continuous near (a, b) ; (iii) the derivative fy is not 
zero for x = a, y = b. When these conditions are fulfilled there 
is one and only one function y of x, say y = (p(x), that satisfies 
the equation f(x, y)=0 for every x that is near a,* and that 
is equal to h when x = a; further (p{x) has a derivative p'{x) 
arid both <p{x) and <p'{x) are continuous. 

It may be noted first that f{x, y) is continuous near {a, b) 
since the derivatives /a- and fy exist. 

Let the neighbourhood of {a, b) for which conditions (ii) 
and (iii) hold be the region (Rf) defined by the inequalities 

\x-a\-^li^, \y-b\-^h^ (J?i) 

^'This means that the equation /{a;, ^(a:)}=0 is an identity if x is near a, 
A similar mea ning is to be given to satisfying an equation in the corresponding 
statements in the other theorems. 
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lf\h\-^h^ and | | g we have hy the Mean Value Theorem, 

§ 45, since /(a, 6) =0, 

J*(<^ Hh^s b 4~^) -i-dh, b 4-^^) -hkf y(a h 4'^Z:?).,,...^!^ 

where 0 < 0 < L 

Now/j, is continuous near (a, b) and is not zero ioTx=a,y=h ; 
there is therefore a neighbourhood of (a, 6) in which is not 
zero, and it will be assumed that and have been chosen 
so that/y is not zero in In (i^i) the continuous function 

/y has therefore always the same sign as it has at {a, 6), and is 
numerically greater than some constant B, say \fy\> B. 
Again is continuous and therefore |/a.| is bounded in 
say \ fx \ <A, a constant. 

Next let ^2 smaller of the two numbers and BkJA, 

so that x 4^2 ^ ('^2) region defined by the 

inequalities 

\x-a\^Ti^,\y-h\<h^ 

In equation (1) suppose \ and = ±^i ; the second 

term on the right of (1) will then be numerically greater than 
Bk-^ while the first term will be numerically less than Ah^ 
so that the sign of the right side of (1), and therefore the sign 
of /(a -f ^5 6 -f ^), will be that of the second term on the right 
of (1). Now/y has always the same sign and therefore if the 
second term is positive when k=k-^it is negative when ^ 
while if it is negative when ^=^1 is positive when k — -k-^. 
Hence if h, or x where x=a is kept constant the function 
f{x, ij) changes sign as y varies from b-k^to b ^k^ and there- 
fore, since f{x, y) is a continuous function of y, it is zero for 
at least one value of y in the interval {b - k-^, 6 4-^1). Further, 
f{x, y) is not zero for more than one value of y in that interval ; 
for, if it were; fy would by HoUe’s Theorem vanish at least 
once in the interval and it does not. Thus for every value of 
X in the interval {a — Ti^i ^ there is one and only one value 
of y that satisfies the equation f{x, y) = 0 ; since to each value 
of X there corresponds one and only one value of y we may 
denote this value of y by (p{x) and obviously y or (p{x) is equal 
to h when x is equal to a, since a is an admissible value of x. 

Again, if y = (p{x) and y -\-k — (p{x +Jh) both f(x,y) and 
f{x+h,y+k) are zero provided (x, y) and (a; 4-^, y 4-^) are 
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both in (-^ 2 )? equation (1) holds if for a we put x and for b 
we put y ; hence, since /(a; +hy ^ +^) is zero, we have 

<p{x +A) - y(^) -^Oh, y + Oh) 

h fy{z +dh, y+ Ok) 

so that (p'{x) = jTklh = -Mx, y)lfy{x, y), 

k-^O 

Since and fy are continuous, and fy is not zero, q>'{x) exists 
and is continuous ; 9? (x) is therefore also continuous. 

It is proved, therefore, that when the conditions of the 
theorem are fulfilled the equation /(a;, y)=0 determines t/ as a 
function <p{x) of x that exists at least for the range \ x~a\^h 2 . 

The range of x for which (p(x) has been proved to exist 
may, however, be greater than that just found. Suppose that 
{a', b') is a point in (i^g) ^^r which y — q){x) ; near {a\ b') the 
derivatives/a. and/^ are continuous, is not zero and /(a', b')=0 
so that the conditions of the theorem hold for a certain neigh- 
bourhood of (a\ b'), say for a region (Bq) defined by the 
inequalities 

\x-a' \ ^h2,\y-b' \ ^]c^ {B^) 

It may happen, and usually does, that the region {B^ 
projects beyond the region {B^ so as to contain points for which 
X is greater than a -{-Ag (or less than a — h^. Now in the region 
(jRg) the equation f{x,y)=0 determines one and only one 
value of y, say y = ^^{x), for which 6' = y){a') and /(a;, y) = 0 ; in 
the part common to (i^g) (^ 3 )? y = <p{x) and b' = (p{a') so 

that in the common part y){x) is the same function as (p{x). 
We may, therefore, in the part of {B^) that projects beyond 
(B^), denote yj{x) by (p{x) ; in this way we see that the range 
for which the unique solution of f{x, y)=0 exists may be 
extended. By taking a suitable point (a", 6") in {B^) it may be 
possible similarly to extend the range still further ; this 
procedure will only be stopped when it is impossible to find 
in the last region reached a point, (a, say, that provides 
a new region in which aU the conditions of the theorem are 
fulfiUed. 

The process thus briefly described is called Analytical 
Oordinuation. The Existence Theorem is quite independent 
of the process of continuation ; this process is mentioned 
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simply to show that the range for which <p{x) exists may be 
much wider than is given by the proof which has been developed 
above. A similar process of continuation is applicable in 
regard to the other Existence Theorems but will not be further 
referred to. 

53. Derivatives of Implicit Pimction. When it is known that 
the equation /(a;, t/)=0 defines y as a function of x that has a 
derivative dyjdx that derivative may of course be obtained 
simply by differentiating the equation with respect to x, on 
the understanding that y is a function (p(x) of x. Thus we find 

If the higher partial derivatives of f{x, y) are continuous we 
obtain the higher derivatives of y or (p{x) by successive 
differentiations of (1), provided always that/j, is not zero ; thus 



Provided fy is not zero this equation determines the second 
derivative, and in a similar way the third and higher derivatives 
may be found. 

54. Existence Theorem n. Let f{xj^, y) he a 

function of n+l variables x^, . . . , x^^ y which satisfies the 

conditions : (i) f{x^, y) for , 

; (ii) cdl the paHial derivatives /^, ... , fy 
exist and are continuous near ag, a^, b); (iii) the 
derivative fy is not zero for y=6. 

When these ccmditions are fulfilled there is one and only one 
function y of x-^, say y — <p{x^, that satisfies 

the equation f(X:i^, iTg, ... , x^, y) =^0 for every point (aii, x^,... ,aj„) 
near , a^) and that is eqital to b when x-^:=a-^, . . . , ; 

further, the derivatives cp^^, (p^^, ... , <p^^ exist and are continuous 
so that (p is also continuous. 

The proof is essentially a repetition of that given for 
Theorem I, and may therefore be developed with less detail. 
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Let the neighbourhood of (a^, for which condi- 

tions (ii) and (iii) hold be the region {Bj) deJBned by the 
inequalities 

j — 5^1 I j ^2 “ ^2 1 ••• j I “■ 1 j ^ ^ I 

where and are positive. As in the proof of Theorem I it 
may be assumed that and kj^ have been chosen so that in 
(Ml) the derivative fy is numerically greater than B and each 
of the derivatives numerically less than A 

where A and B are positive constants. It is also to be noted 
that/y does not change sign in (^i). 

Next, in view of the application of the Mean Value Theorem, 
let be the smaller of the two numbers and BkJnA so that 
nAh^^Bki and let (B^) be the region defined by the inequalities 

^ ^2? 1 ^2 ”” ^2 I ^^2j •• • ? I ■“ | ^ ^23 I V ” • • • {B^) 

Suppose now that | | ^2 1^^23 > | | ^ 

we have by the Mean Value Theorem, since/(ai, . . . , 6) = 0, 

/(% + di, 4-^25 •••5 b +k) 

= +<^2^ + ••• +<5n/£c„ (1) 

where the derivatives are all taken for the values 

-j-dSif d2 ■i-dS2f •••5 (^n 4"^^n} b -\-6k (O<C0<Cl). 

This equation (1) is treated as in the corresponding equation in 
the proof of Theorem I. Let A; = ±^ 1 5 then the last term on 
the right of (1) is numerically greater than the numerical value 
of the sum of the first n terms on the right of (1). For 
^ 1 1 A 1 ^ greater than k^B, while 

1 ^-Jxi '^^2fx2 +••• '^^nfxn | < ^2 (-^ +••• +A), 

that is, <nAh 2 , so that, by the value of Ag, the term is 
numerically greater than the numerical value of the sum of the 
first n terms. 

Hence when k=±k^ the sign of the right side of ( 1 ) and 
therefore the sign of /(% +(3i , + b +ib) is that of the 
last term on the right of (1). As before, if 

Xr=ar+dr, r = l,2, ... ,n, 

and if Xj. is kept constant, we see that/(xi, X 2 , , Xn, y) changes 
sign once and only once as y varies from 6 — to 6 + and 
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therefore the equation f(xi, y )==0 determines one 

and only one value of ^ as a function of x^, ^*^2? • • • > ^n> say 
^ = , Xn ) ; further y=b when. 

X^=^CL-^, 2^2 =^2, 5 

since a^, ^25 j are admissible values of x. 

Again, if 

y = ir2, , ^n)> y ~^k — ^(Xj^ + ^1, X 2 "h <^2, . • • j x^ + <3,^) 

where (Xj^, Xg ... , a:„, y), {x^^ + 0:2 + ^2? ••• > ^« + ^n, y + 1 ’) lie in 

(i^2)j the Mean Value Theorem gives the equation 

^ = ^xfxi +^2fx2 “t- +^nfxn +^/v 
where the derivatives are taken for the values 

Zi 4-0(5i, ... , x^ +6Sn, y +Bh (O<0<1). 

Hence if each < 5 , except < 5 ,., is zero we j 5 nd 

(p{x^^ . . . , Xj- -j- d<r^ . . . , X^ <p(Xj^f ... 9 Xy. . . . , Xn) ^ f gf 

( 5 . 

so that d(pldxr= -fxjfv 

Since /j, is not zero and the partial derivatives of / are 
continuous, the function cp has continuous derivatives with 
respect to x^, ... , ; 9? is itself continuous since each of its 

partial derivatives is continuous. 

The higher derivatives of 93 may be obtained as before by 
differentiating the equation /=0 when the derivatives of / 
satisfy the usual conditions ; it should be specially noted that 
fy must not be zero. 

The range of the variables x^^j x^ioT which the function 

93 has been shown to exist may usually be extended by the 
process of analytical continuation sketched in connection with 
Theorem I. 

In the proof of Theorem III the determinant called the 
Jacobian plays an important part ; we therefore define it 
and prove one or two of its properties before takina; up 
Theorem III, 

55. The Jacobian. Let yr=/r(»i, *2= > «^b). r = l, 2 n, 

be n functions of the Tariables x-^, x^,..., x„, and let each of 
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the partial derivatives dy^jdx^ be a continuous function of 


••• j 


The determinant J 


hi 

hi 

hi 

dXy ’ 

dX 2 ’- 

■■ ’ dx„ 

ht 

h% 

hz 

dXy ’ 

3x2’ ■ 

■■ ’ dx„ 

hn 

3 yn 

3 yn 

dx-^' 

^2” 



is called the Jacobian or the Functional Determinant of the 
functions ,yn with respect to x^, , x^ and is 

denoted by 

,yn) 

d{x^j X2, • • • , " s ^n) 

For n = l the determinant is simply dyjdxj^, the derivative 
of j/i with respect to ; the first of the notations given for J 
is suggested by a certain analogy between the properties of the 
Jacobian and the derivative, as shown by the following theorem. 

7 / Zi, Zj , , z„ are functions of y^, 1/2, ... , and y^, y^ 

are functions of , x^ then 

^ 2 ? ••• J ^2? •** ? ^n) , ^(^1? ^2? **• ? Vrd ^1'^ 

d{x^,x^,... ,X^) a(yi,y2. — ,2/n) ,2^n) 

If 71 = 1 this is the usual relation ^ z= ^ ^ , The proof is 

ax-j^ cLy-j^ ax-y 

simply a theorem in the multiplication of determinants combined 
with the ride for the derivative of a function of a function. 

Find the product of the two determinants on the right of (1) 
by the “ row by column ” rule ; that is, to find the element 
in the rth row and the sth column of the product, multiply 
the elements in the rth row of the first determinant by the 
corresponding elements in the sth column of the seconded 
add the products. We have 

3Zr dZr 

rth row ... , 5-^, 

hi hs hn 


i = l this is the usual relation 


T) 

The proof is 


rth row 


5th column ... 

dxJ dxj ’ dxf 
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SO that the element in the rth row and the ^th column of the 
product is 

dy^ dx^ dy^ dx^ “* ^ dx,' 

and this is equal to dZrjdXg which is the element in the rth row 
and the ^th column of the Jacobian of ... , 

If we suppose z^ — Xr, r = l, 2 , ... , and assume that the 
equations which define 2 / 1 , - ^Vn a-s functions ^ 

determine, conversely, x^, Xg, ... , 2 ;„ as functions of 2 / 2 ) ••• » yn> 
we find 

^(^1? ^ 2 ? **• > , ^(^ 1 ? ^ 2 ? * ‘ ? ^w) _ ^ 

d{x^, Xg, . . . , x^) a(2/i, 2/2> • • - . 2^n) ^ ' 

because == since dx^/dx^^O unless r= 5 , in 

which case it is equal to 1 . 

The theorem expressed in ( 1 ) is a particular form of the 
following: If y^, y^j ••• i yn determined as functions of 
x^y-.-yXn by the equations (pr{x^y , Xny yx, y 2 >-- , 2 /n)= 0 , 

r=:l, 2 , ... , Uy then 

92^ — > y«) iY ^i<Pv 9^2. — > <Pn) ^yi, 2 / 2 ^ > yn) , 3 V 

d{XxyX^,,,.,x^) ^ ^ d{yx,y2,^--,yn) 5K,a;2, ... ^ 

l)iflerentiation of the equation <pr = 0 with respect to x^ gives 

^ l$rbyx d^dyz, ^9r 

dx^ dyj^ dx^ dy^ dx^ 

so that the element in the rth row and the 5 th column of the 
determinant which is the product of the two determinants on 
the right of (3) is - dfrldx^ from which the result follows. 
Again, if ^m+u 2 /m +2 ••• > 2 /n are constant with respect to 
^2> • • • } ^m5 or if 2/i> y^y ^ym are constant with respect to 
^m+2y ••• . then 

^{yi7 2/m3 ym+l3 ••• ? 2/n) _ ^(^1? ? ^m) , ^iym+1 ••• y yf) 

d(Xxy X^y ^OT+1> J ^n) ^(^Ij ••• ? ^m) ^(^m+1 *•• ? 

and in particular 

• > ^n) 9(yi-- .yJ 

- x^y Xy^^-^ ... , a;,j 


•( 5 ) 
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To prove, note that dyrjdx.^^O if is constant with respect 

to x^. 

Ex. If I, ?/ are fimctions of the three variables y, z and ar, y, z 
are functions of the two independent variables u, t;, prove that 

0(1, 7j) __ d(i, rj) d{x, y) 8(fc, rj) ^y^z) 0(t, y) d{z, x) 
diuy v) d{x, y) d(u, vy d{y, z) d(u, vy d{z, x) d{u, r) * 

56 . Existence Tiieorem m. Letfr{x^, x^, y,, yj, 

where r takes the values 1, 2 , be n functions of the m 
variables Xj, ojg, , x^, y^, y2^ ••• yVn which satisfy the following 
conditions : (i) each of the n functions f^^, f 2, ... , f^ is zero for 

X^—a^j X2=a2, ... , 2/1 =^1) 2/2 = ^2j ••• J 2/n=^nj 

that is, at the point K, ... , 61, ... , 6„) ; (ii) all the first 

partial derivatives of the functions A^/g, ... ,A respect to 

j ^m? Vli . 2/n 

exist and are continuous near (a^, , a^, b^, , bf) ; (hi) the 

Jacobian J of the functions fi.Uy-^yfn with respect to 
Vv yVn not zcvo at {a^, 6^, ... , 

When these conditions are fulfilled there is one and only one 
system of functions y^, 2/2. of the variables x-^, ajg, ... , 

my 

Vl ••• j ^ 771)5 2^2~9^2(^1> ^2s 

Vn — Pni^li ^25 •••5 ^m)j 

such that, for all points {x^, ojg, ... , xj near {a^, a^,..., a^), they 
mtisfy the n equations fi= 0 , f2 = 0 , ... , A = 0 and become equal 
to 61, 62, ... , 6„ respectively when x^, X2, , x^ are equal 

respectively to a-^, ^2} ... , a^^; further, all the first partial 
derivatives of p2> > <Pn with respect to x^, Xg, ... , exist 

and are continuous so that p^, 933 , are also continuous 
If ?i = l, that is, if there is only one function, Theorem III 
is simply Theorem II, so that it is true when there is only one 
function. It will be proved to hold for n functions by showing 
that if it holds for {n-l) functions, say the f unctions/g. A, , A, 
it will hold for the n functions A, A. •••>/«. It will thus be 
assumed that the equations A =0, A = 0, ... ,A=0 determine 
l^2» 2/3 ••• 5 yn hi terms of x^, X 2 , ... and these functions of 
x^, ... y^ satisfying all the conditions respecting initial 
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values, derivatives and continuity stated in Theorem III ; the 
proof for n f unctions will then be developed. 

The Jacobian J is 


! ^ 

hz Sya 

% % % ^ 

3¥i ' hn 


dfn dU dU 

3yi 3y^’ ^Va ’ ^Vn 

Since J is not zero at [a^, ■■■ , a^, bi-.. , b„) the co-factors of 
the elements in the first colunm cannot all be zero ; it mil be 
assumed that the notation has been chosen so that the co-factor, 
J I say, of dfjdy^ is not zero. J , is the J acobian of the functions 
fa! fa’ ••• >/n with respect to y^, Va, ••• , y„ aaid is not zero at 

(Uj, ... , ... , 6n)* 

The conditions of Theorem III are fulfilled by the functions 
A/a. •••,/» and determine y^, yg, ... , as functions of 

»2 aJm. Vi because the hypothesis is that the theorem 

holds for (»-l) functions. (It is to be noted that at this 
stage y, is associated with x ^, and the solutions for 
Va Vn involve y^ as well as a?!, ... , xj). Hence we have 

yr = V’r(*i, ••• , y,). r=2, 3, ... n, (1) 

where %, ^3, ... , ap„ satisfy f^ = 0, ... ,/„=0, take the 

values 62, 63, ... , 6„ respectively at (a,, 6^) and are, as 

well as their first partial derivatives, continuous near 
(a,, ... , a^, bj). 

Let xpr be substituted for y, in/i and let 

Mx ^, ... , x^, y,, y.2, ... , ■ip„) = F^(xj^, ... , x^, yi) (2) 

It ’Will now be shown that ^’, = 0 determines y, as a function 
of x^,...,x„. Of the conditions required by Theorem II 
the first is fulfiUed since ... , a^, 6,) is equal to 

••• . &1. ^>2, ... , bn) 

and is therefore zero. Again the partial derivatives of 
satisfy the second condition; for, by the rule for differ- 
entiating a function of a function, we have, since 
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-f’i=/i(%> ••• > 2 /i’ 2 / 2 ’ ••• > 2 /n) where y^, are the 

functions iPa, %>•••> Vn 


1 _ , ^1 ^ 1^2 , ^Wb , 

9^1 92/i aygai/i 3% 9^1 

dz. 


% , %9% , 9/i Svs . 

“r ^ ■v’^TT' " 5 ™ • 


'dx^ dy^dx, dy^dz. 


.+ 


9/i9v!., 
92/„ a?/i 

9/i 9v’, 
9yn 9x,‘ ’ 


5 = 1,2,. 


.(3) 


. m. 


and all the derivatiTes on the right are continuous. 

Lastly, the third condition that BFJdy^ is not zero at 
(a^, b^) is also fulfilled, as will now be shown. 

When the values of given by equation ( 1 ) are sub- 
stituted in /2,/3, ••• ,/n these fimctions vanish identically (that 
is, for all values of , x^, y^) near (a^, ... , a^, b^) and 


therefore their derivatives with respect to are zero. 

0=^2 , 9/aayn 

92/1 9?/2 dyi dygdy^ dy„ dy^ 


Hence 


•w 


0 =^ + ^^ + ^^+ I 9/n9y>n 

9^1 Sysdy^ dy„dy^' 

Now multiply the 2 nd column of J by dyjjdy-^, the 3rd by 
dy}Jdyj^, ... , the nth. by and add to the first column ; 

this transformation makes no change in the value of J. The 
first element in the first column of J as thus transformed is 
dFJdy^, by the first of equations (3), while all the other elements 
of the first column are zero, as shown by equations (4) ; hence 
the transformed determinant is equal to the product of dF^fdy-^ 
and the co-factor of dfjdy^^ in J so that 


j-j 
^ ^ dy^’ 

and as J and are both different from zero at (a^, ... , 

6 ^, so is dFJdy^. Condition (iii) of Theorem II is 

therefore satisfied. 

Thus the equation F^ = 0 gives 

yi~ ^ 2 > ••• ? ^w)> 

and if now in equation ( 1 ) this value of y^ is substituted we find 


^ Wri^l 


(Pi)=(Pr{Xi,„.,xJ, r = 2, 3, 


At (%, ... , a^) the functions (p^, (p^i y <Pn are equal to 
62 * • • • ybn respectively, while near (a ^, . . . , aj) the first partial 
derivatives of the functions are continuous. 
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It has therefore been proved that if Theorem III is true 
for (» - 1 ) functions it is true for n functions ; since the theorem 
is true for one function it is therefore true in general. 

Ex, Inversion. Let the n functions of the n independent 
variables Xg, , x„ and also all the first partial derivatives of the 
functions be continuous; prove that if the Jacobian J oi 
with resj>oct to x^, Xg, , x„ is not identically zero the 7i equations 


yr • *• > ^n)> ^ — 1, 2, (1) 

determine, inversely, x^, Xg, , x„ as functions of yg, ... , 


Let Ff{x^, Xg, ... , x„, yr) =/r(^i» » ^n) -Vr aiid we have a case of 

Theorem III. Tlie Jacobian of F ^, ... , F^ with respect to x^, , x„ is 
the same as that of ft, if n with respect to Xj, (the notation 
differs from that of Theorem III by the interchange of x and y). 

By hypothesis the Jacobian of - -• > with respect to .Xj, , x^, 
which is independent of , y^, is not identically zero, and therefore, 
there is a set of values x^ =%, Xg , x„ =a„ for which it is not zero. 

For these values of x^, , x,j let =/r(aiJ Ug, ... , a„) r = 1, 2, ... , n. 
The functions Fr satisfy the conditions of Theorem III. For, (i) 
Ff =0 at («!, , a„, 6i, , hf); (ii) dFrjdXs^dfrjdXs and is therefore 
continuous while dFrl^ys = - 1 if r =s but =0 if ; (iii) J is not zero 
near (aj, ... , a„, ... , 6„). Hence the eqitations F^ = 0, that is, 

yr -frilly ••• » gl^e the system 

a^r = 9r(2/i» — »yn) ^ = b 2, 

This example is the problem of Inversion ; the functions x^, . . . , x^ 
are inverse to the functions yi, , y„. 

The values a^, Ug, , a„ and b^, hg? ••• » are often called the “ initial 
values ’’ of the variables x^, Xg, ... , x^ and y^, yg, , y„ respectively. 

57 . Dependence of Functions. Let/1,/2 , ,fn hen functions 
of m independent variables The functions are 

said to be dependent if they satisfy one or more equations in 
which the variables do not appear explicitly — 

equations therefore which are satisfied whatever be the values 
of Xi, ; the functions are said to be independent if they 

do not satisfy any equation of the kind just mentioned, that 
is, an equation in which x-^, ajg, ... , do not appear explicitly. 

Again, it may be said that the functions are independent if 
it is impossible to express one of them in terms of the others. 
For example, if /i, /g, /g are the functions 

^ +y^ xy -^xz +yz, x +y +z 
respectively they are dependent smcef^ +2/2=/3^> an equation 
in which x, y, z do not appear explicitly ; here /^ =/3^ ~ 2/2 
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so that one function may be expressed in terms of the rest. 
Of course the functions would still be dependent if one could 
be expressed in terms of some (not necessarily all) of the others. 

In the following discussion we give the method of Goursat, 
Gours d" Analyse, VoL I, Chap. Ill, to which the student is 
referred for fuller information ; the treatment by Bateman, 
Differential Equations, Chap. VI is also instructive. 

Theorem. Let the n functions ••• ,fnOf then iTidependent 
variables Xj^, X2, , x^ and also all their first partial derivatives 

be continuous; the necessary and sufficient condition that the 
functions should he dependent is that their Jacobian with respect 
to X2f , Xn should he identically zero. 

(i) The condition is necessary. Let J be the Jacobian and 

2 /r=/r(a:i> * 2 . . *»). ■^ = 1 , 2 , ... , n. 

If J is not identically zero it is possible (§ 56 , example) to 
determine x-^, x^, • • • , x^ so that 

iCr = 9 r(yi, 2/«), r = l, n 

where 2/i> 2^2? **• ? Hiay have any values near their respective 
initial values h^, 63, Since the values of y^y- ,yn 
are quite arbitrary, it is impossible that they can satisfy an 
equation ^(2/1, 2/2^ 5 2/n) =0 in which the coefficients are 

constants, that is, independent of cTg, ... , x^. If, therefore, 
J is not identically zero the functions are independent. 

(ii) The condition is sufficient. It will secure brevity and at 
the same time show quite plainly the lines of the proof for n 
variables to take 9^=4 ; the notation will also be simplified. 

Let the independent variables be x, y, z, t, and the functions 
u, V, w, s where 

w=/i(*> 2 , t), V =fi(x , ... , t),w=fs{x, ... , t), s =Mx, ... , t ) ; ...(1) 

the Jacobian J will be 

8A % % % 

dx^ dy^ dz^ Bt 

% ^ % 

dx’ dy^ dz’ dt 

8h % 8_U % 

dx^ dy^ dz’ dt 

% % % % 

dx^ dy^ dz’ dt 

t. 


G.A.O, 
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It is now assumed that J is identically zero ; different cases 
arise, dependent on the minors of J. 

I. Suppose that the first minors of J are not all zero ; we 
may suppose that the notation has been so chosen that the 
minor, say, obtained by deleting the 4th row and the 4th 
column of J is not zero. This minor is the J acobian of /i, 
with respect to x, y, z ; 

Y 

d{x,y,z) • 

IsTow, since is not zero, the first three of equations ( 1 ) may, 
by Existence Theorem III, be solved for z, y, z in terms of 
u,v,w,t; let the solutions be 

= w, t), y" 9 ? 2 (w> ^)- •••(2) 

When these values are substituted in the fourth of equations ( 1 ) 
we get 

9z^ t)=zF{u, v,w,t) ( 3 ) 

It is to be noted that u, v, w, t are independent variables and 
that the first three of equations ( 1 ) become identities when 
9v 92 > 9z substituted for x, y, z respectively. 

It will now be shown that dFjdt is zero, so that F does not 
contain t explicitly. We have, by differentiating F{u, v, w, t) 
that is, f^{x, y, z, t) where x, y, z are the functions <py^, (p^ 

respectively 

dt dx dt dy dt dz dt dt ^ ^ 


Again, by differentiating the first three of equations ( 1 ) which 
are identities when 9 ?^, 9 ? 2 > 93 ^Je put in place of x, y, z 
respectively 


dx dt dy dt dz dt dt 

^ 3/2 ^2 ^3 , % 

dx dt dy dt dz dt dt ' 


-(5) 


dz dt dy dt dz dt ^ dt 


Equations (5) determine the ^-derivatives of (pi, 9 ? 2 > 9z I 
it is not necessary actually to solve them since the ^-derivatives 
of 9?25 92 i 9z t>e eliminated by transforming J, thus : 
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Jlultiply the 1st column of J by d^^jdt, the 2nd by dcp^jdt, the 
3rd by dcp^jdt and add to the 4th ; the elements in the 1st,’ 2nd 
and 3rd rows of the 4th column will now be zero, by equations 
(5), while the element in the 4th row is dFjdt, by equation (4). 
We thus find, since the value of J is not changed, 

J-J 

and therefore dFldt = 0 since J =0, J^i=0, so that F does not 
contain t explicitly. Hence equation (3) gives s = F{u, v, w), 
an equation that does not contain x, y, z, t explicitly ; thus 
the functions u, v, w, s are dependent. 

It may be observed that there caimot be a second relation, 
say a = F^{u, v, w), that is distinct from s = F{u, v, w) ; if there 
were there would be an equation F = F-^ connecting u, v, w, and 
therefore J would be zero, contrary to the hypothesis. 

II. Suppose all the first but not all the second minors of J 
to be zero ; we may assume that a non-zero second minor is 
that obtained by deleting the 3rd and 4th rows and the 3rd 
and 4th columns of J . This minor, J ^ say, is the Jacobian 
'^th respect to x,y] since J ^=f=Q, the first two of 
equations (1) may be solved for a;, y, giving, say, 

x = yii(u, V, z, t), y= V, z, t). 

When these values are substituted in the last two of equa- 
tions (1) we find 

^ =MVi, 2, t) = F^{u, V, z, t), 

2, t) = F^{u, V, z, t). 

It may be shown as before that neither z not t occurs explicitly 
in J?! or in .Fg. For example, 

4.% hi Jh . 

dz dx dz ^ dy dz ^ dz' 

further, by differentiating the first two of equations (1), which 
are identities when x, y are replaced by ■yij, respectively, 
we find Q_Sfidy>i 3/, 

dx dz ^ dy dz ~^dz ’ 

dx dz dy dz dz' 
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By now treating the determinant Ji on the same lines as was 
done in the case of J and dFjdt we see that 

y. j dF-t dF-t ^ . j A T / A 
J J ^ — e/g J — — — - Q sxnce tj J — 0 J e/ 2 6 . 

To evaluate dFj 'dt and dFa 'dt take, not J ^ but, the minor of J which 
is obtained by deleting the 4th row and the 3rd column of J ; this 
minor is also zero, by hypothesis. 

We thus obtain turn relations w = Fi{u, v), s^F 2 {u, v) when 
the first minors of J are zero but not all the second minors. 

III. Suppose all the second (and therefore all the first) 
minors of J to be zero but not all the third minors. When 
there are four functions the third minors are simply the elements 
of J. If we suppose dfijdx not zero we deduce x = y, z, t) 
and it is then proved as before that when <p is substituted for x 
in the other three of equations (1) the variables y, z, t do not 
occur explicitly so that now there are three relations between 
the functions. 

The procedure is clearly general. When there are n functions 
there is one relation when the fiirst minors of J are not all zero, 
two relations when the first minors are all zero, but the second 
minors not all zero, and so on. 

If J is zero merely because one or more of the functions 
/i, /g, ... , /„ is zero (or constant), it does not follow that the 
functions are dependent. It must be specially noticed that 
the proofs assume that J is identically zero. The following 
simple example is usually given. 

Let u=-x^ + 2 /® - 1, v—xooB oc -\-y sin a - 1, where a is constant. 
Here J = 2(a; sin a -y cos a.) and is therefore not identically 
zero. But it is easily seen that 

and J = 0 if = 0 and t? = 0 ; u and v are, however, independent 
and the relation ^ 1^=0 is not a consequence of v = 0. 

Of course, if the Jacobian of /i,/ 2 , •••?/« with- respect to 
^25 ••• J is identically zero, and if these functions contain 
other variables, say ••• » these variables ...,Zy^ 

will appear (usually) in the equation or equations that connect 
/uAj 5 /n ; what the theorem just proved guarantees is only 
that x^^,.. do not appear in these equations. 
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58. The Hessian. An important Jacobian is that in which 
the functions /i, A? •••?/« are the first partial derivatives 
dfjdxj, dfjdx^, of a function f{x^, x^) of the 

71 independent variables x^, Xni this Jacobian is called 

the Hessian of the function f(x-^, •*. , and may be denoted 
by the symbol Hf. The element in the rth row and ,sth 
column of the determinant Hf is 

dx^ * dXr ’ ^ dxjdx^ * 


Ex. 1. If / is the quadratic form 

the Hessian of / is a nmnerical multiple of the discriminant of / ; it does 
not contain any of the variables. 

Ex. 2. If f{x, y, z) is a polynomial that is homogeneous and of the 
nth degree in x, y, z, prove that the Hessian is homogeneous and of 
I 3(n-2). 


EXEBCISES VI. 

jfj\ ^ 

1. If X =r cos y =r sin 0, prove —r, and if 

X —T sin 0 cos 9, y =r sin 0 sin (p, z —r cos 0, 
y> sin fl 

e(r. B, cp) ^ 

2. lix+y +z =u, y +2 =n'y, z —uvw, 

d{x, y, z) „ 

d{u, V, tv) 

If iri+a:2 + ... +a;„=2/x, x^+x^-}- ... -^x^-y^y2, ... 

iCr+a;r+i + ... +^n=yiV2 ••• Vr, ^n=yiy2 — 

d{X-^f X^, ... , X^) __ n-lyn-2 »,2 y 

3. If 2 /i =cos iCx, 2/2 =sin % cos x^^ = sin sin iCg cos ccg. 


8(yi. g/a. ya) ■ 


:( - 1)® sin^rCx sin iCg, 


0(a;i, ccg, iTg) ■ 

extend the theorem to the case of n functions. 

4. If X =a cosh ^ cos rj, y =a sinh ^ sin rj^ 

IfeS = ixJ^Coosh 2 | - cos 2 ,?). 
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5. If x=Fin 0(1 “C%in® (p}^f cos 0 cos 99, 

d{x, !/)__ -sin 97{(1 -c®) cos®0 4-c® 003^97} 

WoT^T ^ c®sin *9;)i 

6. ltu=zi{l -r^)i,v=yj(l to= 2 /(l -r^)i where r* =a:® +y2 + 2 *, 
show that 

d{u, t\ w) _ I 
d{x, y, 

Extend to the case of n functions ••• f Vn "f^here 

ys^Xslil r2=a9iS+a92® + ... +x2. 

t- 7. Prove that the functions dx+2y-Zf x-2y+z and x{x -k^2y -z) 
are not independent and find the equation that connects them. 

8. The functions w, v, w of .r, y, z become functions U, F, IF of 
f when a*, z are changed to y, ^ by the substitution 

y =1^^ +mzrj z +m^ri 

if M is the determinant j | of the coefficients of the substitution, 

show that 

d(U, F, d(u, V, w) 

^(i> V’ D y> * 

Extend to the case of n functions of n variables. 

9. If f(x, y, z) becomes P(<*, 17, f) when the variables are changed as 
in Example 8, prove that 

where and are the Hessians of / and F respectively. 

Show that the theorem holds for any number of variables. 


10. If /(a;, y, t) is homogeneous, of the nth degree, in x, y, t so that 
/(x, y, t) =f]f{xlt, yft, 1 ), prove that 


f xx> f rv» f xt ^ ^ fxxf fxyf f 

jSf= f yyf fyi = p /sry> fyi/f f 

S Xtf J litf S tt f x> f yi 

If i=xft, f}=ylt axidf{$, rj, l)=<p rjf), show that 
H/=(n-l)®^3(«'-2) 95 ^^, (p^ 


f xz» f xyi fx 

fxy^ f yyf fy 

fx> fyf ~ 1 ) 


^n*l* 

n> n<pj{n--l) 


11, If ti, V are two polynomials in a:, y that are homogeneous and of 
the nth degree, prove that 

udv -vdv.=l -ydx). 
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u. 

dll 

du 

0lt 



■■ 9 ^ 


8u^ 


0Wj 

til. 



■w„ 

Zli) 

duQ 

dii2 

dU2 


dx^’ 




du^ 


0W„ 

dxi^ 

3 ^ 2 ’' 



12. If yr =Urlu, r~lf 2, , ?2, and if u and Ur are functions of the n 
independent variables prove that 


^(,¥i» ¥ 2 » * • • » Vn) _ _! 


If u =vlt and Ur =Vrjt, show that the value of the Jacobian is obtained 
by substituting v, Vf for u, Ur in the expression on the right and state 
how the determinants in ii and v are connected. 

If A, iiy V are the roots of the equation in h 
xfia +k) +ylib +h) +ib) == 1, 

prove that 

d(x, y, z) _ {fi - v){v - A)( A -/x) 
d(Xi IX, v) (h -c)(c —a){a -h) 

14. Given that x =f{u, v, w), y =g{u, v, w), z —Ji(u, v, w) and that J is 
3{x *1/ z^ 

not zero, where J — - — r ; if, when x, y, z are taken as the coordiu- 

o[u, V, w) 

ates of a point referred to rectangular axes, the three surfaces 
'M=const., v=const., t(?=const., 
intersect orthogonally, show that J = db pipzpz "^bere 
pi=/M + ¥« + ^f» 

[Note that the direction cosines of the normals to the three surfaces 
are proportional respectively to 

/ti> j fv> 9vf j 9w 3 b-iff. 

Also, since t6= const, and const, intersect orthogonally, 

f ufv '^9u9v'^^u^v~^ 9 

similarly f^fw + + ... =0, + ... =0. 

The square of the deter min ant J is pi^p 2 ^pz^‘] 


15. If u, V, w are functions of x, y, z, prove that the rate of variation 
of u per unit of length along the line of intersection of the surfaces 
V = const., w —const, is the quotient of the Jacobian of u, v, w with respect 
to x,y,z by 

sin B 

where B is the angle a.t which the surfaces v^const. and w= const. 
intersect at {x, y, z). 
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16 . If the Jacobian of n functions of n independent variables is not 
identically zero, show that the notation of functions and variables may 
be so chosen that the functions may be represented by 

2/r-fri^U ^2* ••• » r=:l, 2, ... , fl, 

while none of the J acobians 


:1,2, ... ,n. 


d{Xj, X^y , Xj.) 

is identically zero. Then prove that we may w’^rite 

=99i(jri, Xs, , x„), ^2 =^P 2 (yi, Xg, Xg, , x„), 

1/3 = 93(^1, yg, X3, ... , x„), ... , y„== 9 n(^n 2/2» .-■ » 2/n-~l» ^n)» 

and deduce that 


0 (Xj, Xgs ... > x„) 

17 . Provo that if the functions /iCx^, x^, ... , x„) and /sCx^, Xg, ... , x^) 
are to be connected by an equation in which none of the variables 
x^, Xg. ... , x„ appears explicitly, it is necessary and sufficient that the 
corresponding partial derivatives dfjdxr ^-nd df^/dx^y r = l, 2, 
should be proportional. 


1 8 . The roots of the equation in A 

(A-v)^+ (A~ 1 ^ 7)®=0 

are x^y^zi prove that 

0(x, y, 2) „ _ 9 jv-w) (w -u)(u- v) 
d(UyVyW)~- " (!/-z)(z-x)(x^y) 
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mPINITE SERIES. COMPLEX PUXCTIOXS OF A 
REAL VARIABLE 

59. Infinite Series. It is necessary, in view of applications 
in later chapters, to supplement the sketch of Infinite Series 
given in the Elementary Treatise and to discuss briefly the 
theory of Infinite Products. An excellent treatment both of 
Series and of Products will be found in Bromwich’s Treatise 
on Infinite Series, and the student should consult that book for 
further developments. 

Derangement of Terms. The sum of a finite number of terms 
is the same in whatever order the terms be taken in calculating 
the sum, but the word sum ” as applied to the sum of an 
infinite series ” is not a sum ” in the same sense as that of 
the “ sum of a finite number of terms ” ; it is the limit of a 
sum of a finite number of terms and in the case of infinite 
series the commutative law of addition is not true unless under 
certain restrictions. 

Let and be two infinite series ; if every term that 
occurs in one series occurs once and only once in the other, the 
one series is said to be formed from the other by a derangement 
of the terms of the other series or, simply, to be a derangement 
of the other series. The following theorem, usually called 
Birichlet’s Theorem, will now be proved. 

Diricklet’s Theorem. The sum of an absolutely convergent 
series is the same in whatever order the terms are taken ; the 
sum of a series that is not absolutely convergent may be changed 
by a change of the order in which the terms are taken. 

(1) Let the terms be all positive and let Hbn k© ^ derangement 
of Ha^. If s^ = a-^ + a^-^...-^an, an=b-^ + b^ + ...+b^ and if 
s^~^s when n->oo it has to be proved that Cn-^s when ^->qo . 

151 
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Since every term of occurs in Sa„ it is possible to take 
n so large that ever}^ term in cr^ is a term in and therefore 
so that n fixed number. Hence < 7 ,^ (or <t„) tends 

to a limit that cannot exceed s ; in other words, is con- 
vergent and its sum, a say, is less than or equal to s. 

We may now reverse the process. is known to be 

convergent, with a sum a ; is a derangement of Tibn and 
therefore is convergent and has a sum not less than a. But the 
sum of Sa„ is s so that, from the two parts, we have a<s and 
G and therefore cr = 5. 

(2) Suppose there is an infinite number both of positive and 
of negative terms in Han- (If there were only a finite number 
of terms of the one kind these could be neglected so far as the 
question of convergence is concerned {JE.T, p. 380, Note) 
and the series would fall under case (1)). Let be the sum 
of the positive terms and the sum of the negative 

terms in Sn ; then ju +v=n and when 7i tends to infinity so 
do fi and r. 

Now Sa„ is absolutely convergent and 

I «1 1 + I «2 1 + — <- 1 I +Q., S„=P^ -Q,, 

so that both P^^ and tend to limits, P and Q say, when ju 
and V tend to infinity, and if 5 is the sum of Han then s=P -Q. 
But the series SP^ and HQ^ are series of positive terms and no 
derangement of their terms alters their sum. Hence s, the 
sum of Han, is not altered by any derangement of the terms 
of 2a„. 

If Han is convergent but not absolutely convergent both of 
the series SP^ and HQ^ are divergent. For, if s ~Han, (Pj^ ~ Q^) 
tends to $ while (P^ +Q^) tends to +cx) when ?^->oo . If we 
suppose that, for example, P^ tends to a limit P when n->oo 
then which is equal to P^^-Sn would also tend to a limit, 
namely P-5, and this is impossible since P^+Qy tends to 
infinity. Hence 

s= £{P^-Q;), 

n->oD n-s-oo 

but 5 is not equal to P#* " 

the difference is 00 — 00 , a meaningless expression. 



BEEANGEMEKT OF SEEIES 


153 


§§ 60 ] 

Of course it has not been proved, nor is it the case, that every 
derangement of terms produces an alteration in the sum of a 
conditionally convergent series, as a non-absolutely convergent 
series is often called, the reason for the name “ condi- 
tionally convergent being now obvious. The typical example 
of a series whose sum may be changed by derangement of its 
terms is the usual series for log 2 ; see Exercises II, Exs. 10 
and 11. On the general theory see Bromwich, Infinite Series 
(2iid Ed.), pp. 74-77. 

60. Tests of Convergence. The following, known as 
Rummer’s Test, is of wide application, the terms of being 
positive. 

Kummer’s Test. Let he a series of positive terms and 
(df) a sequence of positive numbers such that the series S(l/d,i) 
is divergent ; further, let he defined by the equation 

On y 
0>n+x 

The series converges if there is an integer m such that 

> a > 0 when n'^m, hut diverges if there is an integer m such 
that < - oc < 0 when n'^m [cl a positive constant). 

Suppose first that g„>a>0if%^m; then since > 0 

d-n.O'n ~ ^ 

In this inequality put n+l, n + 2, , {n-^p ~l) successively 
in place of n and add corresponding members of the p inequali- 
ties ; then 

dnO'n ^n+3) ®n+3) 

The expression on the right side of this inequality is positive ; 
therefore the expression on the left side is also positive and, 
further, it is less than Hence, putting m in place of n 

we find that, whatever integer p may be, 

6^m+i +. . . +a,n+® < ^ constant independent of p. 

The sum increases as p increases, but 

is always less than the constant d^f^fl^ja . ; this sum therefore 
tends to a limit when p tends to oo and therefore the series 
is convergent. 
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Suppose next that < -^x < 0 if n^m. In this case 
«^'n+i<^n+i if w ^ therefore 

. ^TO+2 ^m-rP ^ . ^m+1 ^wi+P-l 

^TO ®w+-l ^w+p-l ^ro+1 ^w+2 ^m+p 

SO that a^+p>dmajd^^j,, p = l, 2, Z, , 

Now is independent of p and the series 11(1 /d^) diverges ; 

hence also the series Sa„ diverges. 

Xote 1. If tends to a limit I which is not zero, the sign of 
for sufficiently large values of 7i will be that of I, and therefore 
will converge or diverge according as I is positive or 
negative. Or again if the minimum limit of is positive 
will converge, while if the maximum limit of g^ is negative 
Suyj Will diverge. 

Note 2. The proof for divergence shows that if is greater 

than bn+Jbn for ^ m, the series diverges if S6„ diverges. 
It may be proved in the same way that if an+Ja^ is less than 
bn+Jbn for 71 ^ m the series Sa„ converges if converges. 

When an+i/<^n tends to unity the Test Ratio fails ; Summer’s 
Theorem leads to a test for this case, usually called Raabe’s 
Test, the terms a„ being aU positive. 

E^aabe’s Test. The series Han converge or diverge 

according as 

n(-^ - l) > l + OL> l or l) < l~a< 1, 

\CLn+l ' ' 

when n^m, a fixed integer (or, according as the limit for n tending 

to infinity of this expressioJi is greater than 1 or less than 1). 

In Kummer’s Test let dn~n ; the series H(lln) diverges and 

therefore we have for convergence or divergence (ol > 0) 

n — (ti + 1) > a or < "~ a ; 

that is, wf-^-l')>l+a>l or < 1 - a < 1. 

Gauss’s Test. Suppose that anjan^^ can be expressed in the form 

= 4.:^ /A>1 

^n+i ^ ’ 1 1 \<Ch, a constant for every n. 

The series Ha-n will converge ^ ^>1 but will diverge if 
the terms an being all positive. 
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Raabe’s Test proves the theorem for fi>l and for /f< 1. 
For the case fi = l, let dn=n log n ; the series 2(l/<fn) diverges 
(Ex. 2 below). Now 


But 


g„=d„^- d„+x = (re + 1) log 


re ^ A„ log re 

n+i 


/■!^g?=<'(§25,E,.6) 


w— i*-® Jl— >-® 


and therefore is negative when n is suiB&ciently large so that 
Sa„ diverges when /^ = 1. 

The test in Ex. 1 is often useful ; the test in Ex. 4 is theoreti- 
cally important. 


Ex. 1. Cauchy's Condensation Test. If 2/(n) is a series of positive 
terms and if /(^^) >/(w + 1), show that 2/(n) converges or diverges 
according as the series converges or diverges. 

Of course the inequality /(n)>/{n + l) need only begin when n is 
greater than some integer m, but there is no loss of generality in suppos- 
ing it to hold from n=^\. Proceed as in the case of the series 
(E.T. pp. 380, 381) and take the terms in groups of 2, 2^ 2®, ... , 2”, .... 

If 2^^ y< 2"+^ we have 


2 /{n) =[/(2) +/(3)] + [/(2®) +/(6) +/(6) 4-/(7)] 

+ [/(2^) +/(9) 4-... +/(15)] -f ... 4-[/(2^) 4-/(2«4-1) + ... +f{fx)l 

<2/(2) 4-22/(22) 4-2®/(2®) 4-... 4- 2^(2^). 

When n-»QO so does y, and therefore ]S/(n) converges if 22^/(2”) 
converges. 

By grouping as foUows 

[/(3) +/(2=‘)] + [/(5) + ... +/(2»)] + [/(9) + ... +/(2‘)] + ... 
we see that these groups of terms are respectively greater than 

1 . 22/(22), i . 2®/(2®), J . 2y(2^), ... 

so that 2/(n) diverges if 22^(2”) diverges. 

It is easy to prove that 2/(n) converges or diverges according as 
converges or diverges where y, is any integer not less than 2. 
In § 148, Ex. 6, it is proved that y may be taken to be e. (See Chrystal’s 
Algebra, Part 11. p. 124.) 
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Ex. 2. The series converges or diverges according 

as a > 1 or a. ^ 1. 

Her© /(n) ? 2«/(2«) = 2«(rogy^^ ^ ^fog^ * 

But {E.T. pp. 380, 381) converges or diverges according as 

a > 1 or a ^ 1 ; so therefore does the given series. 


Ex. 3. The Hypergeometric series. The following series 

+ ,a.(cx + l){a. + 2).i5(i5 + l)(^ + 2) , 
I /2.y{y-^l) ' 1 . 2 . 3 : r(y + l)(7+2) 

cl{cl 4-1) (OL +tl ~ 1) * + 1) ... i ^ +?i — 1)^ 


1 +-- 


+ ... +- 




1.2. ... 71 . y{y + 1) ... {y+7i - 1) 

is called the Hypergeometric Series and is usually denoted by the 
symbol jP(a, p, y, x). The numbers cl, p, y, x are called the elements 
of the series and x alone is here considered as a variable, the elements 
a, p, y being taken to be constants. 

The series is symmetric in a. and p so that F{ol, p, y, x) =F{p, <x, y, a:), 
and if either a. or ^ is a negative integer, the series terminates. The 
element y must not be a negative integer because, after a certain stage, 
each term of the series would have a zero denominator. 

Take the term in x” as a„ ; then 


gn-H {a. + n){^+n) 


X -^x when n-> oq 


{n-hl)iy + n) 

so that the series converges absolutely if [ a? | < 1 and diverges if I x |> 1. 
If a; = 1 w© find that 


an _i , 1 4- y -«■ - , An 

<^n+l . 

where An-^ cl^ + 0 Lp + p^ -{y + 1){cl + P) + y when 00 . When n is 
large all the terms are of the same sign since Un/^n+i differs little from 1 
for large values of n. Gauss’s Test may therefore be applied since ] An I 
is finite for every value of n. Hence the Hypergeometric Series, when 
rr = 1, converges if 1 + y -a.'- p >1, that is, if y>cL~\- p and diverges 
if y^a. + p. 

The student should study this example carefuUy as the Hyper- 
geometric Series is of very great importance. 


Ex. 4. The series of positive terms converges or diverges 
according as the maximum limit Q of is less than or greater than 
unity. 

(i) Suppose G<r<l. There is therefore at most s, finite number of 

values of which exceed r ; let all such values of a^/”’ be included 
in the first 7n values. Hence that is, an-^r^, if n>m, and 

therefor© the series converges. 

(ii) Suppose (3^>r>l. There is therefore in this case an infinite 
number of values of greater than so that the series must diverge. 
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This test is often called Caucliy's Test and, though not so useful 
in ordinary applications as the Ratio Test (which is often called 
d’Alembert’s Test), is of great theoretical importance. See Bromwich, 
Lif. Ser. (2nd Ed.), p. 32. 

Ex. 5. Show that the power series converges or diverges 

according as | .r 1<B or [ a: | > B where IJR is the maximum limit 
of I a J hn. 

61. Tests of Abel and BiricMet. An inequality that is very 
useful in the discussion of convergence is given in the Lemma 
{E.T.r. 451), known as Abel’s Inequality, namely: if (c^) is 
a decreasing sequence of positive numbers and if, for 

A>u^ +U2 +... + ttr > ^ 

where A and B are constants 

C^A > Ci% +^2^2 + ••• +Gn'^n > 

If ^ > 0 and B = ~ A the inequality may be expressed as 

j CjUi ArOt^<^ Hh... + j <C C-j^A. 

In the following tests the terms of T^Un need not be all of the 
same sign. 

Abel’s Test. A convergent {not necessarily absolutely con- 
vergent) series remains convergent if each of its terms 
Ui, U 2 , ^*<5 multiplied by a factor a^, ... provided 

the sequence {af) is monotonic and \a^\ is less than a constant h 
for every n. 

The sequence {a^)^ being monotonic and bounded, converges 
to a limit, a say. Let = a - if (a„) is an increasing sequence 
but Cn=an-(^ if (cOn) Is a decreasing sequence ; the sequence 
(c„) is therefore a decreasing sequence of positive numbers 
which has zero as its limit. 

Now ajin=aUn-CnUn or anUn=ciu^+CnUn according as 
c^^a-a^ or Cn=an -a ; since converges it is sufficient to 
prove that TiCnUn converges. 

Let ^B^=Cn+iU^+i +<^n+^i^n +2 +-*• The series 

is convergent and therefore there are constants A and B such 
that 

A > '^n +2 “{“••• ~^^n+!P ^ p — ^} ^5 3, .... 

Hence, by Abel’s Inequality, 

ACn 4 . 1 t ^ ^ BCn+j^. 

But Cn+i ->0 when n-^cc and therefore ^En ’->0 when 
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whatever integer p may be so that therefore also 

is convergent. (For the notation see E.T. p. 379.) 
Dirichlet's Test. If the series Xun oscillates finitely and if 
(c«) is a decreasing sequence of positive numbers which has zero 
as its limit, the series is convergent. 

then, since ^Un oscillates finitely, there are constants A and B 
such that A > ^Rn >B for every value of n and p. If the rest 
of the notation is the same as in the proof of Abel’s Test we have 

— "t^n4.2^n+2 +•.. + 

and therefore ^Rn~^0 when n^co for every integral value of p 
since when 7 i->oo . Hence converges. 

Ex. l. If 6 is neither zero nor a multiple of 2jr the series 

cos nd sin nd 
^ n * ^ n 

are convergent. (The second series is zero if 6=0, ±5r, ±2jt , ... .) 

Ex. 2. Discuss the convergence of the series 

2 ( - l)«-i ^ 2 . i)n-i smn0 

62. Uniform Convergence. When the terms of a series are 
functions of a variable x, each term Un{x) being defined for the 
range a'^x^b, that is, for the closed interval (a, b), the sum 
of the series when convergent will be a function S(x) of x. 
For any given, or fixed, value of a: in the interval {a, b) the 
condition for convergence is, if ^Rn{x) denote the partial 
remainder after n terms {E.T. p. 379) and 8n{x) the sum of the 
first n terms, 

1 pRn{^) I = I ^n+p(aj) - 8 n{x) | < S if 71, ^ m, = 1, 2, 3, ...(1) 
When X changes so, as a rule, will the integer m ; if m is 
such that the inequality (1) is true whatever value x may have 
in the closed interval (a, b) the series is said to converge 
uniformly with respect to a; in the closed interval. 

Instead of the partial remainder pRrfx) we may take the 
complete remainder BAx ) ; the two forms of the condition 
are equivalent, that is, given one of the conditions the other 
may be deduced from it. 
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If I E^ix) I < e when n^m and a^x-^h, then, = 2, 3, ... 

I ■pEJ.x) I = I Ej^(x) — E^^^{x) I ^ I RJ^x) I + I j < 2e. 

If I j,R^{x) I < s when n m, p = 1, 2, 3, . . . and a ^ a; ^ 6, then 

1 -^n(^) I =j(^ I s>Rni^) 1 ^ S < 2e. 

3? -^00 

On pages 385, 386 of the Elementary Treatise some important 
theorems are proved. Theorem III, on p. 386, may in substance 
be stated in the following form and this test of uniform con- 
vergence is frequently cited as the “ if-Test ” or “ Weierstrass’s 
if-Test.” 

The M-Test. If each term of the series T.u^{x) is defined for 
the range a^x'^b and if, for each term, | u„{x) |<; a number 
independent of x, the series 2M„(a:) converges uniformly for the 
range a^x^b provided the series is convergent. 

m+p m+p 

Obviously 

n=m 

and if the second sum is less than s the choice of m that makes 
it so does not depend upon a; so that the inequality (1) is satisfied 
for the range a^z^b. 

The Tests of Abel and Dirichlet are easily adapted so as to 
be tests for uniform convergence ; the foUowing statements 
are from Bromwich (Z.c. p. 125). 

Abel’s Test. The series 'Ean(z)Un(x) converges uniformly in 
the closed interval (a, h) if the following conditions are fulfilled : 
(i) ^Un{x) converges uniformly in (a, b) ; (ii) a^(z) is, for a fixed 
value of X in (a, b), positive and does not increase as n increases ; 
and (iii) a fix) <h, a constant, for the range a^x^b. 

By condition (i) if a ^ a: g 6, 

I ^n+l(^) + '^n+fi^) 4* . . . + Un+fix) | < e if 72, ^ m, 

%nd therefore, by Abel’s Inequality, with A=e, B= -s, 

n+p 

2 C0r{^)'ar(x) < sa^^fix) <ieh U n^m, a^x'^b. 

r=n-\-\ ’ 

smce cin+x{a:) ^ a fix) and a fix) < 1c. Hence luafix)ufix) converges 
uniformly in {a, b). 

Special cases of this theorem arise if a fix) is independent of x 
or if ufix) is independent of ir. 

G.A.O. 
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BiricMet's Test. The ^^eries converges umformlg 

in the elmed interval (a, ij) if the following comliiions are fulfilled : 

(i) 2ii„(x) oscillates, its values lying between ~~k and l\ where 
k is a fiz&i eomfani ; (ii) a„(a-) is, for a fixed value of x, positive 
ami does not increjtse as n increases ; and (iii) afix), when ■n~>cc^ 
tends tmiformly to zero for all values of x in the closed interval 

(Cl, /i). 

By condition (i) if a ^ g 6, 

I **• j <C 

and by condition (ill) m can be chosen so that a^(x)<£ if n'^m 
and Hence by AbeFs Inequality 

n -It 

^ arix)Urix) I < 2cfc ifa^m, 

r-ft-l 1 


Particular cases arise if u^{x) is independent of x while 
either converges or oscillates finitely or if a fix) is independent 
of X. 


Ex, 1. The series converges uniformly in the mter\^al ( -a, a), 

where a is arbitrarily large. 

Let a be any |K>sitive number, however large, and let li'„=a”/n!. 
The 3/-Test sliows that the given series converges uniformly if | a? | ~a. 
The series is often said to converge uniformly for every value of x, or 
for every j*.” 


Ex, 2, The series and y{logn).n~® converge uniformly if 

1 +k > L 

For the first seri^ let 3/^ = l/n^+* and the JJ-Test applies. 

The second series is obtained by differentiating the first, Kow 
(logn) . when n~>oo if a.>0. Therefore there is an integer 

m such that 0 < (log n) , < <7, a constant, if n ^ m. Now let ol = ^k, 

and we have, if a; ^ 1 +k > 1, 


log n ^ log n 1 

= „i+* ^ -ni+i*’ 


n^m. 


If the if-T^t appH^. 

Ex, 3. If converges the seri^ '2(cjn^) converges uniformly in 
the closed interval (0, 1). 

In Abel’s Test, let a fix) ~nr^ and ufix) =c^, independent of x. 


TT 4 rrru • V-^ COS tlO; 'sr^ SlXi 71X , 

iix. 4. Xnesen^ ,7j ^ converge uniformly for every 

X if fx. > 1, but if 0<a.^l they converge uniformly for the range 

0 < 0 ^ X ^ 2.T! - 6. 

If a. > 1 apply the 3f-Test ; if 0 < a. apply Dirichlet’s T^t, taking 
ufix) equal to cos nx and to sin nx r^pectively. 
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63. Tannery’s Theorem. The following theorem, stated by 
Tannery in his Fonctions d^une Variable, 2nd Ed., § 183, and 
called by Bromwich Tannery’s Theorem,” is closely related 
to the Jf-Test for miiform conTergence and is, in fact, proved 
by Tannery as a particular case of that test. 

Let F(n) = ^Ur(n) (1) 

r^O 

where Ur(n) is a function of 7i, and N is also a function of n that 

tends to infinity with n. If Ur('?i), when r is fixed, tends to a 

00 

limit, Vr say, when will the sum F(n} tend to when 

9 0 

An example is given by taking F(n) equal to (1 + 1/w)” and deducing 
the value of e as a series (E.T,^ 48). Tlie problem occurs with sufficient 
frequency to justify the statement of a general theorem that will save 
repetitions- 

Tannery’s Theorem. Suppose tlmt the following conditions are 
satisfied : 

(i) ='^r> when r is fused ; 

n— >-00 

(ii) I Ur{n) 1 ^ Mr , where is independent of n ; 

00 

(iii) is convergent 

0 <» 

When these conditions are satisfied F{n)^'^Vr when n->co , 

0 

By (i) and (ii) ] | ^ therefore by (iii) Hvj. converges. 

Again, since n and therefore N is to tend to infinity we may 
always suppose that N is larger than m, whatever integer m 
may be, and we may therefore express F{n) - Xvr in the form 

oo m If to 

-P’(w)-S^r = 2['*^r(M)-Vr] +2 Wr(«) “ 2 (2) 

r=0 r=0 r~m+l r~m+l 

Now HMr converges and therefore m may be chosen so that 

2 & 2 ^r<S, 2 “rW ^ 2 Mr<S (3) 

r~m+l r=m-fl 

where s has the usual meaning. 

The value of m in the equalities (3) depends only on the 
series Slf,. and is therefore independent of n ; when m has been 
chosen so as to satisfy the inequalities (3) let it be kept fast. 
The first sum on the right of equation (2) contains a finite 
number of terms and therefore by condition (i) the number n-^ 
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can be chosen so that, if n>ni, the first sum on the right of (2) 
will be numerically less than e. Hence if «>«! 




r-0 


S 


r=jia-r 




05 

Ur{n) 

+ 

'S'" V 
JLJ 

1 


r**m*r-l 


that is, 


F{n) - ^ if B > % 


and therefore 




Ex. If Ffn) =^1 show that the limit of F{n) when n tends to 
infinity is the series 

2j 'fl * 

N=n,vr==-^, Mr=^ 

where a is any fixed positive number. 


64. Abel’s Theorem. When the interval of convergence 
{E.T. p. 384) of a power series is ( - jR, E) the interval may be 
changed to ( - 1, 1) by substituting xjR for x ; we therefore 
suppose that in this and the next article each power series 
converges for j a: | < 1 and diverges for | a: | > 1. The behaviour 
of the series when x-^1 or when x-^ - 1 from within the interval 
will now be considered ; for definiteness x will be supposed to 
tmd to +1, 

Let f{x) =2 s„=ao +% +... +a„, 

n=0 

the series for f(x) converging for j a; | <1. 

AbeFs Theorem, (i) If s^^s (a finite number) when n-^cc 
the function when x-^l ; (ii) if 5 „~>oo (or to - ^) when 

the function f{x)->co (pr to — oo) when x~^l. 


Ji 0<x<l, 1/(1 -a:) = 2^”, 

and therefore, if the series for /(a;) and 1/(1 - a:) are multiplied, 

to m 00 

/(*)/(!- a;) = S S Sna^ 

n=0 n=0 n=m+l 

where the series converges for j a? | < 1. 
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(i) Let s. It is then possible to choose m so that, given e, 

s ~€<Sn<s +e if 

and when m is thus chosen it is to be kept fixed. Next let 

m 00 

= F„{X}= 2 

n=0 n=m-f-i 

and therefore f{x) = ( 1 - x)f^{x) + (1 ~ x)Fn^{x) ; 

thenfmi^) is finite if x-^1 so that (1 -x)f^{x)-^0 if x-^l. 

00 00 

Again, F^(^x) < {s +e}'^ but >{s-s)'^x’‘, 

7n + l m + 1 

that is, Fm{x) < (5 +s)x”^+^l(l - x) but >(s- 1 - a:), 

and therefore f(x) < (1 - x)f^{x) + {s +b)x‘^+^ 

but f{x) > ( 1 - x)jj,x) +(s- £)x^+‘^. 

Hence //(*) S s +s but ^ 5 - 

x-^1 

and as e is arbitrarily small /(a;) -> 5 when x-^1 ; therefore 

jCl±a„^A=±a„=±(^a„xA. 

ic-^l ^n=0 ^ n—0 ?i==0\a;->l I 

(ii) Let 5 „->a> so that the series Sa^j is divergent ; if ~ 00 
the sign of every term in Iha^x^ may be changed so that there is 
no loss of generality in this restriction on the limit of s^. 

Let G be any given arbitrarily large positive number ; m 
may be chosen so that s„ > (?' > ^ if ^ m. In this case, x 
being positive and less than unity, 

FJ^x) = 2 = G'x^+^l ( 1 - rr ) , 

n—m+l m+l 

and therefore, since {}■ -x)f^(x)'^0 when x-^1, f^{l) being 
finite, 

£S{x)^G'>q. 

As <? is arbitrarily large, /(rr ) ^00 when a;->l. 

^a;. 1. log (1 + 0 ;) =a; -Ja;® +|a?® - + ... , | a; | < 1. 

The series converges for a? = 1 ; the series for log 2 is therefore 
obtained by putting a; = l. The series diverges for a;=-l and 
log (1 4-a;)--> -00 when x-^ - 1. 
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2. If the series and converge when ^ ^ I < 1 their 

product is (K/J\ p. 3S8| where 

4- ... -haj}^. 

Sliow that if the series converges tiie product of the convergent 
series and is whether and converge absolutely or 

coriditioriiilly. 

The statefiient follows at once from Abel's Theorem because the series 
tern! tii and respectively when 

65. Gesso’s Theorem. This theorem deals with the limit 
for X— 1 of the ratio of two power series which diverge when 

I>t /(x)=IIa„x^, gf(x)=S6„x” where the series Sa„ and 
are both divergent ; we suppose that each diverges to + oo , 
as in ease (ii) of Abel’s Theorem, and that the coefficients 
are all positire^ for n > n\ some given number. 

There are tw^o cases. 

(i) If the quoiieyif a^jbn tends to a {fimie) limit I when 
the quotient f(x)lg(x) will tend to I whe?i x-^l. 

We can choose m so that l-s<ajbn<l if n'^m and 
therefore, since bn>0 and x^> 0, 

ao cc 

(^ - s) is Kx" < a„X" < (I +£) 2 b„x’‘. 

n^m+1 n=«i+l 


Let ^a„x^ = <p„{x), 2 a„a;" =$„(*), 

jis*0 n~m-rl 


2 = 

fi«0 




then (I -en^{x) < #„(*) < {I +£)^„(x). 

Next ■ /(a^) - <Pm{x) _ f(x) _ 1 - (p^jx) jfjx) 

g{x) - ipjx) g{x) 1 - %p^{x)lg{x) ’ 

so that . 1 - y>m{^)lg{x) 

gi^r'^mix) l-<p^{x)jf{xy 

When *-^1 both f[x) and g{x) tend to +oo (by Abel’s 
Theorem) while (p„{x) and y„{a:), being each the sum of a finite 
number of terms, remain finite ; the fraction 


{1 - wJ.x)lg{x)}-^{l - <p^{x)/f(x}} 
therefore tends to 1 when x-^1. Again the fraction #™(a;)/^„(a:) 
cannot when a;->l faU outside the interval (l-s,l +s). Hence 
since e is arbitrarily small, f(x)lg(x)-^ I when *-^1. 



165 


§§ 64, 65] CESAEO’S THEOEEM 

(ii) If the quotient ajbn tends to co whe7i n-^oo , the quotient 
f{x}lg{x) will tend to x when x-^1. 

We can choose m so that aJbn>G'>G for 7i > m, where G is 
any given arbitrarily large positive number, and therefore 
^m{x)l‘^.rn{^v)>G', As before, the limit of f{x)jg(x) when 
x-^l is seen to be greater than G and therefore /(a:)/g(a;) tends 
to X when 

For the proof compare that of Theorem II, p. 420, of the 
Elementary Treatise, 


Ex. 1, ^(1 + + 

x~^l 

Tho symbol is used to denote the greatest integer contained 
in ^'n. For example. 


U/2]=:l; [V4]=2; [^7] =2 ; [^29] =5, ... 

Let (p(x)=^x +x^ 

and f(x) = [Vl]a; + [v2]a;2 + ... + isln]x'^ + 

then (1 -ar)/(a:) = 9 )(x) ; (1 -x)^ip(x) = - ^ . 

(1 -X) 5 

Now (1 -x)-^== V - - • ^ z" sav 

' ' Zj 2.4.6 . (2n) . say, 

n=0 ' ' 

and the series for/(a;) and (1 -x)'~^ diverge when x^l. Hence, by 
CesAro’s Theorem, 


jT (1 -x)^^(x) = £ £ 


[s/n] 


pro\nded the limit for n->oo exists. 

From Exercises II. 29, b^=(2n + l)ajsjn where when 

n-^oo and therefore, 

n->oo 

The above proof is that of Cesaro ; for another proof see Bromwich, 
Infinite Series (2nd Ed.), p. 150, Ex. 4. 


Ex. 2. If f{x) =2a,,a:« 5 ,, +«! 4 -a 2 + ... +a„, and if 


(Sq +Si +S2, + ... -\-s£}l{n + 1 ) 

tends to I when ti^oo , prove that /(a;) also tends to I when x-^l. 

(Frobenius.) 

Let 5o + ^i +S 2 + ••• +^n = ^n > th (see the proof of AbeFs Theorem 

(i)). 


f{x) ^'iGnX^ -~ 


■(1 


~x)- 




^t„X^ 


( 1 - x)~^ v(n + 1 )x^ ’ 
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aiid therefore, by C«4ro’s Tiieorem, 

jp-j-i n-->oo 

If the mean l^/fn + l) also tends to Z, by Cauchy’s Theorem 
(§ 20, Ex. 3| and in this case Frobenius’s Theorem gives no more 
mfomiatioii than Abel’s ; but it is quite possible that the mean may 
tend to a limit though does not, and Frobenius’s Theorem does then 
give new information alxjiit the behaviour of f(x) when 

The process may obviously be carried further. Suppose that 
neither nor the mean t„/(n -f 1) tends to a limit and take a second 
mean, namely cr„/i(« + i){n 4-2) where 

cr^ =:(n 4* 1)^0 + 4 -{h — 4- ... 4-25^__j 4-s^ 

= if0 4- 4-13 4* ... 4-f^. 

If this means tends to f when n^oo then/(x) when 1. For 


/{xKl -x)"» = 
and therefore 


(1 ”X)-s=r V |(n4-l)(n4-2)««, 
0 „ 0 

- 

^ i:i{n4-I)(n+2)x«’ 


i{n + lKn+2)'^^‘ 


by Ces^ro’s Theorem. 


66. Berangement of a Series. It has been seen (§ 59) that 
when a series Sa„ is absolutely convergent no derangement 
of its terms affects its sum. Suppose now that is a 
convergent series whose sum is S and that each term is 

itself an infinite series, say 

00 

Ajjj^ n “ 1 d" 2 • d” n “h (1) 

w = l 

where m = l, 2, 3, and therefore 

S (±a^A .....(2) 

m=l ?»=*1 \ n=l / 

If summation is made first with respect to m, so that for 
n = l, 2, 3, ... we find 


ao 

= n = %, n +fl& 2 , « +•*• +®fn, n +*•• > ( 3 ) 

}n=l 

and then, the new sum being denoted by S', 

CO 00 / 00 \ 

(4) 

n=l ft=l \»i~l / 


will the new series be convergent and, if so, will S and S' be 
equal ? 
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The following are sufficient (not necessary) conditions that 
the series (4) should be convergent and have the same sum as 
the series (2) : 

(i) the series (1) converges absolutely for every m say 

«-TO = I 1 I + I 2 I + •'* + I n I + ; 

(ii) the series Sa^ is convergent, its sum being o*, say. 

When these conditions are satisfied the series (4) is con- 
vergent, S'=S and the series (3) is absolutely convergent fox 
every n. 

The proof follows from the theorem of § 59 ; because the 
terms ot the series (2), which may be called a double 
series, as containing a doubly infinite ” number of terms, may 
be arranged so to form a single series 6^ + 62 4- 63 + - - . . The 
arrangement may be effected in many ways, but there are two 
ways of special importance. 


Let the terms a^n,n he arranged 
in tabular form (T) so that in any 
one row m is constant and in any 
one column n is constant. is 

the sum of the mth row while is 
the sum of the nth colxinan. 



“l, 2, 

3, 

4, 


®2. 2, 

^2, 3i 

®2» 4, 

®3» 1 j ®3, 2 , 

®3, 3. 

®3» 4i 


2, 

Od. 



(T) 


Arrangement by diagonals. Take the terms for which (m+n) is 
constant, taking successively the terms for which [m+n) is equal to 
2, 3, 4, ... and, for each group in which [m+7i) has the same value, 
arrange the terms in descending order with respect to m. We thus find 

1 1 2 I 2> 3 1 1, 2, ®2, 3, 4 I ••• 

Each group lies on a “ diagonal ” of the array (T). 

Arrangement by squares. The terms common to the first m rows and 
the first m columns form a square array. In the arrangement by 
** squares ” the terms are taken from the mth row and the mth column 
of the square array, beginning with the term gohig on to the term 
^ and ending with the term Thus we find the successive 

g^^P® ^ I ^2, 1, U2» 2, 2 I ®3, 1> 2, 3, ®2> Z> ^ 1 , Z I *** * 

It is clear that both methods give a single series in which each term 
occurs once, and only once, in the table (T), while each term in the table 
appears once, and only once, in the single series. 


Now let T^=:bj^ + b 2 + + Sj, = \ 1 + 1 | + ... + 1 5^, | 

so that Sp is the sum of the moduli of the terms of Tp. It 
is possible to choose m so large that all the terms of the sum 
Sj, occur in the sum ai 4 -a 2 + ...+ot.„t which is less than or; 
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therefore S^.j which increases as p increases but is less than a 
for every value of p, tends to a limit when so that the 

series is absolutely convergent. But, by In^^othesis, to 
every term, bp there corresponds one and only one term 
and conversely to eve,ry term there corresponds one, 
and only one, term 6p, so that the series (2) and (4) are both 
derangements of Sfep and therefore both converge and 

Further, if /?« = | Ui, n 1 “t* ! « 2 , n I + •- + ] n i the sum 
is less than S j |, and therefore, by the usual reasoning, the 
series (8) is absolutely convergent. 

Again, if is the sum of the terms common to the first m 
rows and the first n columns of the array (T) the sum S^i, m is 
the sum Tp, if p = when the terms of the array are arranged 
in squares ; ^ is the sum when there are m terms in the 

‘‘ side ” of a square and the sum w’hen there are n terms 
in a side, and both ^ and 8 ^, » tend to 8 when m and n tend 
respectively to infinity. Now 8 ^^ « lies between 8^^, ^ and 8^^ „ 
in the sense that the difference between „ and either 8^^ ^ 
or 8n, n is a sum of terms b^, 6^^ . . . ; but the sum 

!6r I +1 +1 fef I +... tends to zero when m and 7i tend to 
infinity, and therefore when m and n tend in any way to 
infinity 8.^^ „ also tends to 8, 

We thus have the result that when conditions (i) and (ii) are 
satisfied 8^,^ ^ tends to the same limit when m and n tend to 
infinity in the following three ways : 



fi%, n—^ao m,n — ^•oo 


where in (c) m and n tend independently to oo , that is, the only 
restriction on m and n is that each becomes and remains larger 
than any given integer N, 

The series in {a} and (6) are said to be formed by repeated 
summation ’’ ; one of the numbers m, n tends first to infinity 
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and then the other and the two repeated summations give the 
Kinie sum. In case (c) the ‘‘ double series ” is said to 

converge. 

It is possible, when conditions (i) and (ii) are not satisfied, 
that the limit given by (c) may exist and yet the series 
and Bn may not converge, but into such cases we do not enter. 
See Bromwich, Ijifinite Series, Chapter V. 

Cor. dluUiplication of Series. If = and if the 
series and are absolutely convergent with sums B 
and G respectively the terms in the wth row of the array (T) 
will be bmCi^ ... and therefore 

=b,n{^l +^2 +^n +•••) =b^C, 

and S='ZA^ = ('Eb^)G = BG 

because conditions (i) and (ii) are satisfied. If now the terms 
in (T) are arranged by diagonals we find 

BG ~S = bjC^ +^ 1 ^ 2 ) +(^3^1 ■r^2^2 -f-**- 

which is the usual rule for the multiplication of two absolutely 
convergent series. 

It would be more S 3 mimetrical to take „ = a;’” . 

and to let m, n take the values 0, 1, 2, ; by this notation 

we should get the form given on p. 388 of the Elementary 
Treatise. 

The following examples 1-4 are from Bromwich, p. 86. 

Ex. 1. If where the numbers are positive, the douhlo 

series -a^n, « converges if converges (say to C). 

<S*,.„,=(c,+Cs + ...+c„)2<C7^ 

SO that ^ and therefore also 3,^, n tends to a limit. 

Ex. 2. If m+n=p and if n the terms being all positive, 
the double series n converges if '2cg, converges (say to C). 

Here, if we take the arrangement by diagonals, we have for the single 
series /« \ 

Jcg +2 (|c3) +3(Jc4) + ... +(p - 1)^~ j + ... < G, 

and the result follows. It may be seen similarly that if a^, ^ud 

if Sdj, diverges so does 2a,n, n* 

Ex. 3. The double series 2(m +7^)““ converges if «.> 2 and diverges 
if a ~ 2, while converges if a. > 1, ^ > 1. 



!70 


ADVANCED CALCrDDS 


[CH. VI. 


Ex. 4, If a, € are fwsitive (and if 6<0) the series 

iam^ -r 2hfmi -r cn®) ”” ^ 

converges if 1 > 1 and diverges if 1. 

When *4 is the greatest of tlie three nuinbc^rs a, c, | 5 i, we have 
-4 (m + yi)* > 2bmn 'f cn® > 2 [6 -f \’{ac )] fnn 

mill th© rtssult follows from Ex. 3. 


Ex. 5, Show that, if ] jr ] 1 ?/ 1 =?/ and 2®i; 


(I -Zjcy-i - = 1+2 -^n 

n«=*l 


(I 




2/«(2a:-y)" (1) 


where is a |X)hTiomial in x of the nth degree. 

If I y (2 j: -y) j < 1 the Binomial Expansion gives 

^ 1.3.5...(2n-l) 

2.4.e...(2n) 

Let 1 3? 1 =1 .and \ y\~f]; then, if 21?/ + < 1, 

(1 - 21^ - ,jT* = 1 + 2- 2 - 4-6':.^. 7 2rIr 

Now the series in (2) is w'hat the series in (1) becomes when every 
term in it is made 'pmitive, and as the series in (1) when thus treated is 
convei^ent (by (2) ) its terms may be deranged and rearranged in 
powers of y. When so rearranged the coefficient of y” is P„(a;), the 
polynomial of the nth degree, 


1.3.5...(2a~ 
1 .2.3...n 


i)j 


X"- 


n(n - 1) „ 

2(2re-l)‘‘ 


■ + 


n(n- l)(n-2)(n- 3) ^ 
2.4T (2n- l)(2n--3)" 




Now 2^ri + rj® < 1 if 1®)^ -* ^ and this inequality is satisfied if 

^ = 1 and tj <<^^2 - 1 =0*414. Hence the series 

l + f;EJx)yn 

fts=l 

converges absolutely and uniformly with respect to x and absolutely 
and uniformly with respect to y for the ranges 

[a; I = 1 and Jy | — c<^/2 - 1. 

The polynomials Pj^ix) are called Legendre'' s Polynomials of degree n 
or Legendre's Coefficients of degree n or Zonal Harmonics of degree n. 
(See, for example, MacRobert’s Spherical Harmonics, (Chapters IV, V.) 


Ex. 6. Show that P„ ( - ar) = ( - 1 )»» P„ (a:) . 

From the value of Pj[x) in Ex. 5 it is obvious that P^fx) contains only 
even powers of x when n is even and only odd powers of x when n is odd ; 
the result then follows. The relation may, however, be proved inde- 
pendently by expressing (1 -f 2a?y + 2 /®)"*^ in the two forms 

[l-2(-:E)y+j,»3-i and [l- 22 :(-y)+(- 2 /) 2 ]-i 
which give the identical equation 

00 QQ 

1 + 2-Pn( -x)y^=^\ + 2r„w ( -yr 


and therefore 
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Ex. 7. Prove the following values where, for symmetry, Po(^) = l* 

P^{x)=x; P^{x)=ix» ~^x; ■P6(a') -f-j-jSa:® +|^a:. 


EXERCISES VII. 


L Prove the conditions {E.T. p. 395) for the convergence or diver- 
gence of the Binomial Expansion of (1 when x~±l. 

2. If =(n!)%”/(2n)I the series converges or diverges according 
as I X I is less than 4 or greater than 4. 

3. If = 1 . 3 . 5 ... (2?i - l)/2 . 4 . 2n the series diverges. 

, rm .a a(a + l) a(a + l)(a+2) 

4. The senes + 6(b + 1 )(6 + 2) + ' ' • or diverges 

according as 6 - a (or the real part of h - a) is greater than 1 or not 
greater than 1. 


5. If 0<a;^c<l the remainder after n terms of the series 
Fa;+2»'a;2+3»‘a;® + ... 

is less than (n. -f 1 )’*a:"+^/{ 1 - ( 1 + 1 Inyx) . 

State any restrictions on n and r. 

®- 2)“n=log2- 

«=1 

7. n«„(a:)=a:«(a:i+2i)(a:i+4*) ... [!e*+{2n -2)2]/(2n)! the series 

l+S“nW 

1 

converge uniformly for every x. 

8. If w„(a:) =l/(n® series converges uniformly for 

every x. 1 


* 9. If is convergent the series 

'c-v x'^ x”^ ^ nx^( 1 - a:) 2na^x'^( 1 -x) 

I ’ 2j 1 -x^ 

converge uniformly for 0 ^ a; ^ 1. (Hardy.) 

10. If the series is convergent and if c is neither zero nor a 
negative integer show that the series 

^ c(e+ 1) ... (c + n- I) 

^y^x(x + l) ... {x + n-l) 

is uniformly convergent ifa;-c^<5>0 and x neither zero nor a negative 
integer. (If c and x are complex, then the real part of ic -c will be 
greater than d.) 
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11. If converges imiformly for a<x<b and if each of the 

functions ujx} tends to when x tends to a from within the interval 
(a^ 6), show (i) tliat the series converges, say to ^4, and (ii) that 

/ -“nW=-l=- jC “nW- 

(Note that the value, of uj^x) for x—a is not in question ; may 

or may not be defined for x^a so long as Uj^{t) tends to a limit when 

[With the usual notation, m can be chosen because of the uniform 
convergence so that, for every x such that a< x<bj and for n'^m, 
[ \ < r, and therefore, if ?i and p be kept constant while 

1 £«, that is, | a„+i+a„+, + ... j 

Thus is convergent. Now take the complete remainders i2^(x) 
and i?„i in the series 2u^{x) and respectively, and write 

QO m 

^ ■" ~ {^n(^) “ ®n} "i" ^m(^) ~ -^m > 

1 1 1 

we can choose m so that both | Bm{x) j and ] | are less than e 

{u<x<b) and then, m being kept fixed, h may be chosen so that 

2 (“nW -«n} <£ X-a<h, 

1 

and therefore ^ ^n(^) “ ^ < Se if a; ~ a < A, 

1 1 

that is, if x~^a. 

Of course a like theorem holds for a: ^6.] 

12 . jT (x-x^+x'^ + 

[ If/(a7) =aj - -f . . . the coefficient a,, of a;« in/(a;)( 1 - is 1 or 0 accord- 
ing as the greatest integer in s/n is odd or even. If [s/n] ~ X= greatest 
integer in s/n, then 

ai+a, + ...+a„=4{l-(-l)^}(n + l)+J(-l)^A(A + l). 

f* —x') ^ Qj -f - ^2 . . ♦ + a^ , 

(1 ~a;)~^ ~ Xj n + 1 


13. Lambert’s Series is + ... . prove that it con- 

verges if [ a: [ < 1. Express it as a double series and show that it may 
be transformed into the series (Clausen’s Series) 




1 -a^' 
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14. Provo that Lambert's Series may bo expressed in the form. 

:r0(l)+x®0(2)-f^»0(3)-f ... +z^d(n}+.., 
where Oin) is the number of di\’isors of n, including 1 and n. 

15. If I X 1 < 1, show that 

X ^ a;® 

l+x^^ l+x^'^l-hx^' ''l~x~ 1 -a;® ■ 

16. If 1 a* I < 1, show that 

X ^ x^ ar® __ a;® ^ ar® 

r+H' ■’* r+ a;!" • • • “ r^* ~ ir^'' 

17. If I X I < 1, show that 

X 2x® 3x® X® 

r+x" l+x®^l4-x= '(l4-x)®”(l 4-x®)®‘^(I +x®)® 

18. If /(x) = a^x^ and g(x) =^b^x^, both series converging for 

ft = 1 „ = 1 

[ X I < 1, show that 

2 (Knopp.) 

n=l ft=l 

67. Series of Complex Terms. If b and c are real numbers 
and i is ‘‘ the imaginary unit number a where 

a = b+ci is called a complex number. The student wiU be 
supposed to be familiar with the usual nomenclature and with 
the method of representing complex numbers on the Argand 
Diagram, as well as with the laws of operation. 

For definiteness, it may be noted that when 6 and c are given and the 
numbers r and 6 are determined by the equations 
r cos 6 =6, r sin 6 =c 

subject to the conditions that r is positive and tho 

number r is called the modulvs of a or h+ic and is denoted by la| 
or |&+fc |, being equal to the positive value of while 0 is 

called the amplitude of a. If 0 is one solution of the equations so is 
0 +2njr where n is any positive or negative integer ; the value of 0 as 
above restricted is called the principal value of the amplitude of a. 
Again, the principal value is often taken to satisfy the condition 
0—6 <271 but, unless otherwise specified, the principal value will bo 
supposed to be such that - jc < 0 ~ tt. 

If bn and Cn are real numbers and an = bn +icn the series 
Sa„ or S(6„4 -^c„) 

is called a series of complex terms or a complex series. It is 
plain that if the series and 2e„ are both convergent the 
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number S(l>^ 4-tc^) or Sa« is a clefinite number and in this case 
the series is said to converge. If either or Sc„ is not 
convergent the number +iCn) is not a definite number 
and is said to be not convergent. The convergence of 2a„ 
may therefore be tested by seeing whether and Sc^ are 
both convergent. 

The most important t}"pe is the absolutely convergent series. 
The series or S(6n is said to be absolutely convergent 
if each of the series 25^ and 2c„ is absolutely convergent, and 
it is easily proved that is absolutely convergent if, and only 
if, 2j a» I is convergent. For 

|an|=( 62 +c|)-^| 6 „|+ic„| 

and therefore 2 | | converges if both 2 | | and 2 | c,, [ 

converge. 

Again, 1 | ^ (6® +c2)^ = | a„\, | c„ | ^ | a„ | 

SO that both 2 j 6« | and 2 [ | converge if 2 | | converges. 

The convergence of 2 | | may be tested by the rules for 

series of positive terms. 


For example, the series where x is complex, converges absolutely 


if I a? 1 < 1 because | I I «n I = I I- 


The series converges absolutely for every x ; because 


J. 


= J— [ - -0 if n->oo . 
n + l 


When can be expressed in the form 

^ ^ ^ CL ^ An +iBn 

where | | and | | are bounded, we have 


'{( 


1+5+^)% 


a 


n 


n n‘ 


2 



= l+|+^l. I OJ bounded. 


and therefore (§60) 2a„ will converge absolutely if a>l but 
E|a„| will diverge if a^l. Instead of {An+ iBn)ln^ we 
might have (A^-h iB^)ln^, A >1. 


Ex. If a, y, X are complex, a. =ai +ia. 2 , P = ’/ = ri 

the hypergeometric series will converge absolutely when a; = 1 if 
(y^ — cLj ~ ^j), that is, if the Heal Part of (y — a — )3), is positive. 
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Tannery’s Theorem, § 63, holds for complex terms as for 
real ; the proof needs no change when the terms of TtUrin) 
are complex. 

Derangement of Series, Here too no change is required ; 
when the conditions (i) and (ii) of § 66 are satisfied the proof is 
the same as when the terms are real. 


68 . The Exponential Function. Let jP ( w )=(1 +z/n)”' where 
w is a positive integer and z is complex, z=x +iy, x and y being 
real ; it will be proved that, when n tends to infinity, F{n) 
tends to the limit expressed by the series 

l+z + || + |y+...^+...= 9 ?(z), say, (1) 


which converges absolutely for every z. 

Expand (1 +zlnY by the binomial theorem, which is appli- 
cable when is a positive integer, and express the coefficients 
as in § 48 of the Elementary Treatise ; thus 


,_j_ 

.. +( 

< 

1 





v 

+••• 

nJ 

n) 

\ 91 

+ .. 

,.H-( 

1 


(i 


(i 

(2-\ 


91/ 

V 

n) 

\ n 

)n\ ■ ^ ’ 


Let Ur{n) be the term of the expansion that contains z"^, and 
let \z\~a\ then we have 

(i) jT Ur{n) =^z^jrl, when r is fixed ; 

n~->oo 

(ii) \Ur{n) \ ^ a^jrl ; (in) Ha^/rl is convergent. 

The conditions of Tannery’s Theorem, § 63, are therefore 
satisfied and ^ ^ 

jC F(n) = ^^=:<p{z) .( 3 ) 


and this series converges absohdely for every z. 

The limit may, however, be expressed in another form, 
namely 

jT F{n) =e®(cos ^ + i sin y). 

n-*>oo 


For, if 1 + xln=r cos 6 and yjn =r sin 6 (tz a positive integer) 
BO that l'hzln={l + xln) +iy/n=r{cos 6 +i sin fi), 
r cos B win, for large values of n, be positive while r sin 6 wiU 

O.A.O. 
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have tHe same algebraic sign as y ; hence 0 may be chosen so 
that it lies between - rr - and nr/ 2. By Be Moivre^s Theorem 

(1 +s/«)'" = r''(cos 0 4-/ sin 0)«==r”(cos nB sin nB), 

Now, 

But ny^lin +a;)2-v0 when and therefore by § 25, Ex. 2, 

t 

{I +y^l{n^ +ar)2}--i when 7i->oo , 
so that when n->cc . 

Again, tan =y/(?i +ar) and therefore 0->O when 7i->oo, 
Also, 


7ld ' 


ny 


y 


>y when n->oo 


‘ tan B n^x tan 6 1+ xjn 
if we assume the usual theorem that 0/tan0->l when B-^0, 

Hence F{n)— /^{l + — =e'*'(cos2/ +isin2/) (4) 

n— )-x M— >oc ' 

and therefore 



== 6"" (cos y + i sin y) = 



= 9 ?( 2 :). 


When s is real, z=x^ the series is equal to ; the definition 
of the exponential function is now extended to complex 
values by saying that means the series 'Lz^jrl or (p{z) or the 
function e* (cos y+i sin y) when z = x +iy. 


69. Trigonometric and Hyperbolic Functions. If and 
are any two complex numbers the power e® satisfies the index 

as may be verified either by finding the product ^(Si) x <p{z^, 
which is easily seen to be <p{z-^ + Zg), or by taking the product of 
and e^* when these are expressed in the form 

(cos t/i 4- i sin y-^ and e®* (cos y. 2 , + i sin y^ . 

If n is any positive or negative integer {e^Y = but when 
n is not integral or not real the function is no longer single- 
valued. (See § 72.) 
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Suppose x = 0 ; the series for <f (z) then gives, by equating 
real and imaginary parts, 


cos y = 1 


f 

2! ‘ 41 6’. 


yZ yl 

which are the usual power series for cos y and sin y ; by 
equation (4), § 68, y is the number of radians of angle. 

In the equation 6*'*' = cos y +i sin y put -y for y; the 
equations =cos y 4-i sin y, c-**' =cos y - i sin y 

give cosy=~ siny = * .(1) 

which are known as Eulefs expressions for cos y and sin y. 

The direct trigonometric functions of a complex number s 
which, as yet, have no existence, arc now introduced by 
definitions suggested by equations (1), namely, 

-j. 

COS z = > sin z = . 

2^ 


while the other functions tan z, cot z, coseo z, sec z are defined 
by the equations tan z=sin z/cos z, ... sec z = 1/cos z, which 
hold for real angles. 

Agam, sm^z + cos-z = |^ — ^ — j 4-\ ^ J =1, 


the fundamental identity for real angles. Similarly it is seen 
1 + tan^ z = sec^ z, 1 + cot^ z = cosec^ z, 

and it is also verified very easily that the Addition Theorems 
for cos(Zj^±Z 2 ) and smiz^^z^) hold also for complex values. 

It should be noted, however, that, when z is complex, the 
familiar relations | sinz ] ^ 1, | cosz | ^ 1 are no longer true 
in general. 

Periodicity of e^. The function e® is periodic, with the pure 
imaginary period 27zi ; for if w is any positive or negative 
integer, 

gz-f n . 27ri = X = e® (cos %n 7 t 4- i sin 2 n 7 t) = e®. 

The trigonometric functions have, however, the same real 
periods as when the angles are real ; for 

. 2ir) _ g±iz gi:2niri — g±i2 
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SO that an increase or decrease of the argument z in sin z or 
cos z by makes no change in the value of sin z or cos z. 

The zeros of the trigonometric functions are the same as 
when the angles are real. For example, if z=x+i^ and 
sin s — 0 we must have 

= €”**■*'*' or = cos 2x + i sin 2x. 

This equation requires, since x and y are real, = 1 or y =0 
and cos2i;=l, sin2i: = 0 so theut x=nzc, ?i = 0, dzl? ± 2 , 

Tke Hyperbolic Functions. The definitions are the same as 
when z is real {E.T. p. 140) ; for example, 

cosh z = |(e® + 6”*), sinh z = |-(e'' -e""""). 

The relations 

cos iz = cosh z, sin iz = i sinh z, sinh iz — i sin z 
should be noted as they are often useful. 


Ex. 1. Show that, x and y being real, 

(i) cos (x±iy}=: cos x cosh sin x sinh y ; 

(ii) sin (a:±%) =sin a: cosh cos a? sinh 2 / ; 

sin 2x±i sinh 2y 

' cos 2a; + cosh 2?/ 


(iii) tan 


Ex. 2. If X and y are real prove that 

(i) I sin {x±iy | =(sin® x +smh® y)~ ^ cosh y but ^ sinh [ i/ 1 . 

(ii) I cos {x ±iy\— (cos® a? + sinh* y)^ = cosh y but ^ sinh 1 1 / [ . 

Ex. 3. If a; +iy =tan (u ~hiv) where x, y, u, v are all real, show that 

(i) a;* +t/* =(cosh 2v - cos 2u)/(cosh 2v +cos 2u ) ; 

(ii) tan2w=:j — ^ — =; (iii) tanh2tJ=-= — =; 

(iv) e^^={a;S+( 2 / + l)*}/{z*+( 2 /-l)*}. 

Ex. 4. If z is complex, le*-l|<|z|{l+J|z|e***). 

Let j z [ =r ; then | c* - 1 1 is less than or equal to 

'■+i’^{^+5 + 3^ + -+3T4':::(n+2)+-} 

<r + Jr*|l +r+|| + ... +^+***}==^|^l 

70 « Logarithms. If e^=z, where w and z are complex, w 
is defined to be a logarithm of z ; when z is real there is only one 
real logarithm of z, but when z is complex new considerations 
come into play. 
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Let s ==x +iy==r{cos 0 +i sin B), where -7 t<B^7 i, and let 
4-w, where u and v like x and y are real ; then 

= 4 *%=r(cos B +i sin 6 )^ 

or e“(cos v +i sin v) =r(cos B +i sin 6 ), 

and therefore e^=r, v = B +2njt, n = 0, ± 1 , ±2, ... . 

Hence, since r is positive, u=log r, a real number, and 

w=u +iv —log r-^i{B + 2 n 7 t) ( 1 ) 

This value of is the general logarithm of z ” and is denoted 
by Log z, so that Log 2 has an unlimited number of values 
that dijSEer by multiples of 2 ni, The value of w for which n 
is zero is called the principal value of the logarithm of z and is 
denoted by log z. Hence 

Log 2:=log z ti = 0, ±1, ±2, (2) 

If z=x + iy, then r = {x^-{-y^)^, logr = |-log (x^ + y^) while 0 , 
the amplitude of 2, is the angle which satisfies the equations 
r cos 6 =x, r sin B~y and also the inequalities - 7t< B ^ n. 

If 61, 62, , 0 m a^re the principal values of the amplitudes 

of Zj.z^y ••• and q? the principal value of the amplitude of 
the product 2^, 22, ... then 99 is not, in general, equal to 
01 +02+ ••• + 0m to 01 +02 + ... + 0m + 2 ^ 51 , whoro k may be 0 

but, in general, is a positive or negative integer which must be 
chosen so that n. Hence 

log (2 i22 ... zj =log 2i +log 22 + ... +log 2„, +2kni. 


Ex. L©tm=2. 

71 

T 

' 2 


01 =S. 02=^. *= 0 ; 01=0,=^. *= - 1 , v = 


2 ?r 
■ 3 ’ 


01 = 


71 r, 271 y . 57t 

, V2 — * ^ ' f w — 1, (p . 


71 . Inverse Trigonometric Functions. If a: is real and 
tan y=x we find by expressing tan y in terms of that 


tan y =- 




-X, 




1 +ix 




1 +ix\ 

ixj’ 


and therefore 


( 1 ) 
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Let (1 +ix)/{l - ix) =r(€OS d +i ski 0), -:jz< 6 , n ; 

tan ^d=x 


1 -X“ 

f = l, cos sin^: 

1 -rX~ 


■ 1 +x^'- 


[cil. VI. 

then 


and ij- Log! j-'r}' ) = 4 + Sn-Tr) =|d +71.-1. 

The principal value of y is therefore \0 and is the value to 
which the symbol tan-^x is restricted {E.T. p. 133). 

The general value of tan-^ =, when s is complex, is defined to 


lie 


1 fl +2- 

SjLoglTTriS;- 


(S 


Thus if X -^iv) so that u+iv is a value of 

tan'”^(x it follows from § 69, Ex. 3, that 


u -f iv = « .T 4- 1 tan."^ 


( 

Kl-x^-yV 


-h'l 


Jlog 


+1)2 

[x^+ixj-ir 



where w = 0, +1, zb 2, , and therefore, as when s is real, the 
values of tan"^ s differ by multiples of ti. 

As we shall make very little use of these inverse functions 
it is sufficient to state that all can be expressed in the form 
(X +ifi where a and ^ are real functions of the real variables 
X and y. For fuller information the student may consult 
ChrystaFs Algebra^ Chapter XXIX, or Hobson's Trigonometry, 
Chapter XVI. 


Ex. If sin~^(a; + iy) —a.+ip, x+iy—sin. a. cosh -i-i cos a. sinh fi, 
prove that 

(i) cosh + 1)» +i{(x - 1)2 =M ; 

(ii) sin a. =i{(^ + 1)2 -i((^ - 1)2 +J7»}i =« ; 

(iii) sm~2(a: +iy) =n7t + { - 1)” sin-^t) +i . ( - l)"log {tt + (m2 - 1)1). 


72. The Generalised Power. The power is defined for all 
values of 2 : and n, real or complex, by the equation 

;2«=:e»LogZ 

and is the principal value of z'^. 

The general power z^ is single- valued if, and only if, n is zero 
or an integer, positive or negative ; because 

nhog z~n log z -\-n . 2k7ti, h=0, ±1,±2, ... , 
and in this case is unity. If ^ is a rational fraction, 
n-=-^jplq, where p and q are positive integers and p/g is in its 
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lowest terms, s” has q different values. In all other cases the 
general power has an unlimited number of different values. 

Ex. 1. (i) log ( - 1 ) ; (ii) log i = ; (iii) log (-{) = - 


Ex. 2 . The principal value of is 

Ex. 3 . If tan x-=c sin a./(l -c cos (x.), show that if a? =0 when c = 0 



Ex. 4 . If X and k are complex, ! ar | < 1 and k=(jL+ip where a and p 
are real, find the modulus of the principal value of ( 1 +x)^. 

The j)rincipal value of log ( 1 -h ar) is that value -which is zero when x 
is zero ; for if x = r(cos 6 + i sin 6 ), - rr < 0 ~ n:, and 

1 + r cos d=p cos (p, r sin 6 =p sin gp, 
cos (f is positive and therefore - 7tf2<(p<7zl2 and 99 =0 when r =0. 

Next, log (1 +a;) =log q +i(pf 

so that k log (1 +x) =(«. log g - ^9?) H-f( log g +a(p) 

and therefore | ( 1 4- | = log = g^'e - 

where ^ = (1 +2r cos & +r^)i. 

Since |9?| = jr/ 2 , j (1 +a;)*| ™ h. 


73. Complex Functions of a Eeal Variable. If u and v are 
real functions of the real variable x — ^that is, functions in which 
the constants are real numbers — ^the function u +iv is called a 
complex f unctio7i of the real variable x. 


A pol5momial f(x) of degree n (n a positive integer) in which the 
coefficients are complex numbers may, by separating the purely real 
and the purely imaginary parts, be expressed in the form u 4- iv. The 
quotient of two such polynomials is of the form (% +Wi)/(^2 +^*^2) 


Wi 4- _UjU^ +^1^2 

ul+vl 


ul+vl 


-- =U+'iV, 


Again, if a=b +ic (b, c real) e®® is of the form u+iv where 


u cos cx and v sin cx. 


From the definitions of logarithms and of the circular fimctions, 
direct and inverse, it will be seen that they are all of the form u +iv. 
The definition therefor© includes all the ordinary functions. 


The derivative and the integral of a complex function f(x) 
of the real variable x are defined, when /(a:) has been expressed 
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in the form m +w where u and v are real functions of a:, by 
the equations 


\mdx=\udx+ijvdx+G, 


where C is a constant, in general complex, C = 
The definite integral is defined by the equation 


r fiz)dx={ ndx +il vdx, 

Ja ^ ^ Ja Ja 


where the limits a and b are, of course, like x, real numbers. 

The rules for differentiating a sum, a product or quotient, 
and a function of a function (both variables being real) will 
obviously be the same for the complex as for the real functions ; 
the rule for differentiating an inverse function will be proved 
for the standard formulae, as the general proof really requires 
the concept of the complex variable. 

(I) e“, where w=u+iv and w, v are real functions of the real 
variable x. 

By definition, e*®=e“(cost? +i sm^;) ; therefore 


d.e” Jiu 
dx 


=e"‘^(cost; 4-isint?) 4-e''( -sinv +icosv) 


d^ 

dx 


= (cos V +i sin ^ (cos t; + 1 sin v) ^ 


so that 


=e**(cosv +tsm«;)^^ 
dx ~ Itx' 


We thus have the same rule as if ta were real. 

(II) Trigonometric Tunctions. By expressing sin ta, cos w, 
tan w, etc., in terms of and applying (I) it is readily 
found that the derivatives have the same form as when w is 
real. 

For example, 


cf . sinw 

_ 1 d(e''°-e-*'°) 

dx 

M dx 

d.smw 

dw 

dx 

dx 




dw 

di' 


so that 
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(III) log In this case let ?47=^(cos9? 4-f sin99) where 
g and f are real functions of x ; then log ta =log g +ig) so that 
d . log w dg .dcp 
dx ^ g dx dx * 


Now 


dw 

dx 


dg 

dx 


(cos (p +i sin cp) +i^(cos (p +i sin 9 ?) 


dx 



and therefore 

^.Iogt^ _l dw 
dx ~~w dx * 


Since JjOgw=logw -^2n7ti the derivative of Log^ is the 
same as that of log w, 

(IV) Inverse Trigonometric functions. The forms are the 
same as when w is real ; for example 


d , tan~% 
dx 


Id. /I +^w;\ 
~~~2i dx ^^\1 -iw) 


1 dw 
1 dx * 


(V) Let logw be the principal value of Logt^; and 

^n-_gniogM? w}iere w; is a complex function of the real variable 
X and n a complex constant. We find by (I) and (III) 

dx * dx ' w dx^ 


BO that 


d . 
dx 


~nw 


dw 

dx 


Oor, 


If the same value of Log w is used for and 


d.w^ 

dx 


-nw 


,n— 1 


dw 

dx’ 


(VI) In respect of integration we may assume (as will be 
fairly evident from consideration of the definite integral as the 
limit of a sum) that 


jj {u+iv)dx 

a|‘ 


u -\-iv I dx 


^\dx, 


where a and b are real numbers and acb. 

It is also assumed that the integral of df{x)jdx is /(£c) + con- 
stant. 
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Ex. 


and 


[CH. VI. 


Find the integrals of «“*cos6j: and e“ sin fix, (a, b real). 

1 «(« - <6)r<ix ^ c-^(co3 to + f sin 6^) 

J a *m 6 a -f- 20 

I c(a - B}x dx = cos bxdx -t i | e®* sin 6 j; dx. 


Eqxiato real and imaginary parts. 


74. Logarithmic and Binomial Series. The series for 
log (i -fx) and (1 where x and k are complex, will now be 
established. 

1. Iog(i+x). When t is real, and x complex, 

|x| < 1, the principal value of log (1+x^) is that for which 
X (or i) is zero (§ 72, Ex. 4). 

Now, let 1 X I = ^ < 1 and let t be real; the binomial 1 + xi can- 
not vanish if 0 ^ ^ g 1, and therefore 

1*1 Q. 

— = Principal value of Log (1 -h x). 

J Q 1 -f- Xt 

Again, by elementary algebra, we have 


1 xt 




^n+l^n 

1 4-x^ ’ 


and therefore, log(l+x) denoting the principal value of 
Log (1+ar), 


log (1 + a:) = 2 ( - +(-!)” Unix), \x\=Q<l, 


•( 1 ) 


where 

Now] l4-x^]^l -p>0 when |x| =p<l andOgi^gl ; hence 

(2, 

and therefore jK„(x)-^ 0 when We thus find that 

log(l~fx)=x-|x2-fia;^-Ja:;4_^^^^ ^ 1 x ( < 1, (3) 

so that the series for the principal value of log (1 -hx) when 

X is complex and |x|<l is the same as that for log (1 -hx) 

when X is real and | x |< 1. 


Ux. 1. If|x|<J, Ilog(l-}-x)[^2|x[. 

In the inequality (2) let 

n = 1 ; then 1 - ^ and | | = | x p ^ [ x |, 

so that I log (1 +x) 1 ^ I X I +1 jSi(x) I ^ 2 I X 1. 

(The sign = occurs only for x =0.) 
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Ex, 2. llogCl +x)|^|a:| + i ]a;p+i|a;|» + ... 
aini therefore j log (1 +x) | -log (1 - 1 a? | ), | a; | < 1. 

&. 3 . Show that [ - i +ia; - Ja;* -fia?* - ... | < 1 if |arl<J and 
deduce that log ( 1 +a;) =a: 4 - Ox^ where | 0 j < 1 if | a: | < J. 

11. (1 +x)^. Suppose that x and k are complex, | a; | < 1, and 
let i be a real variable, ; the principal value of (1 +xt)^ 

is that value which is equal to 1 when ^ = 0 and the principal 
value of (1 is that value which is equal to 1 when x = 0. 

Let F(t) be a complex function of the real variable t defined 
for the range 0 ^ ^ g 1 by the equation 

+*«)"“'■(! -iY w 




^V:2.3:”:r ^ > lo; = ' 

Now the rules of differentiation with respect to the real 
variable t are the same as if x and k were real ; differentiating 
F{t) we find (compare E.T, pp. 390, 391) that 
dFit)_^fk\^^,. 


( 6 ) 

Since |a:l<l the binomial (l+a:^) cannot be zero for 
1 and therefore every power of (1 4-ir^) is finite ; we may 
therefore integrate with respect to t from 0 to 1 and then 
equation (6) gives 

J’(l) - J’(0)=w(*)a?'r (1 = ...(7) 

\7l/ Jq 

Again, from (4) we find that 

and therefore, by (7), 

(1 +xY=^(^)x^+RJix) 

_ , K^-l) „ 

= l+^a;-h-- | ^ +... 

k{k-l),,Ak~n+2) i -n / \ /^v 

+ — 1.2...(^-l) (8) 

where Rn{^) is given by the integral in equation (7). 

It may now be shown by a method analogous to that given 
on p. 394 of the Elementary Treatise that i2„(a;)”>0 when 
n-^oo if I a; |<1. 
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Let x = 0 (cos # 4-i sin 0), - ;:r< and put tlie 

integral for i?«(x) in the form 

Xow, since t is real and | x | = ^ < 1 we have, if 0 ^ ^ g 1 , 
j 1 +x/ 1 ^ 1 ~ 1 "’^sothat I (1 -j-xf) I ^ 1, 

and therefore [{(1 - i)/(l +xi)}^-^ 

Again, since 1 cannot be zero when |x] < 1 and 0 g ^ g 1 
the power |(l+x^)^’“^I must be finite, say less than If, for 


Further, if \k \ | =k, we have 

. (a: 4 - 1 ) (a: + 2 ) ... (k +n- 1 ) 
\»/| \n~l/ 1 2 (;i - 1 ) ' 

Hence £ 

and R^{x) <k^- (» _ i) ’ Mq^=kqM 

where a„_i is the tith term of the convergent series 


Therefore, since when 7i->oo , being the Tith term of a 

convergent series, the Remainder Rn{x) in the expansion (8) 
also tends to zero when ti-^oo . The principal value of (1 + xf 
is therefore given by the series 

so that the expansion has the same form as when x and h are 
real. 


Ex. 4. If a: is complex and/„ =^1 +~) \ prove that 

»->ao 

If n > I a? |, w© have 


SO that 
Cot, 


^\fn ^ — i3r(a; — 1). 

n-*>oo 

The series - 1} converges absolutely for every value of x. 
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75. Umform Convergence. When 2 is complex, z=:x-hiy 
miiere x and y are real, a series will be of the form 

y) + %'I.ii\{z, y) 

where r„(x, y) and y) ^re real functions of the real 

variables x and y. 

If when j - 1 ^ ^ or, more generally, when z is any point within 
or on the boundary of a closed curve (7, the term Un{z) is such that 
(i) I Un(z) i ^ where Jf „ is a positive constant 

and (ii) the series SJf„ converges, 

the series Swn(«) converges absolutely and uniformly for such 
values of 2 . 

The series converges since converges ; further, the 

convergence does not depend on any particular value of 2 : so 
long as z is in the region specified, because the convergence of 
the series of constant terms is independent of s. The 

property of uniform convergence is therefore maintained. 

It is not hard to state theorems corresponding to those of 
Dirichlet and Abel, but for these and other developments we 
refer to Bromwich’s Infinite Series ( 2 nd Ed.), Chapter X. 


EXEBCISES VIII. 

1. Show that the points on the Ai^and Diagram that represent the 
roots of the equation (s + 1)^ =32z^ are concyclic. 

2. If ar, a, p are real, show that the two series 

n-l n-1 

C co3(oL-rrP), S sin(a. +rp) 

r=0 r=0 

may be expr^sed in closed form by siimniing the geometric progression 

n-l 

and equating real and imaginary parts. 


sin. (oL+n 8) 

3 . = fi). 


4. From the equation { 1 - z)-i= \ <h deduce that, if [ a; | < 1, 

n=0 

1 - .T cos I 


(i) 

(ii) 

(iii) 


sin 6 


1 - 2r cos 0 —x^' 
1 

1 ~2r cos " 


sin 6 +a;sin 26 -hx^ sin 30 + ... ; 
1 +2a; cos 6 ■i-2x^ cos 26 + ... , 



ADVAKCED CALCXJLCS 


5. Show that. (1 -2x cos 0 is equal to 

1 \ 

~ T-, I and deduce Ex. 4, (ii'l, 

sill 0 U 1 ~xe-^7 ' ^ 

6. If X = r (cos 0 -hi sin 0} and r < 1, - n < 0 ^ jr, prove that 

I 1 ^x j =v(I +2rcos 

.and f =anip ( 1 -^x), where o cos ^ = 1 -f- r cos 0, q sin ff-~rBin 0, 

so that tan”M?* sin 0/(1 -f r cos 0}}, 

Deduce from tlie series for log (1 +x) that 

(i) i log ( 1 -f 2r cos 0 +r®) = 2 ^ > 

n=l 


.... . /' rsind 

(») taoi 


= 'S^( ~ sin nd. 


7. In Ex. 6, let r-^1 and show, by Abel’s Theorem, that 

(i) log{2cosie) = |;{-l)”->H2^, -.-i<0<:t: 

n*l 


or, 20 being put in place of 0, 

(ii) log (2 cos 6) = 2 (-1)“- 


, COS 2n0 


7t 71 

, --K<0<-c>; 


(iii) ie=y(-l)"-^5^, -n<6<n; 


or, 7T - 0 being put in place of 0, 

(iv) i(jc-e)=V) ^~- ., o<e<2jt. 

n~l 

In (iii) the txtlue of the series for 0 =jr or - rr is zero but the limit of 
the series when 0-->7r is J-t, and when 0~> - is - 

In (iv) the value of the series for 0 = 0 is 0 but the limit of the series 
when 0~>O is Jjt. 

8. Show that in the notation of § 74, II, x = q (cos 0 + f sin 0), q<1 
and -7c<d‘^.7ty if k—m a real number, the princ]^al value of (1 +x)^ 

m 

is (1+2^ cos 0 4- e®)* (cos + i sin m(p) where 

9 ?=tan--i{^ sin 0/(1 cos 0)}, 

9. Convergence of the binomial series for (1 +x)”» when m is real and 
|x| =1, x=cos0+f sin 0 where -:?r<0^rr. 

(i) Convergence absolute if m > 0 ; (ii) convergence conditional if 
0>m> - 1, and also 0 not equal to 7t ; (iii) divergence if m ^ - 1. 

[Let aJ^ be the coefficient of x” or (cos nO +i sin nd) ; then 

j_ ti+1 , m + l . 

— J - = 1 + + -? : A„ bounded. 

Ifm + l>l orm>0, the convergence is absolute. 
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If m <0, let m = - /i, /i> 0 ; the term in may now be written 
fe^^eos {n$ ■+• M.-i) i sin (nO + nrr)], iii~ - — i ; 

-*0 when w-^ao if, and only if, /*<!. Now apply Dirichlet’s Test to 

tJie two real series.] 

10. DixiucO' from Examples 8 and 9 that, when m is real and | x 1 =1, 
X •- cos B -*-% sin - n: < rr, the series 


is equal to (2 cos (cos 4-»sin|m6) for all values of m for which 
the series converge. 


11. Show that the value of Pjix), defined in § 66, Ex. 5, holds when 
X is complex pro vidcsd | x ! ^ 1 . 

12. If X =cos B {B real), express (1 -2i/ cos 6 in the form 

(1 -y««rix(l -ye-io)-i, 

expand each binomial in powera of y, find the product of the two series 
and show that 

1+2/ = 1 + S «n(6)S/” 

n=l n=l 

where w„(0) — ^which is equal to P„(cos 0} — ^is equal to 

2^.n^i{2 COS n0 + 17(2'^) 2 «>s (« - 2)0 

1 . 3 nin — 1) ^ - \ 

■^172 {2n - 1) (2n - 3) ^ "^**7 
where the series ends, if n is odd, with the term which contains 2 cos 6 
as a factor, but, if n is even, with the term which contains cos (0.0), 
that is, unity as factor. 

Since the coefficients are all positive P„(cos 0) has its greatest value 
when 0=0 and then P„(cos 0) = 1 so that, when 0 is real, 
-l^PJcos0)^l. 



CHAPTER VII 


SUBSTITUTION OF A SERIES IN A SERIES. REVERSION 
OF SERIES. LAGRANGE’S EXPANSION. IVIAXim 
AND MINBIA OF FUNCTIONS OF SEVERAL VARIABLES 

76. Power Series. The theorem of § 66 on the derangement 
of a series will now be applied to the expansion of functions in 
a power series. 

8uihstitution of a Power Series in a Power Series, 

Suppose the function f{y) to be given as a power series, 
convergent for | y | < <§, 

/(2/)=«o+«iy+«2y®+ —+®my'"+-- , (1) 

where y is a power series in x, convergent for | a; | < r, 

y = 6o-f + + , | a; |<r (2) 

If /(y) were a series in powers of {y — yf) and (y - yf) a series 
in powers of {x-xf), these could be reduced to the forms in (1) 
and (2) by substituting y for (y - y^) and x for (a; - Xq) so that 
there is no loss of generality in using the given forms ; this 
simplification of notation is frequently used. 

The values of y^, y^, ... y’”... may be found as series in 
powers of x by the rule for multiplying series, applied to the 
series (2) and all these series converge for | a; | < r. Now 
substitute for y, y^, ... in (1) and rearrange in powers of x ; the 
rearrangement can be effected when the conditions of § 66 
are satisfied. The series A ^ of § 66 will take the form 

^mV 0 "i” ^ “1” 2 n (3) 

where the series in brackets is the mth power of the series 
(2). (For m = l, aw,o=%,o=^o. for m = 2, 

^ 2 , 0 = ^ 0 , ^ 2, 1 = 2 = ^^ 0^2 + • • • ^nd SO on.) 

190 
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Now the scT'ies given by is absolutely convergent for 
\s \ but tlie conditions of § 66 demand that the series 

j 1(1 0 I 1 1 I 

. ^m,2 i I ‘f' 1'^+ ••• + I 1 | + 

should converge and also that S-x^, not merely S | ^^ | , should 
ruu\'crge and a smaller value of |^| may be needed to secure 
this, iM^caiise and [ -4^ [ are, as a rule, very different 

imm\}ers. 

Il'e now me the symbol fjL^ in a different seme from that given 

to it in this reference to § 66. 

Led j I \bn\—fin. I a: I = f . We try to satisfy the 

conditions of § 66. 

The first condition is plainly that ^q<s because y — bQ when 

x = 0. 

Again, the series (2), and therefore also the series (3), 
converges absolutely if ] j ^ ^ < r so that being a term 
of a convergent series, is finite for every value of n, say 
From (2) we find 

I y I + + 


Q / 

and therefore 1 1 + Af |/(e - |). 

If then I is chosen so that +2lSj(g - f) is less than a, that 
is, being less than s by the first condition, if f is such that 


the series (1) will converge as required when the series (2) has 
been substituted in it for y and rearrangement is allowable. 
The series of § 66 will be 


■®n = ( II) 

m=0 ' 


:C^X^ 


say, 


and then fiy)='^c„x^. .(6) 

n = 0 

The substitution and rearrangement are therefore valid if 

(i) ^o<s, (ii) Q<r (6) 

■where Jf is an upper limit to the values of ^„ q ” and = | 6„ |. 



ADVA^S’CEP CALCULES 


192 

Cor. 1. 


ADVAN’CEP CALCULES [cii. VII. 

If only one condition is necessary, namely 


i ^ I < so;{s + M) ; 

this case is of special importance because the coefficient of 
in (5) contains only a finite number of terms and is not an 
infinite series. 


Cor. 2. Again if 5 = « there is only one condition, 
|arl<^<r 

and, since g may differ as little as we please from r, the trans- 
formation is valid simply if [ | < r. 

In proofs of Existence Theorems it is usually the possibility 
and not the full range of a transformation that is in q^uestion; 
in the above case it is frequently possible to verify that the 
range of the variable x may be greater than the inequalities (6) 
would allow. It may be noted further that conditions (6) are 
merely sufficient, not necessary. 


Ex. 1. The expansion of log (1 +sm x) in powers of x. (E.T. p. 398.) 


Here f{y)=log {I +y)=^y -iy^ + 12/1<1 (1) 

^5 

where t/ = sin ir " 3 j + ^ ~ + (^) 


If |r|=o and all the terms in (2) are made positive the seri^ 
becomes sinhf?. Xow sinh 0-88 =0-998 <1 and the transformation is 
valid if I ar I < 0*88. 


Ex. 2. f(y)=:e^, ij=^klog(l+x). 

In this case the series for f{y) converges for every value of y while the 
series for y is convergent if |a;|<l. Therefore the transformation 
holds if I x I < 1. Further 60 = 0 so that the coefficient of is a poly- 
nomial. Show that 

and, smce/(t/)=(l +a:)^, deduce the binomial theorem. 


77 . Division by a Series . If the quotient ujv is required where 
-w is a polynomial or an infinite series in powers of x, and t; is an 
infinite series in powers of x we may first express 1/u as an 
infinite series and then find the product of u and l/v by 
multiplication of series. 

If v=:bQ + b^x + b 2 X ^-¥ we may suppose 6 q = 1 when b^ is 
not zero ; for may be taken out as a factor of the series and 
then bn written in place of bJbQ. There are two cases. 
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Let ...j x I < r ( 1 ) 

thcE iA’ = l/(l+y)'===l 1 < 1 (2) 


Bv § 715, we may when j x | is less than some iiimiber, q ' saj^ 
substitute the series (1) in the series (2) and rearrange in powers 
of j ; the product of u and l/'r will then be of the form 

(iij Suppose 6o = 0 and let the lowest power of z that occurs 
in r be its coefficient being taken to be unity, say 

+ x\<r ..-.(3) 

Express ( 1 + as a power series ; then 

^ X ti X (Sc„ar») = i 

sothat ^ = + + + + + 

In practice it is usually simpler, now that the validity of the 
transformation is established, to apply the method of un- 
determined multipliers {E,T. p. 388, Ex. 10.) 

£>. Expansion of - 1). 


£•* 



and therefore 


X I 

e® “ 1 “t; 


where 


'2'^S] 




and the value of a*/(e® — 1) for x = 0 is taken to be unity. 
Xow express 1 jv in the form 


( 1 ) 


1/tt =f^ +c^x + ... +c^x^ + (2) 

where c®, c^, ... have to be determined. Multiply the series in (2) by 
the series for t? in (1) ; then the following equation 

1 =(^1 " 7 ^ ***) (^) 

must be identically true for 1 x ] < ^, where q is not definitely known 
except that it must be positive, not zero. Hence the absolute term Cq 
on the right of (3) must be equal to 1, the only term on the left ; while 
the coefficient of each power of x on the right of (3), when the multiplica- 
tion has been effected, must be zero. Thus we find 


and, in general. 


Co = l: ^,»+c,=0; lo+|+c.=0; Ip'gPl 


- -I- -I _J ^ L f ^ __ A 

+C„-_U. 


(w + l)!^nr (n-l)l" 
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wiim wh'e<i* give ; 

fj -1. .... 

It i'A til iwk liV thb th<> value of c„ exeept for the 

sfiMilIrr %itiii« of n ; it nmy however, tliat no odd |;iow€?r of x 

•iM'n't thv first c>i:*riin^ iii tht? expansion. For. if wo write 

1 

we fiful tliiit /( - rf') m that fix) is an even function and contains 

ofily in'ofi powers of x. Tin* fact, how*e\'er, tliat there is a power series 

Imu vstiiblisliwi. 

further § 94. 

78. Eev«rsioE of Seri^. If y is defined as a function of z 

by the eonvergent wries 

1/ -h... -ha^x** +..., |a’|<r, (A) 

the problem of neveraing the series in (A) is, in general terms, 
that of expreMing x as a convergent series in powers of t/. 
It has iM^en pointed out in § 76 that there is no loss of generality 
in taking x, y instead of x- Xq, y - as the variables, and 
further, tliat no importance attaches to the particular value 
of f (firovicied r is not zero). In the following discussion, 
then^fore, the essential point is that the series converge ; the 
dett^rriiination of the maximum range of convergence of the 
various series is a separate problem. 

It is, however, desirable to reduce the equation (A) to a 
standard form before defining more precisely the problem of 
reversion. 

Suppose in the first place that the coefficient % is not zero 
and make the substitutions : 

yK==y', a./ai=<, ra>l. 

Equation (A) becomes 

i/'=x-f ajx2 + a.^+ ... +<x^+ (Ai) 

Suppose next that the coefficient is not zero but that 
cij, aj, are all zero and make the substitutions : 

yl«m=y', «»+,/«« =<+,> p = 1, 2, , 

In this case equation (A) takes the form 

y’=x” + a;;,+,a;"+^ + + (Aa) 

The series in (A,) and (A,) will still be convergent ; the fact 
that the coefficient of x in (A,) and of x” in (A,) is unity is an 



§1 77. 78| BlVEESlOX OF SEEIES 195 

giniplItieatioE. The iM*cents may iiom^ {lrr:ifi|M'*il 

iwid tlie dkciission will prt.K"iH‘d on the bfwi.s of (A|l 

and (Ag), thus vhdiiqvil. The two equations require 

pa m t e e o i ls i de r a t i on . 

First Cam\ Coidlieient in (A) not zero. The equation to 
Im^ eoiisidereil m 

1/ r * *- ttgX® ^ . 4 a^x" -r ( I ) 

The |,jr4,/oiein of reversing the series in (1) may now be stated 
as follows : to show’ that there is one, and only one, convergent 
sc*rie8 for x in powers of y, say 

X =: y s- 4- 4 (2) 

W’hich satisfies the two conditions that x=0 when y = 0 and 
makes the equation (1) an identity when the series (2) is 
substituted, for x in the equation (1). 

We must first show^ that w’hen | x | is sufficiently small, f/, as 
determined by equation (1), cannot l>e zero unless x-^0. .For, 

y =x(l + UjX + UgX^ 4- ...) =rx(i 4 r) say. 

The series r, that is, -r 4- , is convergent and there- 
fore defines a continuous function of x {E.T, p, 386) ; further 
r,=:0 wdieii x--0, and therefore, by the continuity of r, it is 
possible to choose ] x | so small, say j x j < r^, as to make 
jr|<L Hence 1 + r is |>ositive if !x]<r^ and therefore 
x(l 4 r) is, if ] X I < fp zero if, and only if, x = 0. 

Let it be assumed for the moment that there is at least one 
convergent series wffiich wffien substituted for x in (1) makes 
that equation an identity. Since the coefficient of y in 
equation (1) is unity its coefficient in the series for x must also 
be unity ; the equation (2) may therefore be taken as defining 
the assumed series for x. The solution of the problem of 
reversion consists in showing that this assumption is justifiable. 

When the series (2) is substituted for x in (1) and the co- 
efficients of y®, y®, ... calculated, each coefficient must be zero 
because the equation is then an identity ; thus, the following 
equations connecting the a’s and the 6’s are obtained. 

= —Ug, 63= 03(262) — CI3, 

6^ = — 02(6® 4 263) — 03(363) — O4, 

63 = . . . , 6g = . - . . 


m 
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eqiiiitioris determine, in succession, 6^, 63, ... 

in n-^, a^. ... , the ewilkients of the 
Wing |H'»>itive or negative integers; that |g, 

i« t:#f tlie fiinii, 

K 

(If the ('•iMdlcituit of x in (1) were not unity would be a 

|M.)lyintiiiiiil not ill rig, simply, but in ag, a„, 

cii V I«'^l by a |:n nver of u | , ) This det enninat ion of the coefficients 
proves tilt* i!ii|Kirtant rtesiilt that if there is a fseries of the 
kiiui lissiiined then* Is onb^ one such series. 

Tilt* next steq) is, by a method due, like so much in the 
tlit*^*ry, to kaiicliy, to solve a particular case of the problem 
aiitl then by means of this solution to pass to that of the given 
|irolileiii. 

SiipfKiiM^ that the stories (1) corn'erges for jx| <f; then it 
absolutely for |ir| ^o<r and therefore there is a 
|ic»itive numWr JJ such that for every value of 

the integer 11. .Let and consider the problem for 

the particular case, where for distinction f , rj are used in place 


of X, f rc*s|:>ectively : 

If j < ^<r (la) 

f = ?l 4- + (2a) 

The equations corresponding to (3) are 

^2=3^2, ^3=o.2{2^2) + a3, 

^4 ”^^2(^2+ 2/?^) -t-ocgCS/Sg) + ^4, (3a) 


and therefore, since each cjl is positive, so is each 
Now I a» I < and therefore 

I ^^3 ! ^ I ^2 I (2 I ^2 i) + I ag I <a3(2^3) + aa ; i 63 1 < 

and so on, »=:2,3,4, ... . 

If then the series (2a) converges, say for the series 

(2) will converge for and then by § 76, Cor. 1, the 

substitution in (1) of the series (2) for x will be justified; the 
equation (1) will he identically satisfied and the problem of 
the reversion of the series (1) will be solved. 
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We HOW' cletermiiM* tht^ Berien (2«). In (In) put J/zii" for ; 
tf'ic‘11 if ill ij we tiiiil, tm another form of (la), 


Mi 


■e 


a ' 



.(In) 


so that (if - 

Solving this C|iia(iriitie for | ami taking the negative sign of 
the Hcpiare root sifM*e c o> wluai ■■■■: 0 we obtain the equation : 

2(if - e(e - (4J/ 20)t] T f^^iK 

l^t Hj.f 2 iiiid 4i/ - 2^ ■ ■ and % are positive 

and we take Si<S 2 > Tlius 

2(31 T (j)| -q(„ ^fj) -{,«(!- r//«j)*(l - rils^. 

If ej|<'Si<^i the binomialH (1 ami (1-f//*^)* may 

be expanded in conv'ergent series of jmw’ers of and when these 
series are multiplied w^e obtain the equation : 

2(if + = q(q + Tl) ~ e2|l - I -03 

/ i « 1 . 23/ ■+' I? « ^ 

= o(o -e tj 


m that 






2(3/ -r o) 


, 3 


•w 


(There is no purpose to he siTved by evaluating fg, Cg, ... in 
terms of and s’g since the series is known to be convergent.) 

It has been already pointed out that if there is one con- 
vergent series of the t}q>e {2a) there is only one ; the series 
given by (4) is convergent and therefore the series given by (4) 
and by (2a) must be identical. Hence the series (2) is con- 
vergent and therefore solves the problem of the reversion of 
the series (1). 


Ex, If in the series, of Equation (1) the signs are alternately 3 
and - m that 

f/ = x -OgZ^-fayT® + ~agX®+ ... , 

sliow that X is given by 

where h^, ... are the same as in Equation (2). 


Second Case. The coefficients a^.a,. 

a ^,4 not zero. 


in (A) zero, 



AHVASCED CALCt'I-rS 


198 

In thin ca»e the form of equation (A) tecoraes (A,) or 

y x™ > , , x" • » -r a„ ^jx’' + (5) 

rx"{l -«•), ir rt„.iX+«„^2X®-r.... 

When i X ! is sutlrknitly small it may be proved as before 
tliiit 1 ■* If is |M>sitive so that i/--0 only if x-0. 

y*t then has m ditfenmt values, given by 

cos ' I sin 1 Oji, l-O, 1, ... (m ~ 1), 

wlieri:* f/ is the |)riiieipai value of the wth root of y. Hence, 
by taking the with rwt and expanding (1 in powers 

of X by the binomial theortmi, we find that equation (5) may 
Im? itq>resefited by m equations of the type 

I 

f ** 6* :rr r| ~r X( 1 *f 4- -4 , . . ) = X + -f -f (6) 

The work in the First Case is not essentially altered if 1 / is 
eomplex, and therefore to each of the equations of the t>q>e (6) 
^here corresponds an equation of the t}q>e 

» (") 

and the different equations of the type (7) are obtained by 

putting equal to 

Thus in this ease there are m different series each of which 
is zero when y =-- 0 and when substituted in (5) reduces it to an 

identity. 

79. Lagrai^'s Expansion. In the equation 

z=x^yfizl ( 1 ) 

let X be considered as a constant (or a parameter) and y as a 
function of 2 . If f{z) can be expre^d as a convergent series 

ill {M>wers of (z-x), my 

/(2) = % + ^ 1(3 -x) + a^iz (2) 

where and is mi zero, y may, by expressing ljf{z) as a 

sc^ries in powers of (z ~~ x), be represented by a convergent series 
of the form 

y=6i(z-x)4-6^(z~x)^+... 6i = l/ao (3) 

and then, by reversion of this series, 

z-x = Ciy-fCgy24-C3y34'... c^-ljh^-a 


Q' 


(4) 



i^oranoe’s expansion 


im 


If 78. 7fi] 

Agfiiii, if f(:| iii&y l>e representcNl by a eoiivergeiit power 

g€‘ries in (: -xl the siilMtitiition of the series (4) for (7 j*) will 

giTe ff»r f{z} a eoiivergerit series of the form 

d ji/ 4 - 4- . . . . .(:») 

When /(r) and f ( 2 ) satisfy the eonditions stated both J(z) 
ami f(z) |M>ssesg nth deri%'atives with res|M?et to y for all valuers 
of li and therefore the s^^ries in (o), which, by the conditions 
satisfiet! hy f{z) and f(z), is unique must Im? the same as Taylor’s 
expansion of 9 ( 2 ) in powers of y. 

The range of y for wiiieh the series (5) converges eannot, as a 
rule, t>e found by the theorems at our disposal but it is certain 
from the theory of reversion of series that the series dws 
converge for | y j < 5 , wdiere a is positive. A rule for deter- 
mining $ in certain caf»s will be stated at the end of the article. 

The calculation of the derivatives of f{z) can be effected by 
a methexi due to Lagrange by which the derivatives with 
respect to f are expressed in terms of derivatives with respect 
to the parameter x and ’when the coefficients d^ in (“>) are ex- 
pres«d as derivatives with respect to x the expansion (5) is 
generally called Lagrange’s Expansion of f(z). 

From the equation (1) w’e find 


Bz , dz dz 

dx dy 

and therefore, by eliminating /'(r), 






% 



.te) 


Again, 


Next let rp{z) be any differentiable function of : 


3 I 

and therefore by (a) 


,, ,as dz dh 

^ dydx " 


9 f ,,421 


If 

Now let 


/ 




y>(^)=y>'{z)f(z) ; then by (6) and (c) 


9V(2) . 
dy* 


: .?.i I — A f 




■(b) 


then 


-(0 


..{c') 
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Sitnil»rly by putting fur y(:) in (r) we find 

d\{z\ ^ 

Bf Bx dy\.^ i'-Ul-). gj.f i-iJi'l g^| • ■■■{<• ) 

l4*t it Im* rmw that the law suggested liy (>:') and (r'*) 

ia general, that is, that 

dy^ ■ WJl-h ^^1 m 

After putting f for v(-) hi (r), differentiate with 
nwfmd t« f and wr* obtain the equation 

80 that the (n 'eljtli derivative of f(z) with res|ieet to y is of 
lh<* iiiiiiM* form m the nth derivative. Hence the form given by 
(rf) holds for all values of n greater than unity ; the form (b) may 
treato! as the zeroth deri-vative of f'(z)f{z)dzjdz so that 

the law^ holds if » >0. 

The variables x and y in these differentiations are inde- 
pendent. The value of the nth derivative of 99(2) with res|>ect 
to 1/ for any given value of y may therefore be obtained by 
sub«tituting that value in the right-hand' member of equation 
{d) either before or after the differentiations with respect to x 
have Immjii made. If the given value of y is zero then z=zz 
and dzjBx = 1 so that 

csr Jf- 

Now expand f (z) by Maclaurin’s Theorem : 






yT8Xg)l 

«JL dy’' 


+ .. 


y* d 


= <pi^) + + |j [/(*)] *}+... 

+ 1? ^r3{9’»!/(a:)]”}+ (I) 

where the form djdx may be used since <p'(x)[f(x)]’‘ is a function 

of X alone. 

The special ca^ in which ^(z)=z gives the expansion 


= =X + l(fW+U^^. [/(x)j*+...+|., ^^^(a;)]«+... (11) 


y” d"- 
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If X 0 equation (I) takes the form 

.(un 

In all ca«?s z m the %’'alue which satisfies the condition that 
z = 0 when t/ — 0. 

F&r anoiker form of the Expansion^ me § 80, Ex. 13. 

*Vol€, Lagrange's Expansion requires for a complete 
discussion the theory of functions of a complex variable. 
Reference may be ma<le to MacEolH^rt, Fumiions of a Complex 
Variable, § 54, or Whittaker and Watson, Modern Amiysis, 
§ 7-32. 

Hermite’s Cmrs, rMigi m 1882 par M. Amioyer, contains on 
pages 182-197 a valuable discussion of Kepler’s Equation (see 
Example 5, § 80). Serret’s Algkbre Superkure, 6th Ed. Voi. I. 
pp, 466-484, gives an exposition based on memoirs of Cauchy 
and Rouche. 

An excellent presentation of Lagrange's method is given by 
Bromwich, Infinite Series, 2nd Ed., pp. 158-160, and pp. 265- 
266 . 

A rule for determining the range of y for which Lagrange’s 
Expansion converges when z—yf{z) may be stated as 
follows : 

I>t j z j =:r and let f{r) the least value of ] y ], that is, of 
|z-r-/(z)j when |zj=r. If ^ is the maximum value of %p{r) 
Lagrange’s Expansion converges when 1 y ! < a. 

If the equation is z = x +yf{z) let 2 = f + x so that 

f = +x)=yF{!:) 

and piweed as before. 

The rule is by no means evident but the application of it 
in the examples of § 80 makes its meaning clear; there are 
many cases, however, such m Example 5, in which the deter- 
mination of s is laborious. 

The proof of the rule depends on the theory of functions of 
the complex variable ; see Bromwich, Lc. p. 265, or Go'Ursat, 
Comrs, Vol. II, pp. 123-4. 
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Si:»rr«'t (Lr. p. 4^0) statcis the rule in the form : If s k the 
Iriwt viiliie of 1 ij I for which the equations 

z jr-yf(z) and l^yf’{z) 

lave* a coiiimriii roiit— that is, for which the equation 
z X -y/fz) has two ei|iuil roots in z— Lagrange’s Expansion 

convtTgi‘s when | j/ 1 v,:, .v. 

In wIiateviT wiiy the range of convergence of the series In 
(I), (III and (III) may be determined, the corresponding 

expansioris art'‘ valid hir that range. 

81 Example. The hd’owing examples furnish illustrations 
of I^graiige’s Expansion ; some of them are w^orked out in full 
to indicate the general method of solution. The numbers 
fl), (I I) and (III) refer to the equations of § 79. 

Ex, L If y= 2(1 4- 2 }* where m is a positive integer expand in 
fwwew of 1 / tiiat value of 2 which is zero w'hen y = 0 . 

Writ #3 the «pmtion in the form 2 = 3 /( 1 + 2 )“” ; then x=: 0 , 
^^ 2 ) -'=(1 ■+ 2 )-"’*, fiz} =z. Hence [/(jr)j«={l wdien the deriva- 

of lJ\x)y have been calculated the value 0 is to be put for x, emd 
^equatioii fll| gives 

2ri» « 3»if3iw-rl), 4m(4m + iK4w+2) , 

- 2t-r+*- 3f — — -V+- 


+ ( „ 1 )W-1 4 - l)...(yim+n 




The least value of 1 y j when 1 2 1 =:r > 0 is r( 1 - r)«, and the maximum 
value of r(i is easily foimd to be m^j{m 4 - 1)«+^ ; the seri^ just 
found converges if i y j is less than this number. 

Lx, 2. y "2 ?ti a positive integer ; find the series for that 

value of 2 which is zero w’hen y is zero. 

Proceed as in Ex. 1. /(z) = {1 -oz*”)"! so that [/(x)]« is (1 
Tlie only derivative of the powers of /(x) that are not zero when x = 0 
are the mth, (2m)th, {3M)th,..., (nm)th ... and therefore the only 
jKjwers of y that ^occur in the series after y itself are the (TO + l)th, 
(2» -f l|th, .... The values of the derivatives are easily found by 
expanding ( 1 — ox^) ** by the binomial thTOrem. Hence 

2 =5 y 4. £sy *»+^ 4. Qt.ytm+i 4, ^ ^ ^ 


(wm 4-2}(yiw + 3) ... (nm +n) ^ 


Q-nyTi 




Again, the Imst value of | y | when | z | =r is r - = | a | ), and 

the seri« converges if 

tn 

1^1 +!)"!}■«• 


m 
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f'r. 3. r X ‘•t/:'”*'; r x for y - 0, m a ikmimvo iiit»^er and x 


il} z -::x i/-r 


m 1 


.»? X •* •*• ■ *' 


I a I loa: c ■: .. h x 4 . -- 4 - ' 

lloih M*rk« c’oiivt^rgi^ if : ; < m^,{m 4 I 

£>. 4. Exparai in | Hewers of fj when j/ 

Here 2 .^o that /(xi r/'lx) 

aiid 9 ,-:■ KcjuatioM (HI) gives 


- ain - 2h} 

H ".H-- ;/*• 


“Id ^ +••• 


and the mrim converges if \by] < I, e. 

Cfw, II a - I, £1 I, X then log x =x^, and we find 

1 3 , 42 _ 5» . {h 4- ir-^ „ 

x = l + ^ y- + . . . . 

Ex. 5, 2 ='X 4-y sin 2 . ( Kepler's Equation.) 

The determination of the general term in the expansion is a matter of 
difficulty and the student should consult the section in Hemiito's Cours 
ist)© § 79, Xoie}, It is easy enough to calculate a few of the earlier 
ten 11 s. 

V® V* 

( 1 ) 2 =x 4-ysmx 4 ?^- gm2x 4-^t38m3x -sinx) + — 


. . V 

It) sin 2 =:sm X -t-' sill 2x -4 (3 sin Zx ~ sin x) 


V* 

+ 't(2sm4x -8in2x) + ... . 
o 

3 1/® 

(iii) l~ycos 2 = 3 - ycosx 4-^(1 -cos 2x) +-g-(cosx -cos 3x} 

+ ~(eos2x -cos4x) 4- ... . 

Ex. 6. If z = 2 - y /2 expand z”"^ in powers of y, that value of 2 being 
taken which is equal to 2 when y =0. 

Her©/(x) = -x”^ and 9 ?(x) Apply equation (I), putting 2 forx 

in the evaluated derivatives ; the result is 


2 # ^2^ 


^ 2/ , P(P^^) /y'f , P{P_± 4 ) (P -t 5) /y Y , 

2f-4*^ 2^.2! U/ ” 2^3: U/ 


the general term being P<rtr±.D/P.±|.^).:,,:- " Dg)” , 

and the seHes converges if | y | < 1 , 

Since z = l+ (l-y)^ the exp^ansion may be stated in the form 
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Cor. |1 - 1 /)^ ™ I - p ■ - n ; then 


i 1 - m}^ ~ I *■ j ii( I -■ H} 


, s hi n - 4 f( u ~ 5 1 
1 - - ■-- -^. J 

* * il! 

u<L 


!4®( 1 - Mj® ,4-... 


£>. 7, III Ex. t* let u .' 4 ?, when' it < I, and let p ~ -I* whero k h 
a |iCMiii\'e j --^hew t\mi it P^.t] is ^iven hy the equation 

,1 - il -4/iJ,* jl-(i_4iji t 

j ^ 2 f ^ { 2 / ’ 

ly) » j».!\-notnial of .iosrrfo Jt or J(A' - 1) according as k is even or odd. 

TIitMi I'tnn’e that 

r t) - 1 - i-t . ■* * ^ -~4i - — + . . . . 

Xote that ( ‘ 1 

Ki that the expansion o! this part of Pit) wiii cancel all except the terms 

of the j'«iyiiomial that arise from the first part of P{t}. 

Ex, 8. Prove tliat if | 41 1 <1 


log { ^ 


the geriermi term being 


(n-^l)in 4. 2)...(2n - 1} 


Ej’. 9. Theorem. The derivatives of (p{z) with respect to z 
are ofjtained by differentiating Lagrange's Expansion term hy 
term with respect to x. 

?’(-)> by hypothesis, can be expressed as a convergent series 
Scs(::-a:)'‘ and the derivatives d’'‘<p(z)ldz”‘ are obtained by 
differentiating the series term by term (E.T. p. 400). But the 
form of the series shows that d”g>(z)jdz”‘ is simply 

( - ird”‘g,(z)ldz”' 

so that d g{z)idx™ can be expressed as a convergent series in 
powers of 2 - X. 

Xow, by equation [d) of § 79, 

d" ax3)_ a™ a»9,(2) a« r 3^, 

Syn ■ “g-S- -^ = aiS ■ gJilTi , 

and therefore 


r d’' 3™oj( 2)'| ^+n-l / 
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uothat thtM'xpansionof 3"*9:(;), 5 x"‘ by Maclaurin's Theorem is 

- -fl T ... . 

and tiii.s is the m^rivA obtained by differentiating the Kories for 
t4»rm by term. 

Ex, 10 . Prove that if m is a |Mjsitive integer and < 1 , 


( r_ ,,>v. i, ■ 


(Serrot.l 


z-=x^^y{z - 1 | so that fiz)~-z- 1 and in the seriiM for dfizjjdx 
."z* - P' 

Ex. II. If £ X -t* y ( ),ex|>and in |iowere of y that value of z 

which is ec‘|iiiil to x when y = 0. 

H 6 rf?/(x).r= |(x*- 1 ) and equation (II) gives at once 

If we sc:)lve the quadratic equation for z, choosing the negative sign 
of the rtx>t, since z — x when y=:0, w'e find 

2 ={1 -(1 ~2xy +y*)i)ly. 

and therefore, differentiating z with r^pect to x, 


= ( 1 ~ 2xy i ^ S 


by § 66 , Ex. 5 , P«(x) being L^endre's Polynomial. 

Xow differentiate ( 1 ) with respect to x ; therefor© by Ex. 9 , 

dx“ n ! dx** ' \ 2 / ’ 

m that by equating coefficients of y** in ( 2 ) and ( 3 ) w’© find 

p»w=2irbr!£--(^’-i>’ 

Equation ( 4 ) givm Bodriguas* Formula for P^lx). 

Ex. 12 . By differentiating the equation 

00 

r =( 1 - 2xy -f y®ri ==1+2 

ii»x 

with rmpect to y, show that 

ao 

(x - y) ( 1 - 2 xy + y® )~^ ~ ( 1 - 2 xy + y®) V n P„(x)y*^-i, 

and, by ^equating cx>efficients of y^, prove that 

(n + l)P«^i(x) -( 2 n + l)xPJx)+nP„_i(x)= 0 , n= 0 , 1 , 2 , 
where P„i{x) is taken to be unity. 


(i) 
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<7or. Let {\ -y)^ =^1 ~2u, p = ~n; then 

(1 -u)"=i -^ud -u) ___ 

where -|( ~ 1)< ^^<-1. 


Ex, 7. In Ex. 6 let y=U, where | 4^ [ <1, and let p = - A; where h is 
a positive integer ; show that if P(i) is given by the equation 

P{t) is a polynomial of degree p or - 1) according as h is even or odd. 
Then prove that 

P{t)=i~kt + ~ js + . . . . 

jw! 3 I » • • • 


Note that {j— , 

so that the expansion of this part of P{t) will cancel all except the terms 
of the polynomial that arise from the first part of P{t). 

Ex. 8. Prove that if | 4^ [ <1 

log +1*. ^ 

the general term being fa_+l)(^+^) - 1) 

n\ 


Ex. 9.^ Theorem. The derivatives of (p{z) with respect to x 
are obtained by differentiating Lagrange's Expansion term by 
term with respect to x. 

<p(z), by hypothesis, can be expressed as a convergent series 
Lcffz-z)^ and the derivatives 9’“9?(z)/9z™ are obtained by 
differentiating the series term by term (E.T. p. 400). But the 
form of the series shows that d‘"^(p{z)jdx”' is simply 

( - l)™a”‘9.(z)/9z™ 

so that d”'p{z)ldx’'‘ can be expressed as a convergent series in 
powers otz-x. 

Now, by equation (d) of § 79, 


— . _ 9” 9”9’(2) 3™ 9"-^ 

dy"' 9a:“ ~dx'"‘ dy" ~^"d^ 

and therefore 


{/wr/wrg 


d^(p{z)~] (^m+n^l f ^ 

M "" ^+-1 [ ”1 . 
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SO that the expansion of d'^(p{z)ldx^ by Maclaurin’s Theorem is 


d^<p(x) f 


dx^ 




+ ...+ 


yn ^m+n-1 

n\ dx"^-^"^ 


^|9’'(») [/■(*)] 


”U 


and this is the series obtained by differentiating the series for 
(p{z) term by term. 


Ex, 10. Prove that if m is a positive integer and 1 2/ 1 <1, 


(x-y)”* 


+ S £ • (Serret.) 


n=l 


Let z=x + y{z -1) so that /(z) = 2 - 1 and in the series for d^{z)jdx 
let 93'(z)=z”‘. 


/^2 

Ex. 11. If z=x+y ( — ^ — j, expand in powers of y that value of z 

which is equal to x when y—0. 

Here /(a;) = 1) and equation (H) gives at once 


z^x + y 


fx^~l\,y^d , 2 /^ 




x^-l 


( 1 ) 


If we solve the quadratic equation for z, choosing the negative sign 
of the root, since z=x when ^=0, we find 

z = {1 - ( 1 - 2,xy 4- y^)hly^ 

and therefore, differentiating z with respect to x, 

g=(l-2s3/+j,'>)-i = l+ (2) 

n=l 

by § 66, Ex. 5, P„(aj) being Legendre’s Polynomial. 

Now differentiate (1) with respect to x ; therefore by Ex. 9, 


dz , , 3/” d" /a:® - ly 

2 J ’ V 

so that by equating coefficients of j/” in (2) and (3) we find 


(3) 


P„(a^)= 


1 d" 
2” . n! dse" 




(4) 


Equation (4) gives Eodrigues’ Formula for P„(a;). 


Ex. 12, By differentiating the equation 

00 

v =( 1 - 2xy +y^)~i = 1+2 ^n(^)2/” 
n=l 

with respect to y, show that 

00 

{x--y){l~ 2xy +y^)-i =(1 - 2xy +y^) 2 nP^{x)y^-\ 

n=X 

and, by equating coefi&cients of y'^, prove that 

(n + l)P„^i(a;) -(2w. + l)a:P„(a!) +nP„_i(a:) =0, n=0, 1, 2, (i) 

where P_i(a;) is taken to be unity. 
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Again by differentiating with respect to x, show that 
, . 02 ; dv 

that is, if Pn(^) denote dP^(x)jdx, 

00 00 

“ 2/) 2 =2/ S 2/”~^ 

n = l n=l 

and deduce, by equating coefficients of y”, that 

~P'n-l(^)=^Pn(^)> n = l,2, (ii) 

Ex. 13. Show that 

and, if yj{z) can be expressed as a convergent series 2 !c^( 2 ; - x)^. 

The expansion (i) is obtained by differentiating with respect to y 
the series (1) for <p{z). The expansion (ii) is then found by putting tp{z) 
for (p'(z)f{z) ; by the conditions for Lagrange’s Expansion (p'{z)f{z) 
can be expressed as a convergent series in powers of (z -x). 

Ex. 14. Prove that 

V( 1 - 22/ - 32/^) -^ + ^^n\L dxr^ 

Apply Ex. 13 (ii) taking /(g;) = 14-25 + 2 ;^ and ^( 2 ) = ! ; the expansion 
begins with the terms 

1 +y +32/^ + 72/5 + 192/^ + ... . 

81. Implicit Function of One Variable. It bas been proved 
in Chapter Y, § 52, that under certain conditions an equation 
F{x, 2 /) =0 defines 2 / as a function of x. We shall now consider 
a special case in which F{x^ y) is given by an infinite series and 
then sketch the proof of the corresponding general theorem. 

Let AT be a positive constant, the homogeneous poly- 
nomial 

Ur^=x'^-]- x'^-'^y + x^-^y’^ + . . . + xy'^~’^ + 
and 2/=lfa:+J4'2«n •(!) 

n*=2 

the series in (1) being convergent, as will be proved, when 
I ii; I <1 and | y \ <1. It is to be proved that ii y — 0 when a; = 0 
the equation (1) defines 2 / as a single-valued function of x. 
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To each, side of equation (1) add M +My ; the equation thus 
becomes, if 'zz-q = 1, 

M + (M+ 1)i/=M{Uq + U;j^ + U2 + ... +Un+ ...) (2) 

The series in brackets contains every product of the type 
where both m and n take every positive integral value, 
including zero. The terms in (2) that contain x'^ form the 

+ + ... +2/” + •*•) 

and the series formed by the moduli of the terms, namely, 
M\x\'^{l-\- 1^1 + |2/|^+... + |y h + ...) 
converges if | y | <1, its sum being M\ x | ^(1 - | y | Also 

2/ ir = Jf(l - I a; I )-i(l -\y\ )-^ 

« i ==0 

provided | rr |<1. Hence the double series in (2) is convergent 
if I 2 ; I <1 and | y | <1 and its sum is therefore given by 


□0 00 

Af 2 S y”=Af(l -a;)~^(l -y)“^ 

m=^0 n =0 

SO that M + {M + l)y =ilf (1 -- - y)~^. 

This equation is a quadratic in y, 

{M+l)y^-y + Mx{l-x)~^ = 0 (3) 

and, when solved for y, gives 

2(M+l)y = \-{l -a;)"*{l - {2M + l)^x}^ (4) 


where the negative value of the root has been chosen so that we 
may have y = 0 when x = 0. 

If I x\<ll{2M + 1)^ (and therefore also | rr |<1), each binomial 
can be expanded in a convergent series of powers of x and, when 
the series have been multiplied, y will be given by a convergent 
series y = Mz + + c^x^ + (5) 

The theorem is therefore proved. The general theorem of 
which this is a special case may be stated as follows : 

Theobem. Let denote the polynomial 

0 + ^n-l, 1 + CLn^% 2 X^~^y^ + . . . + ,, y^, 

00 

and let F{x,y)-= -y + ai,o^+2 '^n (I) 

n=2 

where the coefficient of y is — 1 and the series converges for 

G.A.O. p 
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|:r|<l and y|<l. The equation F{x, y)=0 defines y as a 
single-valued function of x by a convergent series^ say 

y = h-p: 4 - b<^x^ + h^x^ + . . . + bn^''^ + . . . 5 (II) 

which satisfies the condition that y = Q when a; = 0. The series, 
when substituted for y in F{x, y), makes F{x, y) identically zero. 

The coefficient of the first power of 2/ in F{x, y) must not be zero, and 
there is no loss of generality in assigning the stated form to F{x, y). 
If the series converges for | a; | < and \ y\< put x ~ R-^x\ y — B^y', 
and if the coefficient of y^ is not - 1 but k, say, divide the equation 
F(B^x\ B^y') = 0 by ~k ; the new form of the function is that assumed 
in the above statement. When the transformation has been completed 
tho accents may be dropped from x', y' and the coefficients denoted by 
the symbols given. Again F{x, y) may he a polynomial, that is, after 
a certain stage each coefficient ^ may be zero. 

The method of proof foUows the lines of that used in the 
theorem of the Reversion of Series, Suppose, to begin with, 
that the coefficients in (II) are undetermined ; substitute 
the series for y in F{x, y), and, if possible, choose 6^, 62, ... 
so that when F{x, y) is arranged in powers of x the coefficient 
of each power will be zero. I£ this choice can be made, and if 
the values of bj^, 63, . . . so found are unique, the condition that 
F{x, y) vanishes identically will be formally satisfied, and the 
theorem will be formally proved since 2 / = ^ when x = 0. To 
make the proof complete (that is, a real proof) it must be shown 
that the series (II), with the values of b^,, ... that have been 
found, is a convergent series ; when it is convergent the various 
transformations are valid. 

Now, the equating of coefficients determines 6^, 63, ... in 
succession (compare § 78 ) and is given by a polynomial 

^Ji(%,0, %,0. “1,1, ^0,2, • ’^Ojn) (Ill) 

in which the coefficients are positive integers. This deter- 
mination is unique and therefore if there is one convergent 
series such as (II) there is only one. 

Next, the general term in the series (I) is ^ and since 
the series converges for | a; |<1 and 1 3/ 1<1 there is a positive 
number, M say, such that for every value of m 

and n. Take now the equation ^) =0 where 

9 {S.rj) = ~n -hill 4 -lf(f 2 +^2 +^3 4.^2^ ...(la), 

and let 97 = 2 ^ (Ha) 
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Substitute tbis value of 77 in rj) and choose /loj ••• so 
that 9 ?(f , 7]) may be identically zero. The value of is given 
by the polynomial in (III) when 31 has been substituted for 
each of the numbers ^ 2 , 0 , ••• J since the coefficients in 
Pn are positive integers and the number is 

positive and greater than It has, however, been proved 

that equation (5) with f , rj in place of z, y gives a convergent 
series which makes (p{i, rj) identically zero and therefore the 
series in (5) and (Ila) must be the same. Hence the series (Ila) 
and therefore the series (II), since | 6 , 1 converge, so that 
the proof of the theorem is now complete. 

Factorisation. In F{x, y) substitute P{x) + 2 ; for y, where 
P{x) is the series in (II), and arrange as a series in powers of x 
and z] the function F[x, P{x) + ^ is identically zero when 
2 = 0 and therefore F[x,P{x) is of the form zP-^{x^z) 
where Pi (a;, z) is a series in powers of x and 2 . Let z be now 
replaced hj y — P{x) and we find 

y) = y) 

where P^i^, y) is a series in powers of x and y, the absolute 
term being - 1 because the coefficient of y in F{x^ y) is - 1 . 
The analogy with the usual expression f{x) = {x- ct)f^{x) when 
f(a)=0 is obvious. This Tactorisation Theorem is due to 
Weierstrass. 

Cor. If F{Xq, yo) = 0, the substitution x=Xq + x' and y=yQ + y' 
reduces the problem of finding a series for y in powers of x which 
is such that y=yo when x=Xq to the problem just discussed 
for the function F{Xq + x\ y^ + y') or F^{x', y'). 

For applications and extensions of the above theorem 
the student is referred to Chrystal’s Algebra, Part II, 
Chap. XXX, pp. 373-397. Some illustrations are given in 
Chapter XII of the Elementary Treatise (§§ 106, 107, and 
Exercises XX). 

82. Algebraic Forms. As a preliminary to the consideration 
of the Remainder in Taylor’s Theorem for a function of several 
variables it is necessary to prove two theorems on the behaviour 
of the ratio of two algebraic forms. The number of variables 
that appear in the statements will usually be three, x, y, z, but 
the definitions and the theorems are quite general. It is to 
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be understood that the variables and constants are all real 
numbers. 

A polynomial that is homogeneous and of the nth degree in 
two or more variables is called a Form or a Quantic. A form 
f{x, y, z) is a continuous function of its variables and therefore 
(§ 43, Th. II) if it has opposite signs for the values a, b, c and 
a\ h\ c' respectively of x, y, z — or, as will be often said, at the 
points (a, 5, c) and (a', b\ c ') — ^it will be zero for an unlimited 
number of values of x, y, z, or at an unlimited number of points 
(x, y, z), 

A form is said to be definite if it is not zero unless its variables 
are all zero and to be indefinite if it is zero for values of its 
variables that are not aU zero. 

For example, x^ + y^ + z^ is a definite form. Every form of 
odd degree in the variables is indefinite because in that case 
f{-x, -y, - z) and f{x, y, z) have opposite signs for all values 
of X, y, z (not all zero). 

A definite form has the same sign for all values of its variables 
(unless these are all zero) because, as has just been seen, if it 
had opposite signs at two points it would be zero at an unlimited 
number of points. The form is called a positive definite form 
or a negative definite form according as the sign is positive or 
negative. 

It is possible, however, for a form to be neither definite 
nor indefinite ; it may, like a definite form, have the 
same sign when it is not zero and yet be zero when its 
variables are not all zero. In this case the form is said to 
be semi-definite. For example, the form {x + 2y-z)^ is semi- 
definite ; it is never negative but it is zero at all points in the 
plane z = x^2y. 

Let Q=f{x, y, z)lg{x^ y, z) where / and g are two forms of 
the same degree ; though each form is defined and continuous 
for all values of the variables, Q is not defined for values of the 
variables that are all zero. The point (0, 0, 0) is a limiting 
point of the region for which Q is defined but does not belong 
to it so that the region is not closed (§ 40). The proof that a 
continuous function attains its upper and lower bounds, 
however, requires that its region of definition should be closed 
and, as the proof is important for the applications to be made 
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of the properties of forms, it will be shown how a closed region 
may be obtained. 

Let x~r^,y =rr], z=r^, r=\{x^ + y^ + | ; 

then Q=f{^, r], C), 

where f ^ + f ^ = 1 (S) 

Q is not defined for 0^=05 ^ = 0 , 2 = 0 , and r is not zero unless 
X, y, z are all zero ; all the values for which Q is defined may 
thus be obtained by assigning to f, rj, f values which satisfy 
equation (S). Kow the region defined by (S), which for three 
variables is the surface of a sphere, contains its limiting points ; 
for, if P(a, 6 , c) is a limiting point of a set P'(a -rh, b + Jc, c-\-l) 
which lies on (S) then 


{a + h)^ +{b + h)^ + (c + Z)^ = 1 , 


and therefore when A, I all tend to zero the numbers a, b, c 
satisfy equation (S) so that P lies on (S), In other words the 
region defined by equation (S) contains all its limiting points 
and is therefore closed ; the reasoning is clearly applicable to 
the case of n variables x, y, z, w, , 

Now equation (S) is not satisfied when f, C are all zero, 
and therefore when g{x, y, z) is a definite form C) cannot 

be zero for any admissible values of 

Two theorems will now be proved which are essential for 
the discussion to be given of the Hemainder in Taylor’s 
Theorem and these, with the whole discussion of the Remainder, 
are based on the exposition in the Calculus of Genocchi-Peano 
(German Translation, pp. 170-189). 


Theorem I. If f{x, y, z) and g{x, y, z) are forms of degree n 
the ratio f{x, y, z)lg{x^ y, z) has an ufper bound M and a lower 
hound m which are attained and are therefore maximum and 
minimum values of the ratio, provided g{x, y^ z) is a definite 
form. 

Let the ratio be transformed in the manner just shown 
to/(|, C)/g{i,rj, f). The ratio is a continuous ftinction of 
i, Yj, f, since g{^, rj, f) is not zero at any point {^yrj, t), and 
therefore has upper and lower bounds, M and m respectively, 
which are attained and are therefore maximum and minimum 
values of the ratio. 
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Theobem II. Let g{x, y, z) he, as in Theorem I, a definite form 
cf degree n and let f{x, y, z) he expressible as the sum 
Ci(a:, y, y, 2) + y, 2)/2(*> 2/, Z) + ■■■ + c^{x, y, z)fjx, y, z) 
lohere f^, ... are forms of degree n while the coefficients 

Cj^, Cg, ... , are functions of X, y,z, each of which tends to zero when 
all the variables tend to zero. The ratio f{x, y, z)lg{x, y, z) tends to 
zero when all the variables x, y, z tend to zero. 


For 


/(a;, 2/, z)_ 




/r(a;, y, z) 

' rt ( ry /it 


Each ratio fi/g is boiinded, by Theorem I, and each of the 
coefficients tends to zero when x, y, z all tend to zero so that 
fig also tends to zero. 


Ex. 1. Find the condition that the form ax^ ■^2hxy +cy^ should be 
definite. 

If 2 / = 0 the form becomes ax^ so that a cannot be zero if the form is 
definite ; similarly c caimot be zero and must have the same sign as a. 
Again ctx^ _j_ ^bxy +cy^ =a{x + byja)^ + (ac - b^)y^la 

so that if ac > the form has the same sign as that of a (or c) and is 
therefore definite. 

If ac=b^ the form is semi-definite. If ac < the factors of the form 
are real and dffierent and the form is then indefinite. 


Ex. 2. If (p{x, y, z) =ax'^ -{-hy^ +2fyZ'^2gzx -^2hxy, the form 93 
is definite if (i) a, 6, c are all of the same sign, (ii) A, B, C are all positive, 
where A, B, G are the co -factors of a, 6, c in the discriminant A of the 
form, and (iii) A has the same sign as a (or & or c). 

9 ?( 1 , 0, 0) =cf, 9 ?( 0 , 1, 0) =6, 9 ?( 0 , 0, 1) —c and therefore a, b, c must be 
all different from zero and have the same sign when the form is definite. 

^gain / hy+gzy O r P V A , 

g,{x,y,z)=a{x+-^-^j +-{y--z ) +-z^ 


and therefore 0 must be positive and A must not be zero and must 
have the same sign as a. 

Also aA=BC - F^, bA~CA -G^, cA=AB (where F, G, H are 
the CO -factors oi f, g, h m A).. But aA is positive and therefore BC, 
and therefore B, is positive ; similarly A is positive. 

In general, when a form of the second degree in any number of 
variables is given the terms in one variable, say x, are brought together 
(as has been done above) into on© term a(x + b'y + c'z + d'w ; 
the terms left give a form in which the number of variables has been 
reduced by one and this form is treated in a similar way. Finally, a 
form in one variable is left. 

The student may consult treatises on Higher Algebra, such as B ocher’s 



ALGEBBAIO FORMS 


§§ 82, 83] 


213 


Introduction to Higher Algebra, Bromwich’s Quadratic Forms is useful ; 
see also Hilton’s Linear Substitutions, 


Ex.Z, Show that +y^) and {x^ +y^ ■-z^)l(x^ hy^ +z^) 

have + 1 as the maximum value and - 1 as the minimum value. 


Ex, 4. The forms 

(i) xy +y"+ 2yz + Zzx +wy +wz, 

(ii) xy + 2yz + Zzx +wy +wz ; 
can be expressed as 

AX^ + BX^ - CXi - DXf 

where A, C, E are positive numbers and X^ X 4 are linear 
fxmetions of x, y, 2 , w. 

83, Remainder in Taylor’s Theorem. Suppose that /(a:, y, z) 
is continuous at (a, b, c) and can be expanded near (a, b, c) by 
Taylor’s Theorem: let x=a+1it, y = b+hty z=c+lt, where 
|A|j 1^1 and I Z| are small, and f{x, y, z) = F{t), f{a, b, c) = F{0), 
In the notation of § 157 of the Elementary Treatise, when ^ = 1 
and therefore z, y, z equal to a + h, b + Jc, c + l respectively 
and /(a;, y,z)=F(l), the expansion is given by the equation 

i’(i) = ^’(0) + ^'(0) + • • • + 1, ^^’’(0) + — + ^ • (1) 

where 0< 0 <1 and F^^\6)lnl =Bn, the Bemainder after n terms. 

is a form of degree r in the variables h, h, Z, namely 


- jf Ki 4. rh'^-'^h 


+ ... + Z’ 


dc^ 


(A) 


=XAa,^,yF^ GL + p + y~r 

where is a function of a, b, c. F^'^\d) is of degree n in 

h, h, I and the coefficients, say, in this case are functions 

oi a + Oh, b + Ok, c + 61. 

The equation (1) may be written so as to contain an addi- 


tional term with the remainder namely, 

J^(l) ~Uq + + .^ . + Uj. 4- . . . + + -^n+l (^) 

where Ur = F^''^{0) / rl, r = l, 2, n, and + = so that 

B^^^ = E,-u^^{F(-m ^ F^-\Q)}lnl (3) 
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Theobem I. If the term is a definite form in the variables 
h, h, I the ratio of to tends to zero, and the ratio of to 
Un tends to unity, when all the variables h, h, I tend to zero. 

The expression for i^n+i given by (3) shows that is a 
form of degree n in the variables h, h, I, namely 


a +^+y=n ; 

but (Aa,^,y-Aa,^,y)-^0 when all the variables h, Jc, I tend to 
zero and therefore by Theorem II of § 82 the ratio of R^^^^ to u^ 
tends to zero. Hence when all the variables tend to zero 

J2n±i_ . 0 ^ -Rn-«n that is, ^--1. 

Un Uyi 

It should be specially noted that the proof is essentially 
conditioned by the assumption that u^ is a definite form. 

Theorem II. Suppose that f(a, h, c) or F{0) is zero and that 
the first of the terms in (1) or (2) that does not vanish identically 
is Ur or F^'^\0)/rl There are two cases, (i) If F^'^\0) is a 
definite form f{x,y,z) is not zero and is always of the same sign 
in the neighbourhood of (a, h, c) {that is, when h, h, I are not all 
zero), (ii) If F^'^\0) is an indefinite form f{x, y, z) takes positive, 
negative and zero values in the neighbourhood of {a, b,c). 

Case (i). In the equation (1) let n=r ; then f{x, y, z) or 
F{1) is F^'^'^{B)lr\ The form F^'"^{0) is definite and therefore 
by Theorem I F^''\d)jF^'^\Q) tends to unity ; since F^'^\Q) is 
continuous in h, h, I and is not zero and is always of the 

same sign so is F^'^'>{d) and therefore /(tr, y, z). 

Case (ii). In this case the form is indefinite and 

therefore there are values of h, k, I for which it is positive and 
also values for which it is negative. But F^'^\d)-^F^'^\Q) when 
h, h and I all tend to zero, and therefore, since it tends to 
values that are positive or negative according to the choice of 
7i, k, I it must itself take both positive and negative values. 
Further F^‘^^{d) is a continuous function of h, k and I and 
therefore must also take zero values. 

If f{a, b, c) and g{a, b, c) are each zero the fraction 
f{x, y, z)lg{x, y, z) is not defined for the values a, b, c of 
X, y, z and (compare E.T. § 161) f{a, b, c)lg{a, b, c) used to be 
called an Indeterminate Form.’’ The foUowing theorem 
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throws some light on the possibilities of what may happen 
when X, y, z tend to a, b, c respectively. 

It is understood that /(a?, y, z) and g{x, y, z) can be expressed 
near (a, 5, c) by Taylor’s Theorem. Let G{t) have the same 
meaning for g{x, y, z) as F{t) has in the preceding theorems for 
f{x, y, z) ] then F{0) =/(«, 6, c) = 0, (?(0) =g(a, h, c) =0 and 
jP(1) 4” + ... + V/f 4- ... 

6^(1) + ... 4-?;^ 4* ... 

where u^ = F^'^\(y)lr\ and Vr = G^^'^{0)lrl 

Suppose that F^'‘'>{0) vanishes identically, that is, for all 
values of Ti, Ic, Z, when r has the values 1, 2, ... (m-l) but not 
when r=m and that vanishes identically when 

r = l, 2, ... (^-1) but not when r=%. Further, let w denote 
the quotient /(a;, y, z)/g(Xy y, z), 

Theobem III. If G^'^\0) is a definite form the quotient lo or 
fix, y, z)jg{x, y, z) behaves, when all the variables h, h, I tend to 
zero, in the way specified in the following cases : 

Case (i), m>n: w tends to zero ; 

Case (n), m=n: w oscillates finitely unless the ratio 
tends to a limit, K say, in which case w also 

tends to K ; 

Case (iii), m < 71 : w does not tend to any finite limit. 

Case (i). Let g{x, y, z)=G{l)=0^‘^'^{d')jn\, O<0'<1; then 
(y(”)(^')/{9^(^)(0) ^1 because is a delate form (Theorem I). 

Next let f{x, y, z)=F{l)=F^'^\Q)ln\ as in equation (1) ; 
though is identically zero since m^n the form 

is not zero because F(l) is not zero. When all the variables 
h, h, I tend to zero the coefficients in the form F^'^\B) 

tend to the coefficients in the form F^^\0) and therefore 

to zero since is identically zero. Hence by Theorem II 

of § 82, since is a definite form, the ratio F^^\d)IG^‘^\0) 

tends to zero and therefore w also tends to zero when h, k, I 
tend to zero because 

^(n)((9) 6^(n)(|9') 

“'-G((n)(e>)-G!(n)(0) ■ (?(«)(0) 

and G^'^'>{d')IG^^\0) tends to unity. 

Case (ii), m=n. Let F{l)=Un +11^+1 where iZn+i is given 
by equation (3). By the same reasoning as before the ratio 
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of (^! Bn+i), that is, of to the definite form 

tends to zero when all the variables h, k, I tend to zero 
and therefore the behaviour of the ratio when 

h, k. I tend to zero is the same as that of the ratio F^^\0)IO^^>{0). 

F^^yid) __F^^\d) G^^\Q') 

Now ■ (?(«)(0) ’ 

and G^'"'>{d')IG^'^\0) tends to unity so that w behaves in the same 
way as when all the variables A, k, I tend to 

zero. But, by Theorem I of § 82, the ratio has a 

maximum value M and a minimum value m and therefore w 
oscillates between M and m unless the ratio F^'^\0)lG^'^\0) tends 
to a limit K in which case M=m=K and then w tends to K. 

Gases (iii) m<n. In this case take the functions F{t) and 
G{t) instead of F{1) and (?(1) ; we now have 
F{t) 1 nl F^^\et) 

^ “ G{t) “r-"‘ • ml ■ 

If the form is definite when t-^0 

and F^'^^iO) is not zero unless A, A, I are all zero. If F^'^\0) 
is indefinite A, A, I can be chosen so that is not zero 

since F^'^\0) is not identically zero. Therefore whether 
F^'^\0) is definite or indefinite, the ratio of F^'^'^{dt) to G^'^\d't)^ 
when i->0, may be made to tend to F^'^\0)lG^'^\0), or N say, 
where N is not zero. Hence w cannot tend to a finite limit 
when ^“>0, since m<n and therefore tends to infinity 

while the factor N is not zero. 

84. Maxima and Minima. The difficulty noticed in § 159 of 
the Elementary Treatise can now be to a certain extent cleared 
up. When y) is continuous near (a, h) the derivatives 
fa and fi are both zero and, in the notation of the preceding 
article, we have for two variables A, A, 

/(a Hr A, 5 + A) -f(a, b)=F"{e)l2. 

The conclusions of Theorem II of § 83 are now applied. 
If F"{0) is a definite form F"(d) is not zero and is always 
of the same sign in the neighbourhood of (n, b), that is, when 
A and A are not both zero. On the other hand, if F'\0) is an 
indefinite form F"{0) takes both positive and negative values 
in the neighbourhood of (a, b). Hence, when is a 
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definite form f{a, b) is a maximum value of f{x, y) when the 
form is negative and a minimum when the form is positive 
hut if ^^'(0) is an indefinite form f(x, y) is neither a maximum 
nor a minimum for the values a, h of x, y. 

It is seen in the same way that if F^^\0)lr\ is the first term 
in the expansion of f{a -¥h,h + k) -f{a, b) that is not identically 
zero f{x, y) will he a maximum or a minimum for x=a, y = b 
if is a definite form but will be neither a maximum nor a 

minimum if F^^\0) is an indefinite form. 

These conclusions obviously hold for functions of any number 
of variables. 

Nothing has been said of what conclusion may be drawn 
when F’\0) is a semi-definite form ; this is the case of Peano’s 
example {E,T. p. 413). All that can be said in this case is that 
the above tests for a maximum or a minimum fail and further 
examination is necessary to decide the question of a maximum 
or a minimum. In many of the cases that occur in ordinary 
work it is often possible, as with Peano’s example, to decide 
the question by use of purely algebraic methods but any general 
method usually involves complicated expansions, and even 
then may not lead to a definite conclusion. See, for example, 
Jordan’s Cours d' Analyse, YoL I, §§ 399, 400 ; Stolz’s Differen- 
tial- und Integral- Rechnung, Vol. I, Ahschnitt V. (with the 
references) ; Hobson’s Functions of a Real Variable, Chapter YI. 

Ex. f{x, y) +y^- 2{x - y)^. 

The equations f^—O, Jy—0 give the points {^/2, ~a/ 2), ( ~\/2, s/2) 
and (0, 0) as points for which f(x, y) may have a maximum or a mini- 
mum value. The test from the character of the form ^"'(0) shows 
that/(a3, y) is a minimum at (^2, - ^/2) and at ( - /s/2, /s/2) ; the test fails 
for the point (0, 0). 

But /(A, A)=2A4>0,/(A, 0) = A2(A2-2)<0if A2<2; since /(O, 0) =0 
the function f{x, y) takes both positive and negative values in the 
neighbourhood of (0, 0), because |A| may be arbitrarily small, and 
therefore /(a;, y) has neither a maximum nor a minimum value at (0, 0). 

In this and similar cases the consideration of the surface z =f(x, y) 
is often useful. 

It may, however, be remarked that the determination of 
maximum and minimum values can frequently be effected by 
the use of algebraic inequalities, as noted in the Elementary 
Treatise (§ 76), and the discussion in Chrystal’s Algebra, Yol. II, 
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Chapter XXIV, will repay careful study. The methods of the 
Calculus are powerful, but it is a great mistake to neglect the 
resources of comparatiTely simple and straightforward algebra. 


85. Absolute Ma:dma and Minima. When a function, /(rr) say, 
is defined for the range a'^x'^b it does not follow, of course, 
that even when more than one maximum value has been found 
the greatest of these is also the greatest value of f{x) in the 
range. It may quite well happen that/(u) or/(6) or both /(a) 
and f{h) may be greater than any value of f{x) for the range 
a<x<b ; the method of the calculus implies that the values 
of X for which the function is a maximum or a minimum He 
inside the range. To find the absolute maximum or minimum 
it is therefore necessary to find the turning values, as deter- 
mined by the Calculus, and then to compare them with each 
other and with /(a) and/(6). 

It may be the case that f{a) and /(6) are themselves the 
maximum and minimum values and that f{x) has no turning 
value between a and 6. 


For example, the perpendicular p from the focus (ae, 0) of the 
ellipse x^/a^ +y^lb^ = l on the tangent at the point {x, y) is given by 
the equation 

p—h{a~- ex)^ (a -f exY"^ 

. dp - abe 

and 1 

(a + ex){a^ - e^x^)^ 

so that dpjdx is neither zero nor infinite in the range ( - a, a). As a; 
increases from -a to a the perpendicular p steadily decreases from 
a(l +e) to a(l ~e), so that a(l +6) is the absolute maximum and a{\ -e) 
the absolute minumum value of p. 

Though the maximum and minimum values of p cannot be 
found by the ordinary rule yet the sign of the derivative settles the 
matter ; even when the derivative is discontinuous the sign 
will often indicate the possibility of a maximum or a miaimum. 
Thus the function f{x) where 

f{x)=a + b^{x-cf 

is a minimum when x=C) f{x) is discontinuous for a 7 = c but 
f'(x) is negative when x<c and positive when x>c, so that /(c) 
is the minimum value of the function. 

In the case of functions of more than one variable corre- 



ABSOLUTE MAXIMA ANB MINIMA 


219 


§§ 84 - 86 ] 


sponding observations may be made. The t 5 rpe of region 
defined by tbe equation f ^ ^ = 1 in § 82 is of importance 

in some connections, for example, in the problem there treated 
and in the case of the determinant presently to be considered. 
The region has no boundaries in the usual meaning of the term, 
and every maximum or minimum that may occur is given by 
values that are within the region. 

Implicit Functions of one Variable. If the equation/(a;, y)-=0 
defines 2 / as a function of x, the determination of the turning 
values of y is of course a frequent problem in the tracing of the 
curve represented by the equation and hardly demands any 
special treatment. 


Since 


( 1 ) 


dx dy dx 

the condition that dyldx = 0 gives the equation /a, = 0 and the 
two equations /=0, f^=0 determine the possible values of 
X and y. The sign of d^yjdx^ has next to be considered ; 
differentiating equation (1) and noting that dyjdx^O for a 
turning value we get 



What is the significance of the coefficient of dyjdx in (1) and 
of d^yjdx^ in equation (2) ? 


86. Hadamard’s Determinant. Let D be a determinant of 
the nth. order, the element in the rth row and 5th column being 
a^s J if numbers a^s satisfy the n conditions 

afi + 0^2 + * • • + a^s + . . . + a^ — 6 ^ = 0 ( 1 ) 

where r has the values 1, 2, ... , tz, and is constant, then 

when the elements a^s vary continuously. 

The region defined by the equations (1) has no boundaries 
and therefore D, being a continuous function of its elements 
has both a maximum and a minimum value which may be 
obtained by the usual method of undetermined multipliers 
{E.T. pp. 414, 415). Let co-factor of a^^ i^ ^ J then 

+ ••• + ••• + ^rn^rm T = l,2, ... , n. ...( 2 ) 

Now take the multipliers ... , and let 

Fs=D — 9^1 “ 2 ''^ 29^2 — ... — 


( 3 ) 
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and the values of a^s that determine the turning values of D 
are obtained by equating to zero the differentials of the elements 
in F. The coefficient of a^s in D is Ars, and the only one of 
the functions (p in which occurs is <pr ; hence we find 

= ^=1. 2,...,?l, 5=1, 2,. ,.,71 (4) 

From (4), keeping r constant, assigning to 5 the values 
1, 2, ,n and multiplying by we obtain the equations 

Gyj^Af-i + ~f~ • • • T CCrnArn — + Clj.2 + . . . + ^rn)> 

that is, D = r = l,2,,.,n (5) 

Again, instead of the multiplier a^s take where t is any of 
the integers 1, 2, ... ,t 2 , except r; then keeping r and t fixed 
we get the equation 

+ • • • + <^tnArn — + ^t2^r2 + • • * + f^tn^rn)} 


that is, ..................(6) 

since a^j^Ari+ ... + a^„A,.,j=0. 

From equations (4) and (5) 

Ars = ar,Dlbr. (7) 


In the equations (6), r and t are any two different integers 
from 1 to w so that when D has its maximum or minimum value 
the determinant is orthogonal, that is, the sum of the n products 
of corresponding elements in any two rows (say the rth and 
the rth) is zero. (Compare the equations (1) and (6) with the 
relations between the direction-cosines of three mutually 
perpendicular lines.) 

The determinant which has A^^ as the element in the rth row 
and 5th column is equal to ; but that determinant is by (7) 
equal to Hence the maximum and the minimum 

values of D are given by the equation 
2 )n+i _ 5 ^ 5 ^ ^ ^ ^ that is, 

so that I D I {b ^^ . . . 6„) 

whatever values the elements may take so long as they 
satisfy the conditions (1). 

Cor, If I 1^ Jf, and therefore by,^nM^, then 

The above theorem is due to Hadamard and is of great 
importance in the theory of Integral Equations. 
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EXERCISES IX. 

(For answers to some of the Examples, see at end of the Set.) 

Find the maximum and minimum values of the functions in Examples 
M2: 


2 . + 4:xy + +x^, 

4. + 2x^y ~x^ + Sy^, 

6. y^ + 2z^ - 5x^ + 4£C'h 
8. xy +y~~^. 

10. {x+y)l{x^ +2y^ + 6), 

12. {y +z)^ +{z +x)^ +xyz. 

13. If all the letters denote positive numbers, show that the maximum 
value of 


1. xy%Zx + 6y~2). 

3. {x-l){y-l){x^+y^-4.). 
5. y^+x^y+axK 
7. x^ +y^ +z^ - 4xyz. 

9. (x+y~-l)/(x^+y^), 

11. (x -y)/(x^+y^ + l). 


fx^ y^ 


xy{z-h){^^ 

is {2hl5)^abjcK 

14. If 7a;® + SOx^y +21y^ =21, find the maximum and minimum values 
of a;® + 2 /®. 

15. The maximum value of xyz f {a +x){x +y){y +z){z •{■})), where all 
the letters denote positive numbers, is given by 


^_y 

a~~ x~ y"" z~‘\a) 

16. If +a;2/® + 4aa;® =0, show that y has a maximum value, - 3a, 
when X =-^, and that, if 2x^ -\-Zay^ -x^y^ =0, y is a minimum, a . 5®/®, 

Jji 

when X —a . 5^-'®. (a is positive.) (Todhunter.) 

17. If xyz — Z, the product (a; 4-l)(2/ + 1)(2J + 1) ?s a minimum when 
x—y=z=2, and if xyz—h^ the minimum value of the product 

(a;® +a®)( 2 /® +a®)( 2 ;® +a®) 

is (a® +6®)®. 


18. If xyz =^®, the product {x +a)(y +h)(z +c) is a nainimum when 

a~h~c~Xah^^ 

the letters denoting positive numbers. 

In Examples 19-24 all the letters denote positive numbers. 

19. If f{Xf y, z) —x^y'^z'^ and g{x, y, z) =x +y+z, apply the tests for 
discriminating maxima and minima to prove that/ possesses a maximum 
when y is constant and that g possesses a minimtxm when / is constant. 

Show that the theorem holds forp variables x^, x^, ... x^, and extend 
to the more general form 

g(x, y, z) —aaP' -f ■\-oz^ . 
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20 . (i) If 2 a: + + 4z =a, the maximum value of is (a/df. 

(ii) If aH^-h2by^+z^z=cS the maximum value of x^yz^ is given by 
na^x^ = l2c^ 176y3=:c^ 17z^ = dc^. 

21. If xyz ~abc, the minimum value of bczc +cay -habz is Sabc. 

22. If x^ja^ +y^ib^ +z^!c^ = 1, the maximum value of xyz is abcjZ^Z, 
Interpret geometrically. 

23. If xyz —a\x ■\-y +z), the minimum value of yz -^-zx +xy is Oa®. 

24. If x'^+y^ = l, the minimum value of {ax^ +by^)l{a^x^ +h^y^)^ is 
2{ab)ilia + b). 

25 . q?{x, y, z)= ax^ + by^ + cz^ + 2fyz + 2gzx + 2hxy, and 
yj{x, y, z)^lx +my +nz ; 

find the maximum and minimum values of where is equal to 

(i) if 9 ? =i5; = constant ; (ii) if q)—Jc and tp—O. 

If w = -kjr^j the values of are the roots of the equations 

(i) a+u, 7i, g (ii) a-\-u, h, g, I 

Ji, 6+w, / _Q. h, h +u, /, m 

g, f, c+u g, /, o^u, n 

Z, m, n, 0 

When (p=h represents an ellipsoid the volume of the ellipsoid and 
the area of the section by the plane ^=0 are 4c7ir-^r2rJZ and 
where rg, are the roots of Equation ( 1 ) and ^2 those of Equa- 
tion (ii) ; these products are easily found. 

26. If {x^ -^y^ +z^)^ =a^x^ -\-b'^y^ +c^z^ and lx +my +nz = 0, show that 

the maximum and minimum values of r^{ = x^ + y^-\-z^) are given by the 
equation _ ^ 2 ) + _ 52 ) ^ 2/(^2 _ ^ 2 ) ^ 

27. If f{x, y, z) = (a %2 4. 52 ^ 2 4 . c^z^)lx^yH^, where ax"^ -f by^ +cz^ = l 

and a, b, c are positive, show that the minimum value of f(x, y, z) is 
given by u u , v, 

^ 2a{u+a)’ ^ 26(m + 6)’ * 2c(m+c) 

where u is the positive root of the equation 

~ {bc+ca +ab)u -2ahc=0. (Schlomilch.) 

28. f{x, y, z) and g{Xt y, z) are two quadratic forms 

/= aiia;2 + 4- a^^z^ -h 2a^^yz -h 2a3i2;a; -f- 2a^^xy, 

g= h-^^x^ -f 6222/^ + + 26332/2^ + 2 h^^zx+ 2 b^^xy ; 

if y is a positive defimte form, prove that the maximum and minimum 
values of the ratio //y are the values of u given by the equation 

“11 “ %2 “ <^13 — ^ 1 ; 

®21 “ ^ 21 *^? ^22 “ ^23 ~ ^ 23 “^ “ 

®31 - ^31^» 0^32 - ^32'*^» %3 “ ^33^ 

where =o.,r, b^, = 6 ,^- (r = 1, 2, 3, s = 1 , 2, 3). 

If /=ir2 + 72:2^2^2: » 2 xy, g =x^ ^2y^ +5z^ +2yz ~2xy, show that u 
has the values 2 , 1 , - 1 . 
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29. If /(^, y) “ 6xy^ 4* 2/S and if x~ht, y =ht,f{x, y) =F{t), show 
that F{t) is a minimum when if =0 (A ^ 0, k^O) although {E.T. p. 413) 
f{Xt y) is not a minimum for a? =0, y = 0. 

Hence if x^a +11^ y =h +kt, f{Xy y)=^F{t) it is possible that F{0) 
may be a turning value of F{t) and yet /(a, h) not a turning value 
oif{Xy y). 

30. From the point 15(0, -5) of the ellipse x^fa^ +y^Jb^ = 1 a chord 

BP of the ellipse is drawn ; find the position of P when the length of 
BP is greatest. (Lampe.) 


1. Min, at (J, J). 2. Min. at (|, -^). 

3. Two minima given by 2x^ +2y^ =x +y+4= and x=y and two 
maxima given by 2x^ +2y^ =x +y +4: and x +y = 1. 

4. Min. at and at “i)- 

5. Min. at (0, 0) if a >i. 6. Min. at (1, 0, 0). 

7, Min. at (1, 1, 1). 8. Min. at (1, 1). 

9. Max. at (1, 1). 10. Max. at (2, 1), Min. at ( -2, - 1). 

11. Max. at . Min. at , ^). 

12. Ho Maximum or Minimum. 

14. The values are obtained from the given equation and the three 
equations x=0, y =2x, y^5x; the first two give minimum values and 
the third gives a maximum. 

30. If > 26^, P is given by x= ±a^(a2 _ 26^)^/(a® ~ 6^), y =b^l{a^ - 6^), 
butif a2<26S Pis (0, b). 
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INFINITE PRODUCTS. PRODUCTS AND SERIES OF PAR- 
TIAL FRACTIONS FOR TRIGONOMETRIC FUNCTIONS. 
GAMMA FUNCTIONS 

87. Infinite Products. Let /i, /g, /g, ... be a sequence of real 
or complex numbers and let be the product / 1/2 •••/»»? or, 
in the usual symbols p fr 

Definition. If when n tends to infinity P„ tends to a limit, 
P say, which is not zero unless one of the factors f^ is zero, the 
infinite product is said to converge ” or to be convergent ’’ 
and P is called the value of the product or simply the product.'" 
If P„ tends to + 00 or to - 00 or (when no factor f^ is zero) to 
zero the infinite product is said “ to diverge " or “to be 
divergent." If P„ tends to no definite limit (finite or infinite) 
the infinite product is said “ to oscillate." 

It is possible for P„ to tend to zero even though no factor 
is zero; for example, P„ = l/(7^+l) when /,. = r/(r+l) and 
P„->0 when n-^^. Of course, if any one factor f^ is zero so 
is when n'^r and therefore P^ tends to zero ; but, by con- 
sidering products that tend to zero when no factor f^ is zero as 
divergent, the property that a product does not vanish unless 
one of its factors vanishes, remains for convergent products. 

Thus, if no factor is zero and if tends to a limit P that 
is not zero, | P„ | must be greater than a positive constant, 
G say, for every value of n ; because m may be chosen so that 
I |>Gi>0 when n>m, while | P^ | is not zero when n takes 
any one of the m values, 1, 2, ... , m, since no factor/,, is zero. 
Hence | P„ |>U for every value of n, where O is any positive 
constant less than (7^ or than any of the m numbers 1 Pi | , 1 P 2 1 » 


224 



INFIN-ITE PBODXJCTS 


225 


[cH. VIII. § 87] 

In testing for convergence the condition that the limit P 
is not zero unless a factor is zero must be specially noted. 

The notation for an infinite product is, in analogy with that 
for an infinite series, 

n/n or Ufn or U(l+Ur,) Or rKl+'Z^n) 

n=l n—1 

the brackets being used when the factor contains two or more 
terms. 

In the following work the symbol s has the usual meaning. 

Theorem. The product where P„ =/i/ 2 . • * when 

n tends to infinity, tend to a limit P, that is not zero unless one of 
the factors f^ is zero, provided there is an integer m suxdi that 

(i) l/«+l/n+2”-/n+»-l|<«if = 2, 3,.... 

This condition is equivalent to the following which is often 
more convenient in practice : 

(ii) £ (/n+i/n +2 •••/«+» -1)=0>2> = 1> 2, 3,.... 

n->oo 

The product fn+l fn+2 • •* fn+ 3 > 1® 

(а) The condition is necessary. If no factor fi is zero | P^ | 
is greater than a positive constant 0 for every value of n while, 
if Pn tends to a limit, m may be chosen so that | Pn+p -Pn\<sG 
when n'^m whatever integer p may be. Hence 

I Ul /n +2 •••/«+.- 1 1 

so that |/^i/„+2.../„+j,- 1|<£ if J) = l, 2, 3, .... The 

condition is therefore necessary. 

(б) The condition is sufficient. Let e = |- ; since condition (i) 
is satisfied m may be chosen so that, whatever integer n may 
be provided that 7^>m, 

l/wH-l /w»+2 ••*/n ““ 1 1^ ij or, i ^,\fm+lfm+2 ••• 

and therefore, m being now fixed, 

j\Pm\<\Pn\<i\Pm\ iin^m, (Jc) 

If therefore P^ tends to a limit that limit cannot be zero unless 
a factor of P^ is zero. We have now 

I ^n+p ” i ~ I I I fn+l fn+2 * * * fn+p “ ^ | • 

But i Pn I < f [ Pm 1 < -^5 a constant, by (k) ; and, since 
condition (i) is satisfied, there is an integer y (which may be 
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taken greater than m) such that i/n+i •••/n+j? “ 1 \ <elK when 
= 2, 3, ... . Hence 

\Pn+v'-Pn\<£ if = 

so that P„ tends to a limit which, as has been shown, is not 
zero. 

OoT. 1. Let jp = l. For convergence it is necessary that 
/n+i or (what amounts to the same thing) that should tend 
to unity when n tends to infinity ; it is therefore usual to write 
the t 3 npical factor in the form {l+u^), where when 

n~^ 00 . The form is, however, useful, and =fn - 1. 

The condition that is necessary but not sufficient 

for convergence (§ 88, Ex. 1). 

The two Lemmas that follow are often required. 

Lemma 1. l+a<6®ifa>0; l~a<e~^ if 0<a<l. 

See § 25, Ex. 3. 

Lemma 2. If | | =a„, whether is real or complex, 

[ (1 +U^,^.2) ... (1 +^n+j>) - 1 I 

= (i +®n+l)(i +®nH- 2 ) ••• (i +®n+3>) ~ i* 

Take three factors, 

1 +^i,.l +u, 1 +t^ where \u\ =a, \v\ —h, \w\ =^c; 
then (1 +w)(l +v){l +w) - 1 =(u +v +w) +{uv +uw +vw) +uvw, 
and therefore 

1(1 +u){l +v)(l +w) - 1 |^(a + 6 +c) +{ab +ac+bc) +abc, 
that is ^(1 +a)(l +6)(l +c) - 1. 

The proof is obviously quite general. 

88. Tests for Convergence of Products. Two tests for 
convergence will now be given ; these will be sufficient for the 
applications we make, and Bromwich’s treatise on Infinite 
Series may be consulted for further information. 

Test 1. If is real and positive for every value of n the 
product 11(1 +af) converges or diverges according as the series 
converges or diverges. 

Let 5,1 + ag + ... + and, when Sa,, converges, let 5^ tend 

to s when n tends to infinity. 

(i) Let be convergent. By Lemma 1 of § 87, 1 + a^<e‘^^ 
and therefore 

Pn = (l +af){l + af) ... (l + aj< ... 


so that 
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Thus Fn increases as n increases, but is less than the fixed 
number for every value of n ; therefore tends to a limit 
and the product 11(1 +a„) is convergent. 

(ii) Let Ttan be divergent. In this case 

= (1 + %)(! + ag) . - . (1 + = 1 + + (positive terms), 

and therefore + oo when n->co since does so. The 
infinite product IT(1 + is therefore divergent. 

Test 2. If Un is any number, real or complex, and if \Un\ 
the product Hil -\-uf) converges if the product 11(1 +Un) converges. 

By Lemma 2 of § 87 

j (1 ... (1 + ~ 1 j 

= (1 ^«+i)(l + ^w+ 2 ) •** 

Now (§ 87, Theorem) [(1 +a^+i)(l + fl^n+ 2 ) ••• (1 + ~~ 1] tends 

to zero when n tends to 00 if the product 11(1 +an) converges; 
therefore, when 11(1 -\-af) converges, 

j ( 1 -f- ( 1 + 'W’n- 1 - 2 ) * • * ( f t I 

also tends to zero when n tends to infinity so that the product 
11(1 -t-^«^n) is convergent. 

Definition. If is real or complex the product 11(1 +u„) is 
said to converge absolutely when the product II ( 1 + | 'W'n | ) 
converges. 

Hence 11(1 + uf) converges absolutely if E| | converges and 
Ilfn converges absolutely if - 1 1 converges. 

Again, since 11(1+^^) cannot converge unless when 

n-^oo, it may always be assumed in testing for convergence 
that |u„|<l ; the omission of all factors in which 
would at most afiect the value of the product and not the 
property of convergence or divergence. 

Suppose now that 11(1 -huf) is expressed in the form 

p^n(i+^.)=n(i+t6n)x n (i+^.)=p^.e. 

1 1 jn + 1 

00 

where Q^= JJ {I +Un)- 

mi-1 

The product P will or will not converge according as the 
product Qm does or does not converge. Further, we may 
suppose \un\ to be not merely less than unity but less than 
any positive number c when considering the convergence of 
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the integer m being taken large enough to make 1 -2^^ |<c 
when n^m. 

An expression for log P will now be found and the assumption 
is expressly made that every logarithm has its ^trincipal value. 
Suppose (i) that the series 

00 

(“-) 

m + 1 

converges, its sum being I ; (ii) that m is so large that | Z |<; ; 

and, therefore, (iii) that I is the principal value of logQ^. 
It follows that 

P =P„ . = (1 +«i)(l +M 2 ) ... (1 +M™)e* 

since Qm=e^. 

Again, by § 70, 

m 

log [(1 + %) (1 + Mg) . . . (1 + «m)] = S log (1 + “«) + 

where k is zero or a positive or negative integer. Hence, since 
l=logQ^, 

logP = Xlog(l + Un) + 2k7ci + I 
1 
00 

= S (1 + '^n) + • -(z^) 


The number k is not zero, in general, but it is finite (not 
greater than m numerically) ; even when is real the factor 
(1 +'24„) may be negative and therefore log (1 ^u^) may be 
complex for several values of n. 

If there is no value of m for which the series (a) converges 
then the product and therefore also the product P cannot 
converge. The existence of the number Z, that is, the con- 
vergence of the series (a), is therefore both sufficient and 
necessary for the convergence of the product 11(1 + u^. 

Note. In testing the convergence of S | | a useful com- 
parison series is S ( 1 /?^^). Thus S | | converges if | 

a constant, when oo ; for if k' >k and n sufficiently large 
\un\ will be less than k' and therefore | | < k'jn^. But 

T,{l/n^) converges and therefore \ will also converge. 

E^.i. (i)n(i±^); (ii)n(i±g; (iii)n(n-l). 

The products (i) and (ii) converge absolutely {x may be real or 
complex) because '2(1 (n^) converges. The product (iii) diverges because 
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'2 {I In) is a divergent series. The product (iii) is an example of a 
divergent product 11(1 +u^) for which u^-^0 when oo so that, as 
for infinite series, the condition that when n-^oo is necessary 

but not sufficient for convergence. 

Ex. 2, If cin positive and less than unity for every value of n and 
divergent the product 11(1 — a„) diverges to zero. 

Of course it would be the same thing if < 1 for n^m, some fixed 
number. IsTow 

1 — 1 
1 - j so that 0 < 1 - ar<^ and therefore 

^ 1 + a,. ^ 1 + ar 

9"^ n (1 — n (1 +Ctr)* 

r=l r=l 

n 

But the product JJ (1 + 05^) tends to +oo when n-^oo and therefore 


the product 11 "fco zero when n-^oo . 

Ex.Z. If Where 0<x<y, show that 


- 0 when n-> co . 


Here 


X +71 _ 
y+7i' 


:1 - 


y -a? 

y + n' 


Bet ^ — ~ =a« and the result follows from 
y+n 


Ex. 2. 

Ex. 4. If 


= and if 6 > 0 when n oo , show that 


when . 






^n-2 ^ I 


-*3 “'n—l '^n J.a=i 

When r is large differs but little from the limit 6, say 6^ > 6^ > 0 
when r > m. The series 2(b'ln) diverges to co so that aja^ diverges 
to 00 and therefore a„-»- 0. 

Ex, 5. The product 11 e converges absolutely for every 

value of X, real or complex. 

By § 68 we have 

1 


Hence 


-r ft ^\ft ^ ^ x^ 1 

(1-1 — ] 6 ’*' = (1-1 — J(1 h-l- — 2 ■" oT 

\ nj V nj\ n ^ 3! : 

_ a;2 ^3 


and therefore | " 1 1 1 1 a; | ^ when n oo so that the series 

^ 1 /n “ 1 1 converges and therefore the product 11 converges absolutely 
for every value of £c, real or complex. 

This example is of fundamental importance for what follows. 
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89. Derangement of Factors in Product. It is proved in § 59 
that no derangement of the terms of an absolutely convergent 
series alters the sum of the series ; it will now be proved that 
no derangement of the factors of an absolutely convergent 
product alters the value of the product. 

Let the sequence ^ derangement of the 

sequence /j, fz, • • • in the sense that every element in one 
sequence occurs once, and only once, in the other. 

Suppose that II/^ converges absolutely; then the series 
2(/n-l) converges absolutely and, by §59, no derangement 
of its terms alters the sum of the series. Hence the series 
which is derived from the series S(/^~l) by a 
derangement of its terms, is absolutely convergent (with the 
same sum) and therefore the product is absolutely conver- 
gent. It has now to be proved that II and Ug^ are equal. 


Let Pm = f[fs and = ft 

s=l r=l 


However large m may be, n may be chosen so that 
contains all the factors that occur in ; but whatever integer 
r may be there is one, and only one, integer s such that g^ 
and therefore the quotient QnjPm contains only factors 
, /x such that the integers a, , A are each greater 
than m. Thus 



m 




and, since HA is absolutely convergent, l/a/e-.-A-l 1 tends 
to zero when m-^co . But when m-^oo so does n and there- 
fore QJP^ tends to unity and and Q„ tend to !!/„ and 
TJg„ respectively ; but n/„, being an absolutely convergent 
product, is not zero so that np„=II/„. 


1 . Show that 


EXERCISES X. 


00 . 

(i) n { 

2. Prove 


1 - 


ft (fc-Ai- 

/- I.3.5...(2n-1) „ 

A> 2 . 4 . 6 . . . 2n 
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3. If 0 < X < y prove that 

4-1) ... (x +n — 1) 1 

^ 7^1 2/(2/ + 1) ...(2/+w-l)(2/ + n)”2/“a? ‘ 

4. If the factors (1 + 1/r) and (1 - 1/r) are multiplied by e~^'^ and 
eiir respectively, prove that the products 

-a 

are convergent while the products 

n(l+h and n(l-^) 

diverge, when n^co , to infinity and to zero respectively. 

5. Prove that the equation 

, x{x-l){x-2) ^^^x{x-l)...(x-n+l) 

2! 3! + — + C 1) 



holds for all values of x and investigate the relation, when n-^ao, 
between the series and the product. 

6. If ^n(^) = n (1 +XUr) 

r=l 

n 

show that ^n(^) = 1 + 2 

r=l 

where is the sum of the products of ... taken r at a time, 

and deduce that if '2u^ is absolutely convergent 

n (1 +ani„) =1 + 2 a„x”-, 

n—1 n—1 

the series being absolutely convergent for every value of x, 

[If = I % I + I ^ 2 1 + ••• + I I if S when n-^ oo , then 

w— »-oo r=l 

also ■ |(Tr|<;SJ/r!if r>l.] 

7. If I a: I < 1, show that 

(1 +a:)(l +a:=')(l +x*) ... (1 +x‘‘^) ... =1/(1 -x). 

8. Prove that if | g | < 1 the four products, n = 1, 2, ... , 

ffo=n(l-g»"), ffi=n(l+?“), 

ffa = n( 1 + g, =n( 1 - 

are absolutely convergent. Further, 

Soe3=n(l -?«), 9iffa=n(l +s”), 2'i5jg'j = l. 
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9. If /(a:)=n(l +q^^-^x), show that (1 +qx)f{q^x) =f{x), 

00 

and if /(a:) = 1 + ^ 


show that 
and 




A ^ g . 5 

^1-1 _ 52 » ^«“(l _^4) (1 _^2n) 




10. If i^(a;) =n{(l show that qxF(q^x) is equal 
to F(x) ; then prove that F(x) may be represented by a series 

where jBo = l/go, ^To being the product in Ex. 8. 

11. If I a I >1, prove that 


. 5 , 0 - 1 )=..?, 5 ^ 


^ «=1 

12. If I a I < 1 and | a; | < I, prove that 


l)(o2_i)...(a^-l)- 


nJi_U) '+2(1- 




90. Uniform Convergence. If the factors /„ are functions 
of a real variable Xy say/„ = l the question of uniform 

convergence arises. It is sufficient for our purposes to consider 
the case that corresponds to the convergence of series when the 
Jf-Test applies. It is assumed therefore that 

(i) each function Un{x) is defined for the closed interval 

(a, h) ; 

(ii) I Uji,{x) \ <M^ for every n, where is independent of x ; 

(iii) liM^ is convergent. 

If P(ic) = n{l + Un(^^)} the convergence will be uniform, and, 
further, if each function u^ix) is continuous for a^x^h the 
product P{x) will be a continuous function of x for that range. 

That the product converges both absolutely and uniformly 
follows from the fact that ^\uJx)\<'ZMn and that the con- 
vergence of S I uj^x) I is therefore independent of x. 

Let P„(a;) = n {1 + Unix)} , = II ( 1 + M„) ; 

r=l 

then j Un(x) |<lf„ and therefore, by Lemma 2 of § 87 and the 
conditions for convergence, m may be chosen (and then kept 
fixed) so that 


I Pm+ip(^) Pm(^) I m+p Q„,< e'< s 


( 1 ) 
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for every x such that and for jp = l, 2, 3, — Now 

let ; therefore 

I P{x) - P^{x) I ^ 8'< £, a^x^b (2) 

Suppose now that each function u^ix) is continuous. If x^ 
is any number in (a, 6) we can choose h so that 

\Pm{^)-PJ.x-i)\<e if \x-x^\<'h (3) 


because PJix) is the product of a finite number of continuous 
factors. 

Hence P{x)-P{x^ 

= [P{x) - P^{x)-] - [P{x^) - P^{x^)-\ + [P^{x) - P^{X^)1 
and therefore, by (2) and (3), 

I P(a;) -P(a;i) 1<36 if \x~x-^\<ili, 
so that P{x) is continuous. 

Differentiation. If u^ix) is continuous for a given range, say 
for a^x-^b, the derivative of log P(x) is given by the equation, 

P'{x) __^ K{x) 

P{x) ^l+u^{x) 

when the following conditions are satisfied : 

(i) I 1 +Un(x) I > ^ > 0, for a^x^b, and for every value 
of n ; 

(u) I Un(x) |< Bn, independent of x, for a^x^b and for 
every value of n ; 

(iii) 'ZBn convergent. 

When these conditions are satisfied the series 

^ 1 + Unix) 

converges uniformly for the range a^x^b and therefore {B.T. 
p. 400) the series is the derivative of the series for log P{x), 
The above conditions are not very wide, but they are suffi- 
cient for many applications. 


Ex. If P(x) =£c U f i + show that 

2 V ^ ^ / 

P'i^) 1 A l<=7, 

-^ = ~+X'-¥ 0<a’^\x\^b 


P{x) X 


where 6 is arbitrarily large. 

Un{x)~x^Jn^7i^ and therefore P{x) converges ■uniformly for every 
value of £c, I a; 1^6. If Vn{x) =2xl{x^ the limit of n^Vn(x) for 
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n-^oo is 2x1 71 ^ ; may be taken to be 2hjn^7i^ and is con- 

vergent. Obviously 1 +Un(^) positive for every value of n and x. 
The term Ijx requires that jrcl be positive. 

91, Tannery’s Theorem. The Theorem for products corre- 
sponding to that of § 63 for series may be stated as follows : 

If F{n) = n {1 + Ur{n)}, where N is b, function of n that tends 

f =0 

to infinity with n and u^in) is a function of n, the product F{n) 
will tend to a limit when 7i tends to infinity provided the 
following conditions are satisfied : 

(i) jT Urin) =Vr, when r is fixed ; 

«->QO 

(ii) I Uri'^) I ^ Mr, where is independent of n ; 

(iii) HMr is convergent. 

When these conditions are satisfied F{n) tends to a limit 
when n and the limit is given by the equation 

F(n) = n (1 +Vr). 

n—H'Oo r—0 

As in § 63, it is plain that 2 | | converges and therefore the 

product n(l is convergent. Again, since n and therefore 
also N is to tend to infinity, we may always suppose that N 
is greater than any given integer m, however large m may be. 
Now take the notations 


•Ps(w)= n{i+%w}, Q5=n(i+Vr), Q=n(i+Vr), 

r=0 r=0 r=0 

and express F(n) -Q in the form oc-h/S- y where 

(x=PJn)-Q^, p=P^{n)-PJn), y=Q-Qn. 

We now have 

1 = I Pmi'n') fi {1 + - 1 

lr=m+l 

m p jv —I 

sn(i+ifr) n , 

r=0 Lr=w + 1 J 


\7\ = \Q. 


m 

r—m + l r~0 


n ( 1 +M,) - 1 


Since and therefore 11(1 +-Mr) converges m may be 

chosen so that, given s as usual, both | /3 1 and | y \ will be less 
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than e. When m has been chosen let it be kept fixed and then 
may be chosen so that if -w. > % the modulus 
l«-| =|P„(n)-Q„| 

will, by condition (i), be less than e. Hence 

I PW - ^ I < 3e if n > Wi, or y^P(w)=n(l +«^r). 

n— >00 0 

This Theorem is essentially the same as that stated by 
Chrystal on p. 346, Part II, of his Algebra, 


92. Infinite Products for Trigonometric Functions. The ex- 
pression of sin X, sinh x and similar functions as infinite products 
was given by Euler in his Analysis Infinitorum, VoL I, §§ 156 
et seq. ; the following method, which is an improved version 
of Euler’s, is given by Tannery and Molk, Fonctions Elliptiques, 
I, Chapter III of the Introduction, and is said to be due to 
Darboux. 

Let + , 1 ) 

where n is an odd positive integer and x is any number, real 
or complex ; /„(^) sinh x when -> oo . 

fn{x) is a polynomial of degree n in x] the absolute term of 
the polynomial is zero and the coefficient of the first power of x 
is unity so that 1 when re 0. 

The roots of /„(x) = 0 are 0 and where 

Xjc=intajii{k7i;ln), ^ = 1, 2, ... , \{n -1)=N, 
and therefore 

fnix) =Axtl. [x'^ + n^ tan^f— ^ = constant. 
h=il \ n/ j 

But fn{x) I X >-1 when ; therefore 

“■* /-w =».n (n- .., J’fc,;.) } ■»=«’>-') (2) 

We now apply Tannery’s Theorem, § 91. The greatest value 
of JcTijn is (n - l)7zl2n which is less than 7c/2 so that n^ tsbjx^ (Jenin) 
is greater than Jc^n^ and therefore, if | | = 

I {1 + x^jn^ tan^ (Jen/n)}] < 1 + a^jlc^n^, 
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and tke series Ha^lk^Tt^ converges. ^Further, when Jc is fixed, 

^ {1 + x^jn^ tan^(^?^/7^)} = 1 +x^lk^7z^, 

n— >-00 

The conditions of Tannery’s Theorem are therefore satisfied ; 
and since /„(a;)->-sinh x when oo, we find 

sinha;=a;n (1 + x^/k^7t^)=x]J (1 +x^ln^n^), (3) 

jfc=i 1 

and the product converges absolutely and uniformly for the 
range \x\^K where K is an arbitrarily large positive number. 
The number Mn of § 90 may be taken to be 

Again, cosh a; = sinh 2a;/2 sinh a;. The product (3) is abso- 
lutely convergent, and therefore the factors of the product may 
be arranged so that one set contains x and the even multiples 
of 7 c while the other contains the odd multiples of jt ; thus 

Siii]i2a;=2*n^(i +5^) X nji + (2^ 3 1)2,,. } . 
and therefore 

00 r 'I 

cosh X =^n 1^1 + _ 1 ) 27 ^ 2 / • 

The formulae (3) and (4) are valid for complex as well as for 
real values of x and therefore if ix is substituted for x we find 

8in«=«n^(l-^.) (5) 

m 

93. Expansions in Partial Fractions. The products in (3), 
(4), (5) and (6) of the preceding article may be differentiated 
logarithmically (§ 90). Thus from (5), if 0 < £c < tt, 


cot 07 : 


= — I- 

X 07^ — 


2o7 


n=»l 


07^ — 


= v/- 


. ^ , 1 1 

^oinTi + x {n+l)n~xj 

Again, cot ^x — cot x = l/sin. x ; therefore 

1 1 00 9^ 

=-+ V' ( ~ 1)^ 

smo7 07 x^-n^n^ 


..(1) 

(la) 


(2) 


n-0 



1 

nn^-x 


1 

(n + l)n~x 


}• 


(2a) 



237 


§§ 92, 93] EXPAIJTSIOKS IK PABTIAL PBACTIONS 

Another method of obtaining an expansion in partial fractions 
is given by Tamiery and Molk (see § 92) and is, like the method 
for obtaining an infinite product, said to be due to Darboux. 
The method may be seen by taking the function l/sinho:, 
defined as the limit of where fn{^) is the polynomial 

of § 92. 

Express as a sum of partial fractions ; since fn{x)/x^l 

when x~^0 we have 


M^) 


---+ y 

a: 


, y' 

Xj, a: '■ 


N = l{n-1). 


Now {E.T. p. 291) if fn{x)=dfn{x)ldx the value of Aj, 
1 /fn{xjc) ; therefore, as is easily proved, 

11 2xAz. 

so that 

Apply Tannery’s Theorem, § 63. If k is fixed 


IS 


.(3) 




2x 


/y<2 

X'h 


+ k^7Z‘^ 


(For the limit of Aj. see § 25, Ex. 5.) 

Next I Ajfc I <1 and \x^ -x%\>\ Tc^n^ -\^\^ \ so that 

2xAj, 

x^-xl \k^7t^-\x\^\ 

If X is not a multiple of n the series 

2X 


S' 

Jfc==l 




is absolutely convergent and therefore the conditions required 
by Tannery’s Theorem are satisfied, and we find 


•w 


1 I ^ 2x 

sinh X X ^ x'‘^ + 

The values 0, ±nm are of course not values that x may take. 

In (4) put ix in place of x and the series (2) for 1/sin a; is 
obtained. 

By either of the above methods various series may be 
derived ; as the product formulae hold whether x be real or 
complex the series for a trigonometric function can at once be 
transformed into one for the corresponding hyperbolic function 
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and vice versa. An identity sucli as tan a; = cot x~2 cot 2x is 
also useful. Several of these series are given in Exercises XI 
and many developments which lie outside our limits will be 
found in Chrystal’s Algebra, Chapter XXX, Bromwich’s 
Infinite Series, and books on Trigonometry, such as Hobson’s. 

Ex. 1 . Show that if 0< x< n 


, n 

mx " 


r=0 


1 


\r7t+x {r-hl)7t-x, 
where ^n(^) < 2/(n + l)n. 

Write equation (2a) in the form 

sina; \m-\-x (r + l)n -x. 


f=0 


+(-\r+^B„{x) 




where B„(x) =m„+i - m „+2 + ... , Mr =; 


~r7Z-\‘X {r ~x' 

If 0~x^7t, Ur> Ur+it r —n + 1, n 4-2, ... and therefor© 
iJ„(a:) < M„_n < 2/(n + \)n. 

Ex. 2. Show that 


cos X - cos ot.= ( 1 - cos CL)(fi- 


CX.-{-X 


(cos X - cos a) = 2 sin — ^ sin — ^ 


0,2 

X,etic=0,* l-cosoc = '^^l 


{a.-x)^ 

4n^7t^ 


•7t~~oLy 


{cl + xY 

4:71^71^ 


{2n7t+a.^JJ 


)}■ 


Take the quotient (cos x - cos cl)}{\ - cos ol) ; the typical factor is 
4:71^71^ — {cl ~x)^ ^ 4n^7z^ - (a, +x)^ 

4n^7z^ — CL^ 4n^7t^ — a.^ 

“2n.i+aX^ “2re.i-aX^ ■^2nn + a) 


X'-fSSTTJiX' 


\ 

{27171 +a.)V * 


TO , ” 1 

Ex. 3. Find the values of —s , . 

JLJ ^2 ^ YiJk 

n— 1 n—1 

From the infinite product for sin xjx we find 

, sina? x^ \ 

Now if x^ < 71^ and is the series 

A 1 

^ 7n^7cy'"m^7u^'^27n^7t^'^ 


1 x^ 

3 m^Tt^ 


+ ... , 
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the series and satisfy the conditions for derangement of § 66. 
Hence we have 

- 2^ log ( 1 "5^ ) =o^‘+c^x^ +c,x^+ 


( 1 ) 


where 


1 _ 1 ^ 1 
^2 ^ ^2 » ^4 2 -t—/ ’ * * * 

Again, since sin xjx = 1 -x^J6 +x^J5l — etc. 

OS* 

“V“6~ 


120 




6 120 


+ ... +, 


and, as before the series may be re-arranged in powers of x, so that 


, /sin x\ x^ X* 

_log(^_j=_ + _+. 


.( 2 ) 


The series (1) and (2) are convergent for a common range, say for 
x^<a^ ; therefore equating coefficients we find 


Cj-g or 4 ^^-- ^ 


00 1 2 


OO , 


®‘~180 4 Jn *~ 90 ' 


In the same way the values of 2n~®, . . . may be found. 

Ex. 4. Show that 2(2n - I(2n - 1)“^ = 71^96, .... 

Proceed as in Ex. 3, using the infinite product for cos x. 

94. Bernoulli’s Numbers. In equation (1) of § 93 put zx 
for X ; then we find 

1 00 

cotha:=i+y , f ,, (1) 

n=l 

and if we now put for x the equation (1) gives, after a slight 
reduction, 

J ==!-!« + 2 (2) 

The series in (2) may he expressed as a series in powers of t ; 
for if \t\=OL<:27t we have, n = l, 2, 3, . . . , 

4tn^7t^ + t^~ 4tn^7t^ \ 4n^n^) 




4:71^71^ (4^2^2)2 




{4:n^7t^y 




G.V.O. 
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This series converges absolutely if | ^ | =cc< 27i, and therefore, 
t>7 § 66, the series in (2), namely, 

00 c» 

W=1 W = 1 ' ^ 

may be evaluated by summing first with respect to n and next 
with respect to m. Thus 

^2 00 / 2 m 00 *1 

^ __ _ N? Z' _ 1 ~ NT' ^ 

n2m 




4t.n^7z^ + 1 


:2 2( ^( 27 ;;) 2 « 2 to 2 

m=l ^ ^ n=l 

_ / _ 1 \w-l ^2m *277 

- Zr V {2nY^ 


if 


m=l 

11 

q 

^2771 — 12m 


2m * 


.(3) 


Hence, if we now, for convenience, interchange n and m 

we get f s 

= 


■ 


»=i 


Again (E.T. p. 404, Ex. 7) 




■( 4 ) 

.( 6 ) 


where B^, ••• are Bernoulli’s numbers. Therefore ^ equating 
the coefficients of in (4) and (5) we find 


B —2 S 


.( 6 ) 


It may be verified from this expression for B^ that the 
series (5) converges absolutely when \t <2n\ for >S^ 2 n+ 2 <^ 27 i 


and 


^^7^+l . , 


_ ^2n+2 . 
^ 8,, 


_£12 

271 


< 


271 


B^ {2n + \){2n 2) 

Equation (4) shows that tl{e* — 1) is expressible by a power 
series and therefore the Maolaurin series (5) is now justified; 
also (5) holds for complex values of t since in (4) t may be 
complex. 

The remainder after the term in equation (5), may be put 
in a convenient form, t being real. Eor 

2t^ 


4:n^7t^ + 


=22(-ir-i' 


r=l 


{4:n^7t^Y 

+(-ir ■ 


2^2 w+ 2 

{4:n^7t^ + t^){4:n^7t^)^ ^ 



Bernoulli’s numbers 


241 


and therefore, when summation is made with respect to n in 
the series (2), the coefficient of ( - l)«i^ 2 w +2 jg 

00 1 CO 1 off 

t V--——— rio 

(471^2 (4:71^71^)^+^ {27t)^^+^ ’ 

so that the coefficient is of the form where 

O<0^<1. 

Hence, interchanging m and n as before, we see that the 
remainder B^it) after the term in in (5) is given by 






,t^+^ 0<6„<1. 


.(5a) 


' (2n + 2)l 

If ^ is complex the above reasoning fails, but there is a 
similar form. 

t t 2t 

Smce e«+l-e«_i e^-l’ 

we deduce from (5) that if | if | <7z, 

m 

and, by putting ix for t, series expressing various trigonometric 
functions in terms of jSg, ...may be found (see Exercises 
XI). 

The following values of B^ may be useful : 

Bi=^i ^2~irVj 

See Chrystars Algebra, Part II, Chapter XXVIII, § 6 ; 
Nielsen, Traite Mementaire des N ombres de Bernoulli. 

For the expression of B^ as an integral see § 165, Ex. 5. 


EXERCISES XI. 


1. Show that n = (e" -e"’^)/2jr. 

2. swth.1 


A t‘\ X X X X sina? 

4. (i) cos g cos g 2 cos gj cos gj ... =— 5 

(ii) gtaag+ptan^ + ^tan jj + ... = 
What restriction is there on x in case (ii) 1 
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w 35i> 

(ii) cosa:= -4sm2p^. 

sin 3a; (f. 2x V 2x 

3 sin a:“ W nu +xA nn -xjj ' 


[CH. 


(Laisant) 


Examples 7-17 are taken from Chapter IX of Euler’s Introductio in 
Analysin Inflnitorum. 
e6+a;+eC“® ^ 


7. 


+e<^ 


-n.{ 


1 + 


4(6 -c)x+4:X^ 


n=l 


.}■ 


^ Qi>+x_^c-ca 2a; 

8 . 


4(6 -c)x+4:X^ ^ 


-c)„n + 


9. (cosh a; + cosh c)/(l +cosh c) 
2cx +x^ 


= n{(i 4 

n=l 


Yi gg^~g!— U ■ 

(2n - 1)%2 +c 2A (2n - +^ 2 ;/ 


10. (cosh a; --eoshc)/(l - cosh c) 

7T2\iir/ 2ca;-l-a;2 


V cV/illV 4n%2+c2 

11. (sinha; +sirLhc)/sinhc 

12. (sinh X -sinh c)/smh c 




2ca; - 

471^7^2 _|_^l 


)>■ 


1 + 


( - l)”2ca; +a;^ ^ 
n^jT^+c^ j 




( _ 1)^-1 2ca; -ha ;^ 


>■ 


13. By putting ix for x and io for c, or otherwise, deduce the formulae 
for the circular functions corresponding to those of Examples 9-12. 
Eor instance, from 9, if w =2n - 1 


cos X -h cos c 
1 + cos c 




If 1 ^ 

2a: N 

fi 

\V ^(271- 

-l)7r -2 c7 

\ (2n - l)7c -f2cy / 


16. 2EAz£) = ['i_5An(fi+_^Yl-^-')L 

smc V <> 4=1 A nTT-cA nn+cjj 


16 . 


cosh X - cos c 
1 - cos c 

cosh X -}- cos c 
1 + cos c 


"(^ +^ni--cj0(^ +(2nf+c)0} 

X^ 


= n{{i.- 


r.X 


1 +- 


(2n ~l7t-\rc)^A {2n-l7i-c)‘ 


c-cp))' 



vm.] 
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18. From Examples 16, 17, deduce products for cosh 2w±cos 2u and 
deduce the value of 

TT ( -4:n + 5 \ 

- 4ri, + ly ' 


/A TT / 1 , ( ^^n/2) - cos (nxM^2) 

W“ 2^ 

20. sin Jix = Jix{x + 1) H 1 ■ 

n=i^ n(n+l)/ 

21. coth a; = ^ ^ 2^ ~2 • 


n=l 


22. (i) e2f^=J_+2v(_i)„ 

' ’ sum an an n * 


n=l 


a cos nx 
+a^ ' 


(ii) 

^ ^ cinVi f~t nr jf ^ -i '■ ^ 


(iii) 


sinh an n 
sinh X 


-=v/ 


n^+a^ ’ 
2x 


-n^x^n; 
-n< x<n ; 


coshx+cosc ^■y\[i2n~l)n-cy^+x^~^l{2n- l)n+cf+X‘ 


2x 


4- 


23. tan x = ^ 


8x 


^^(2n-l)^n^-4x^’ 


24. tanh 


8x 


25, 


^^(2n-l)^n^+4x^^ 

— = V f - i\n-i M2n - l)jr 

,sx ^ (2n-l)%2-4a!2' 


cos a; 

n=l 

26. -4-= V ( - D" - 

cosh a; ^ '' (2n - l)^n^ + 4x^ ’ 

2a 


27. h V ^ 
a 


n=l 




= TT coth an. 


Put an for x in Ex. 21. Many numerical series may be expressed in 
finite form by assigning particular values to a; in Examples 21-26 and 
similar examples. 


28. X cot 37 = 1 - 


2^^B^ 


»i=i 


(2n)l 


I a; I < jr. 


29. (2®" - 1) 


n=l 


(2n)! 


I I ^ 

l»l<2- 


n=l 


30. -^=i + y(^n^x^n 
sin a; . Zj (2n)l ^ 


\x\<n. 


31. Derive the series for the hyperbolic functions corresponding to 
the circular functions in 28-30 by putting ix for x. 
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32* By multiplying the power series for (e^ — l)jt a/Ud the series ( 5 ) of 
§ 94 for tl{e^ - 1) prove that 

33. Show from equation ( 2 ) of § 94 that if 0 < i 

12 ' 


Note that 




34. Expand the logarithm of the infinite product (i) for (sin x/x) 
and (ii) for cos a; as a double series, and show that it may in each case be 
arranged as a power series in x (see § 93, Ex. 3) ; then show that 


(i)log^=-S 


(2n)l n 


n=l '' 


35.sec.= 22 !!^x,» 

n=0 




T 2«X1 — 




mJUt > er9MJL 


^ ^ 2n+l ” ][ 2n+l 32n+l ^ Q2n+l 7 2n+l ^ • 

The numbers are called Euler’s Numbers. Ei = 1, E 2 =5, Eg =61, 

E 4 =1385. (Chrystal’s Algebra, Part II, Ch. XXX, § 3 and § 15.) 


36. Prove that 1 + 


2 m - 1 ^ ^ ^ ( 2 m - l) 22 ”‘-i ' 


Apply the inequalities ( 6 ) of § 11. 

37. Prove that and E^ are both positive and tend to 00 when 


Examples 38-40 are from Tannery and Molk, Fonctions ElUptiques I. 

38. If Z is real and positive but not greater than unity, show that 


cos Ax 1 


n=l 

n m 

= A S ( 

m— >C30 n=“ -m 


2x cos nXn 


, cos nXn 


X ~nn 



§ 95] the gamma fdtstctiok 245 

Let fn(^)='^9n(^)ly’n(^) where n is an odd positive integer and 
cp^{x), V'n(^) polynomials in x, namely : 

-W’ '■<»'-{' -$)"-(■ -?)■' 

/n(^) hslsri X when n -> oo and xfy^{x)~^l when a; 0. 

Express in partial fractions ; the roots of =0 are a; =0 and 

x= ±a3fc= ±nt8Jii(kjzjn)> k = l, 2, ... , ^(n - 1) =N, 


/nW 


=i+y 


'x+xj 


and 


^]c=^Jc 


/ jx^ pos (k7iln) -\^ 

^ ^ L cos OLjs J 


cos jncLjc) 
G.os^{knln) 


tan cLj, = l tan — . 

n 


Now proceed as in § 93. For the limit of Ajc see Exercises II, 27. 
Show that the series represents the function if - 1 ^ 1. 


39. 


sin hx 


^ V „ 2nn sin nXn / 

^ A 

n~l >-00 n= - n 


sin X 

where X is the same as in Ex. 38. 


_l)n 


sin n X7t 

X ~ 


Note. 


sm Aa? 1 r - cos Xx cos Xix + :nf) 'j 

= _ J cos XtZ —z 1 ; f A J. . 

sm X sm Xn I sm x sm {x+ 7t) j 


40. 


Q\xi 



QinXiti 

X —nn * 


95. The Gamma Function. The product Pn{^) whore 

f^\ /^X — 1 

^’^^^'^'^x{x+l)(x + 2)... (a; + w-l) 

is defined for all values of x, real or complex, except the values 
zero, and the negative integers numerically less than n. It 
will now be shown that P„(a;) tends to a limit when n tends to 
infinity ; the limit is called the Gamma Function of x, is denoted 
by T{x) and is defined for all values of x, real or complex, except 
zero and the negative integers. 

The limit will not be altered if Pn{Fj is multiplied by the 
factor nl(n +x) which tends to unity when n tends to infinity; 
hence we may, as is often convenient, suppose that Pn{^) is 
defined by the equation 

^^'^^~~x(x+l)(x ^2)... (x + n)\ 

When a distinction is needed, the form (1) may be called the 
first and the form (la) the second form of P^{x). 
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First Proof, Take the form (1) and write 

/2 3 


[cH. vm. 


n\ = (92, - 1)! 72/® = (n - 1)1 2 • • • 

n-1/ IX® 

=(»-!)! n(i+j) ; 


r + 1 
r 


n 

‘n-1 


also- +1)(^ +2) -1 ) ^ "ff (l + g . 

Thus zp^(x ) = ”n {(i + l)\i + ®)~'} = ”n (/.). 

■XT £ ( 'X ^ x(x-l) j.\/, X X^ B \ 

Now = + 

2 ^2 ^3 5 

where A, B, C are all finite ; therefore 

I /r - 1 1 I a;(a; - 1) I when r-> oo 
so that converges absolutely for every x. Hence 

P„(a;) converges absolutely when oo . 

Second Proof. Taking the definition (la) we may write 
1 _ ix+l)(x + 2)...(x + r)...(x + n) 
xPn{x) 1 . 2 ... r ... n 

since Now express the factor (x + r)jr in the 

form 


and we find 
where 


Gn = l-+i-+ 3 - + H log n. 


Now (Exercises II, 8) G^-^y, Euler’s Constant, when 72 .->qo . 
Also by §88, Ex. 5, the product n[(l +a 7 / 72 /)e“®/^] converges 
absolutely for every x ; it also converges uniformly since 
l/n ~ 1 1 i I I and therefore the Af-Test applies, for 
we may take M^ — ^K^jn^ where K is any given number. 
Hence IjxP „(a;) converges absolutely and uniformly for every x 
when c» , so that 


1 

r(:.) 


n==lLS n/ J 


( 2 ) 
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Equation (2) may, since a;r(ri;) =r(rc + 1), (see next article) 
be expressed in the form 

Tix+ l) = e-^-nJ(l +1)"' e^} (3) 


Obviously l/r(a;) is zero and r(a;) infinite if a: is zero or a 
negative integer. 

The product (2) is usually called Weierstrass^s Form. The 
name Gamma Function ” and the notation r(a;) are due to 
Legendre. 

Gausses H- Function. The function r(a; + 1) is the same as 
the function n(a;) introduced by Gauss. As will be seen 
immediately r(ic+ l)=xT{x) so that n(jr) is the limit of xPn{oo) 
when n^ oo . 

Cor. If m is a fixed positive integer T{x) is the limit of 
Pmni^) mn-^co . For, when a sequence Pn+n ••• 
tends to a limit any partial sequence selected from it, Pn+p, 
Pn+Q> Pn (p<q<r ...) will tend to the same limit. 

Pmn, Pmn+v Pmn+2> ••• such a partial sequeuce. 

96. Properties of T{x). The following properties are easily 
deduced from the first form of the definition. 

(1) r(i)=i. 

P^(l)=l and therefore r(l) = l. 

(2) r(a: +1) =a;r(a;) or r(a;) = (it; - l)r(a; - 1). 

Pn(x +1) =xPr,[x) - so that V{x + 1) =a;r(a;). 

X “ 1 “ n 

(3) If x=n, a positive integer, 'r{n) = (n - 1)!. 

Apply (2) repeatedly. 

T{n)=:(n - l)r(^ - 1) :=(n - l)(9^ -2)r(?i -2) = ... 
the last factor being r(l) which is unity. 

Cor. 1. 11(72.) =r(n +1) =n!. 

Cor. 2. If p is a positive proper fraction and n a positive 
integer 

r(72.+p) = (7i- 1 +^)(7^-2+^) ... (1 +p)r(l -hp) ....(i) 

r(i -p) = -^,r( - i)r( - p - 1 ) 

= {-p){ -p - 1 ) ... ( -p -n)T( -p -n), 
so that r( - w -^) = ( - 1)”+T(1 —p)lp{p +l)(p + 2) ... {p + n). (ii) 



248 


ADVANCED CALCULDS 


[CH. vm. 


(4) r(a:)r(l -x) =:5T/siii nx. 

If X is rml or complex, but not zero nor a positive or negative 
integer, the product P„(x)P„(l -x) may be expressed as 
n\ n\ 

x(l 4-x)(2 + x) ... {7i - 1 4“X) (1 -x)(2 ~x) ... (7^ - 1 -x){n~xY 

and this is equal to unity divided by 


!(l+a;)(^ 


1 + 


x\ 


1 +- 


n- 


i) 








that is, n ^1 - X - 

When ?i->co the product last written tends to (sin 77 :x)/jr 
so that r(x)r(l-x) is the reciprocal of (sin 7 z;x)/jr. Thus, 
whether x is real or complex (the values 0 and positive and 
negative integers excluded) r(x)r(l --x)=jr/sin jtx. 

If = r(x)r(2/)=7r/sin:7rx = :7r/sin7r2/* 

Got. 1. r('|)r(|-)=7T/sin^ ; r(i-)=N/^, since r(-|) is positive. 

Cor, 2. IT(x)n(-x) = r(l + x)r(l -x)=jrx/sin7rx. 

Cor. 3. II(-i)=r{l-i)=T{i) = j7Z. 


(5) (x +n)r{x) = ( - lYln\ {n a positive integer), 

x~^ — n 

Por, {x + n)V{x) =^(x + ?^+ l)/x(x+ l)('x + 2) ... (x + n- 1). 

(6) If a is real and positive and n a positive integer, 

V{n +a) , , 

Por = r(<^)-<^(^+l)(^ + ^)-.> (a + ?^-l) _ T{a) 

n^V{n) n! *“Pn(a) 

and P„(a) r(a) when n-^oo. 


97. Gauss’s Fimction “^(x). If yj{x) denote the derivative 
of logr(l + x) with respect to x, the function y){x) is called 
Gauss s Function '(p(x). A Table of values of 'ip{x) is given in 
No. I of Tracts for Computers (Cambridge University Press) ; 
ip{x) is there named the Digamma Function and a Table is also 
given of the values of the function dyj[x)ldx which is there 
called the Trigamma Function, 
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It should be noted, however, that the symbol ^(a;) is frequently 
(in English text-books, usually) taken to be the derivative, not 
of logr(l +x), but of logr(a;). If, for the sake of distinction, 
y}i(x) is taken to mean dlogT{x)ldXj the relation between 'ipiix) 
and Gauss’s Function yj{x) is simply y)i{x) =y){x - 1). 

J£ a is constant %p{ax) means d\ogV{l+ax)ld{ax ) ; that is 

The following properties of Gauss’s Function ^{x) are easily 
proved by using Weierstrass’s form of r(l 

(1) V(^)=:-y+J:(i-^. (2) f{0)=~y. 

( 3 ) y>{x+l) = y){x)+^^[ + ■ 

(4) y){n) = - y + S 

y=l / 

(5) y)(-x-l) - 'tp{x) = 7C cot Ttx, 

(5a) ^i(l -x) ~ y^i(x) = n cot nx if y)i{x) ^ 

dyjjx) _ dHogr(l+x) _ ^ 

^ ^ dx dx^ (x + nY * 

To prove (5) observe that 

r( -a;)r(l +x)=7tlsm7c(x +1)= - ar/sin jco; 

,, , cZlogr(“a?) (idogr(l + a;) d log (sin tto:) 
sothat - = >-=^oot^x. 

Bx.l. v'(0)=^. 

By (6), v'(0) = 2 , (§ 93, Ex. 3). 

%=1 

Bx.2. v''(-i)=f. 

By(6), (§93.Ex.4). 

For other relations see Exercises XII, 8, 9, 10, 14, 15. 
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98. Examples. The following examples indicate methods 
of expressing some infinite products as Gamma Functions. 


1 TT (^4-a)(n+6) r(Q + 54-l) 

n(n+a+b) “r(<i + l)r(6 + 1) * 

In § 95, (1) let a; + 1 and we find 

(a + l)(a+2) ... {a+n)=:nln^/P^(a + l), 
and therefore, the other factors being treated similarly, 

{r + a){r-\-b)_ n\n°^ n\n^ 1 PJ^ a+h + l) 

*J-^T(rTaT^“P„(a + l) P^(b + l) nl nln^+^ 
Pn(a + b + l) 

^PJa + l)PJb + l)‘ 

The result follows at once. 


2. (l-a:)(l+ia:)(l Ja:)(l+ia:) r(l -|a:) ' 

Let A„=(l -x)(l +i^) ... (l -2^X^ 


/2n+i=/2n[l -;J?/(2ri + l)] SO that, if tends to a limit, tends to 

the same limit and therefore tends to a limit whether n is even or 
odd. Now 







r+2} 


n(n~i) 


and the result follows from Ex. 1 by taking a = -^(1 +x), h=\x. 


« Tf _ a.((x + l) ... (<x.+ti,-l) . + 1) ... (jg +n - 1) 

” 1 . 2 . . y(y + 1) ... (y +n - 1) ’ 

investigate the convergence of 

The series is F(cl, y, 1), § 60, Ex. 3. Proceeding as in Ex. 1, 
we see that 


.. n\n'^ 1 ^ 1 P„(y) P„(y) 1 

“« P„(o.) P„(^) n! w!MV-l-p„(a.)P„(iS) nl-- — 

Suppose that r(oL), r(^) and r(y) are definite numbers and let o-i, 
and be the real parts of a, ^ and y ; then 

Pniy) 1 K 


where iT is a constant which, for large values of n, differs little from 
I r(y)/r(<^)r(^) N Hence converges absolutely if yi-oL^~ is 
positive, that is, y^ 


Again, 


f \nuA= f =0, 


when converges absolutely. 
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. ?r if . ^ \ -^\ e“>®r(l + c) 

^ + ) r(l + c+a;) * 


n=i 

We may write 


V c + nj 


1 + 


c+x\ 




6 n 
e 


But 


and 




rw 


since r(l + c +ir) =(c+(r)r(c+a;), the result follows at once. 


The following example gives an interesting illustration of 
Cesaro’s Theorem, § 65. 


5. Let f(x) = V'~^x +2^~^x^ +Z^~^3(^+ ; show that, 
if ^ is positive, (1 -xYf{x)-^V(fjL) whena;->l. 

The series converges if | a; | < 1 but diverges if a; = 1. The function 
(1 is, by the Binomial Theorem, represented by the series 

^ ^(/^ + l)(^+2)... {fi+n-l) 

A nl 


which (by Raabe’s Test) diverges if a; = l. In Ces^iro’s Theorem take 
^(a;)— (1 -x)~^ ; then 


»— >-l n—^oo 


nl ^ 

+ 1) ... (/^ - 1) ' 


provided the last limit exists, as it does, being r(^). 


99. The Hypergeometric Function. The hypergeometric series, 
when the real part of (y-a-^) is positive, is equal to 
F(ol, /5, y, 1) ; when the parameters a, y satisfy the 
condition just stated, the function F{oi, y,l) can be expressed 
in terms of Gamma Functions, namely 


F{oi, 




'■>-riy-a.)r{y-p)- 


The theorem may be verified as follows. Let u^y Vn and Wn 
be the coefficients of in the series for F(oc, y, a;), 
F{ol, 7+1, and F(a-1, y, x) respectively; 


Wo = l=Vo='^o* 
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It is not hard to see that the following relations hold : 

(i) = w = 0, 1, 2,.... 

(ii) (y-a)(u„-Wn) = ^u^i+ [(n,-l)u^i-nu„], n = l, 2 ,.... 

All three series converge when the real part 

of y ~ oc - ^ is positive ; also (by § 98, Ex. 3) nu^-^O when n~^co . 
Now sum (i) from 72. = 0 to n = Qo ; therefore 

l=(l-^^)F(oi, 7+1, l)-[J?'(a-l, y, 1)-1], 

or 7jp’(a-l, i5, 7, l) = (7-/?)J?'(oc, (S, 7+ 1, 1) (a) 

Again, sum (ii) from w = 1 to m = » ; therefore 
{y-a.){F{(x, P, 7, l)-jP’(a-l, y, l)} = ^F{a., yS, 7, l)-^(ww„) 

n~>oo 

= ^F{ol, yS, 7, 1), 

or (7-a-/S)J'(a, 7, l)=(7-a)J’(a-l, yS, 7, 1 ). ...(6) 

Eliminate F{a. - 1, yS, 7, 1) between (a) and (6) ; we thus find 

A r> i5. y + 1, 1) (c) 

Now apply the formula (c) repeatedly so as to increase the 
third element to y + n; thus F(ol, y, 1) becomes equal to 

(y~a)(y-a+l) ... (y-CL+n-l) . (y- jg)(y- /?+ 1) ... (y~/9+n~l) 
y{y+l) ... (y+n - 1) . (y-x- j3)(y-a.-^+l) ... (y-o,- /9 + n- 1) 

x^(x, y + n, 1). 

But (see § 98, Examples 1, 3) the coeflScient of F{ol, /?, y + n, 1) 
has as its limit when n-^oo 


r(7)r(7-a-yS)/r(7-a)r(7-y8) 

Again, when n-^cc , every term ia the series for 
F(a., y5, y + n, 1) 

tends to zero except the first term which is unity. Hence 

^ ’ /j, r> ■i)-r(y_a)r(7-y9)- 


100. Gauss’s Formula for r(mx). If m is a positive integer 

m -1 

r(z)r(z+l)r(x+l)...r(z+^)J- ?^^ ^ 

\ m/ \ m/ \ m / 
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Take the first form of The function when 

\ If/h' 

numerator and denominator have been multiplied by m” is 


\ mJ ~~ {mx + r) {mx + m + r) . . . \mx + (ti - 1) m + r] ‘ 

If each of the functions TJ^x +r/m), for r = 0, 1, ... m - 1, is 
expressed in the same way and the m functions then multiplied 
together, it is readily seen that the denominator will be the 
product of the factors {mx +r) from r = 0 to r~mn - 1 inclusive. 
The factor from each denominator gives 
mx{mx +1) ... {mx +m - 1) ; 
then the second factor from each gives 

{mx +m){mx +m +1) ... {mx -f2m - 1), 
and so on. Hence 

r'Lo '\^m)'~mx{mx^l){mx + 2),,.{mx~{-mn-l)''*‘^ ^ 


Now, § 95, Cor., we may take T{mx) as the limit for mn 
tending to infinity of P^^(ma;), where 

{mn)\ {mn)^-^ 




(2) 


~mx{mx+ l)(ma?+ 2) ... {mx + mn~l) 

If we now divide corresponding members of (1) and (2) we find 


m-l / tf' 

n aU+£ 

y — 0 \ m- 

Pmn(mx) 


.m 






{mn)\ n 


m — l ' 
2 


( 3 ) 


and the expression on the right is independent of x ; its limit 
for is easily foimd by using the value of n\ in Exercises II, 

30 to be ( 2 jr)" 2 “ . m~l. The limit for n-^co of the left hand 
side is V{x)V{x+\jm) ,.,V\x-{-{m-l)jm \ . m"^^/r(ma;) so that 
the formula is established. 

The student might work out independently, by the same 
method, the particular case r(a;)r(a; + |-), obtained by a totally 
different method in the Elementary Treatise, p. 450. 

In Gauss’s Eormula put x + l/mia place of x ; then 


t -m m-1 / o\ 

r(ma: + 1) = (2jr) si . 11 Tf 1 +a: -— ) (4) 
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Now 


dlogV{mx-^ 1)_ 1 (flogr(ma:+l) 
m dx 


and therefore, by taking logarithms and differentiating (4) we 
find 1 ^ 1 / s\ 

^(wa;)=logm + ^2 A^~mJ 


EXEKCISES XII. 


1. 11 Six) = n {(^ + 5 :^) ^kat f{x) xfi ^x) =sin xjx. 


2* If (pix)= 1 show that when m and n tend to infinity 

(p(x) tends to the limit (sin xlx)a^f^ where a is the limit of (mjn). 

Note that n^(i -^)= 

where +^ + ...+i j _logn| - ^logn. 

Thus <p{x) tends to sina;/a; if, and only if, a = 1, that is, if m and n tend 
to infinity in a ratio of equality.” 


3. (i) smnx^nx 

(ii) 7r cot jra; = -+ |-h 

r**\ 1 

4. Prove the following statements : 

n=-oo''^ / smjra * 


* The symbol II', with the accent on II, indicates that the value r =0 is 
excluded so that r takes the values -m, -(m-l), ... -2, --1, 1, 2, ...n. 

A similar meaning is assigned to the symbol of summation 
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5. If (p{x) —X If ^ ^f{^) is the function -defined by 

n= —cO^\ j 

the product in Ex. 4, (i), prove, without using the circular functions 
and simply by transforming the products, that 

(ii) q}{x + l)=: ~ (p(x), (p'{x + l)l(p{x + 1) =(p'{x)l(p{x) ; 

(iii) /{a; + l) = ~e-^f{x). 


ria)T{b) 


(Mellin.) 


n+aJV n+b)j T{a+c)T{b-c)' 

Show that if a = y, b — y -a. - p, c~ - cl, where the real part of 
{y - CL - p) is positive, the infinite product is F{cl, p, y, 1). 

n n-\, .1 tr2 

,v. L n(i-g^=e-6. 

w_>oo r=i^ 

9. (i) v’(i) + y=2-21og2; (ii) ¥>( -J) - v( -f ) =?!• 

51 = 0 

(ii) 2{log(l + ^)-j-^;:^|=V-(a:)-log^. 

51 = 0 

11. If n, p, ic are all positive integers, prove that 

r +n){x+n + l) ... {x +n+p - 1) 

A> (a? + l)(a; + 2) ... (a;+-») ~ 


2 r 

Aj 1.3.5.... 


(a? + l)(a; + 2) ... {x +p) 
x(x + l)(a; +2) ... (x+2n - 1) 


(2n - 1) . 2a;(2£i; + 2) ... (2a? +2?^ -2) ' 


13. Prove that if 1 a? | < 1, 

(i) logFd +x)=-yx+^(- 

5^2 ^ 

X. ^111 

^« = pi+^+3;i+... ; 

(ii) logr(l+a;)+log(H-a;)=(l-y)«+2 (-1)”-V1->S„)^; 

fi=2 ^ 


(iii) logr(l -a:)+log(l -x)= -(l-y)x- ^ (1 --SJ — ; 

n —2 


a,A.o, 
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(iv) logr(l+iJ;) --logr(l-a7)=logY:^ 

2 (1 - y)a: + 2 ( 1 - . 

(v) logr(l +x) i-logr(l -x) — log^nxj&bx nx) ; 

M) logva + 00 ) =i log (-^) + i log ^ +(l-y)x 

[To obtain (i) use Weierstrass’s form for r(l +a;), expand each, 
logarithm and show that the series may be deranged and expressed in 
powers of x. The equations (ii) ... (vi) then follow easily.] 

14. Deduce by putting x— ia Ex. 13, (vi) that 

y = 1 -logf - V. ~ 

« = 1 

15. Deduce series for yj{x) from Ex. 13 ; for example, 

V(a:)= -y+S 
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CHAPTER IX 

INTEGEATION OF BOUNDED FUNCTIONS 

101. Intervals. Sets. In establishing general theorems in 
integration there is frequent use of the division of an interval 
into sub-intervals and of sums of terms associated with sub- 
intervals ; it will obviate inconvenient interruptions in 
exposition and perhaps emphasize the essential elements in the 
discussion if we begin with some definitions and explanations. 

Numbers chosen, so that 

a —Xq < iCi < rca < ... < < h =x^ 

effect a division, D say, of the interval (a, b) into n sub-intervals, the 
notation a =Xq, h—x^ being adopted for symmetry and for use in 
summations. 

If in one, more or all of the sub-intervals of D there be inserted one or 
more numbers, a new division, D' say, of the interval (a, b) is made 
which is said to be consecutive to D; the numbers x^, x^, ... , and 
the numbers that have been inserted are considered as a single set and 
are always supposed to be arranged in order of magnitude from a to 6. 
For example D' might be 

Ctf ^19 ^19 ii9 ^i9 ^ 3 > ^ 3 » 

where numbers inserted and a < a?! < < 1^2 < ^2 • • • < ^* 

If there are two different divisions of (a, 6), say 

Di [a, aji, ajjs, ... , x^_^, 6] 

with m sub-intervals and [a, ••• » with n sub -intervals, 

the division, D3 say, formed by taking the numbers x and i in order 
of magnitude from a to 6 is said to be made by superposition of 
the divisions and D^. In the division Dg there will lie between a 
and b at most (m+n— 2) numbers ; but there may be fewer, since a 
number x may be equal to a number | and every equality of this kind 
reduces (m-f^-2). Thus if x^—^zf ^7 the four numbers x^, x.j, 
^Z 9 ^12 would give only two different numbers and the number (m + n - 2) 
would be reduced by 2. It is obvious that Dg may be considered as 
consecutive both to and to Dg ; if Dg is taken to be consecutive to 
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there are not more than - 1 ) nmnbers inserted in the sub-intervals 
of Di hut there may be fewer owing to equalities such as =^ 3 , 

The formation of a consecutive division by superposition is of constant 
occurrence and the student should be quite clear what exactly is being 
done. 

Again, there may be associated with a sub-interval (xr, i^r+i) of a 
division D a number Ur and with the division D there may be associated 
a sum V, where 

^; = Wo (^1 - a ) + ) + • * * + (^r+i ~ ) + • • • + ^ ““ ^n-1 ) 

n-1 

= '^r (^r+i “ ) • 

r=0 

If the division D varies so will the number v, and if we suppose, as 
will usually happen, that n may be as large as we please and that the 
numbers may be chosen arbitrarily so long as they are arranged in 
order of magnitude from a to b, the numbers v will form an infinite 
set («^). The properties of the bounds of the set (v) will then be discussed. 
It is the properties of such sets that lead to the conditions for the 
existence of an integral. 

If the student turn to p. 324 of the Elementary Treatise he will see 
that V is the sum of the expression ( 1 ) on that page when =F{x>^); 
the upper bound of the set (v) is the area ABDG under the curve 
(Tig. 75). In the absence of theorems on the existence of bounds of 
infinite sets appeal was made to the conception of an area to determine 
the limit of the sum (1), p. 324, and establish the existence of the 
integral. From our present standpoint the process is reversed ; the 
existence of the integral is first established without appeal to geometrical 
considerations and then the area is defined by an integral. 

102. The Sums S and s. Let the function F{x) be single- 
valued and bounded for the range ; at present no other 

restriction, such as continuity, is imposed on F{x).'^ 

Let D[a, x^, , x^^^, h] be a division of the interval (a, b) 

and let {Xr+-i-x^)~'h^, a positive number that measures the 
length of the sub-interval (x^, Further, denote by 

Jf , m and m,. the upper' and lower bounds respectively of 
F{x) in the whole interval (a, b) and in the sub-interval 

(Xr, 


Now consider the sums 3 and s where 

3 ==MQhQ + 'y^jMJkr ( 1 ) 

n -1 

( 2 ) 

r =0 


* For the value of F{x) at a point of discontinuity in {a, h) see § 29. 
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S and s are called respectively the upper and lower sums for 
the function F{x) and the division D of the interval (a, 5). 

In whatever way the numbers are chosen we have 


m^rrif^ ^ Jf , 
and therefore, from equations (1) and (2), 

m{b -a)'^s^8^M{h - a) ( 3 ) 

since Aq + -j- . . . + ^n-i — h—ct. 

From the inequalities (3) take the following 

8-^8, S'^m{h~a), s^M{h -a) (3a) 


Thus it is seen that for the same division of (a, 6), s^8. 
Again, the inequalities 8 ^ m(b - a) and s ^ M{b - a) are true in 
whatever way the division D may be varied. The variation 
of D may be made in an infinite number of ways by varying n 
and the numbers x,. and for each division there is a corre- 
sponding 8 and a corresponding s. Hence the inequalities {3a) 
for 8 and s show that the set (8) has a lower bound, L say, and 
the set (s) an upper bound, which may be called L 

Some properties of 8 and s will now be proved. 

1. The inequalities 

m{b -a)^8^M{b -a)y m{b -a)^s^M{b - a) 

are true whatever be the division of (a, 6) 

These inequalities are obvious but important. 

2. If the division of (a, b) is consecutive to the division D, 

and if 8^^ and s-^ are the upper and lower sums respectively for 
the division D^, then S' ^ a ^ ; that is, in passing from any 

division to a consecutive division the sum 8 decreases or is 
stationary while the sum s increases or is stationary. 

Suppose first that contains only one number f, where 
that does not occur in D, and let M\ M" be the 
upper bounds of F{x) in the intervals (x^^ f), (f, Xr+i) respec- 
tively. All the terms in 8 and 8^ are the same except that 
instead of the term M^(Xr+i in. 8 there is in 8^ the sum of 
the two terms M'(^-x^) and - 1). Hence 

8-8^ - x;) - [M\^ ^ xf) f )] ; 

but = (f - x^) +{x^r+i - f ) and therefore 

8~8^ = {Mr-M^){5- x;) 4 (M, ^ M"){x,^^ _ . 1 . . . ( 4 ) 
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One of the numbers M', M" is equal to while the other 
may be less than or equal to ; each term on the right of 
(4) is therefore zero or positive so that S -S^is zero or positive, 
that is, S ^ 

In a similar way it may be seen that since the lower 
bounds, m\ m'' say, of F(x) in the intervals (x^, i), (i, x^^^) 
are greater than or equal to m,.. 

Suppose next that contains more than one number that 
does not occur in D ; these numbers may be supposed to be 
inserted in succession and since at each insertion S decreases 
and s increases (if there is any change at all) we see that 
however many numbers there may be in that do not occur 
in D the relations and 5 g 5^ are true. 

3. If the consecutive division contains {x numbers that 
do not occur in D and if for the division D the length Qi^) of 
each interval is less than h then 


-m)h, 0^Si-s<ju{M -m)h. 

The relations - 8^, have been proved in 2. 

As before, suppose first that only one point where 
Xr< S < Xr+i, has been inserted in D. Then, Mr-M' ~m, 
Mr - AT" SM -m and therefore by equation (4) we find 

S -8i^{M - mXXr+i “ Xr) <(M - m)h. 

Thus the decrease in 8 due to the insertion of one number is 
less than {M -m)h. Suppose next that numbers have been 
inserted. As before, they may be supposed to be inserted in 
succession, and as the insertion of each additional number 
produces a change that is less than {M - m)h the insertion of 

numbers produces a change that is less than /j>{M --m)h so 
that 8 -8^ is less than /Lt(M - m)h. 

In the same way the relation - 5 < /j,{M - m)h is proved ; 
we thus find the inequalities stated. 

4. The lower sum s for any one division cannot exceed the 
upper Slim 8 for any other division and not merely for the same 
division (as shown in (3a)). 

Let 8, s and 8\ s' be, respectively, the two sums for two 
different divisions D and D' of (a, b) and let 8", s" be the 
sums for the division D" formed by the superposition of D 
and D'. 
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If D" be taken to be consecutive to D we have (by 2) 

while if taken to be consecutive to D' we have 

But s" ^ S" since both sums belong to the division D " ; 
therefore and 

as was to be proved. 

5, I <L. By the definitions of the bounds I and L there are 
divisions D' and D" of (a, h) such that s' differs from I and 8" 
from L by as little as we please ; the inequality I >L would 
therefore imply an .5' and an 8" for which s'>8'\ which has 
been seen to be impossible. 

103. Darboux’s Theorem. The following Theorem or Lemma, 
known as Darboux’s Theorem, is of fundamental importance ; 
e denotes as usual an arbitrarily small positive number and 
is to be understood in this sense throughout the discussion. 
The Theorem will be stated in two forms. 

First Form, To any given s there corresponds a positive 
number h such that 8<L-{-s and s>l-s for every division of 
{a, h) in which the length of each (or the longest) sub-interval 
is less than h, 

8econd Form, 8 and s tend to L and I respectively if the 
number of sub-intervals in the division of (a, b) tends to infinity 
in such a way that the length of each (or the longest) sub-interval 
tends to zero, 

I. Consider, for example, the sum 8, Let D be any division 
of (a, 6) into n sub-intervals such that the length of each is less 
than h ; for the present h is simply a fixed positive number. 

Next, since L is the lower bound of the set (8) there is, by 
the definition of L, a division D' of (a, b ) — ^which will be 
supposed to contain y numbers between a and b — such that the 
corresponding sum 8' satisfies the inequality 

8'<L + le ( 1 ) 

Now superpose the divisions D and D' to form a new division 
D", and let 8" be the sum for the division D", If D" is con- 
sidered as consecutive to D we have (§ 102, 3) 

8<8'' + ix(M-m)h 
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since there are fx (or fewer) numbers that enter the snb-intervals 
of D from D'. On the other hand if D"' is taken to be con- 
secutive to D' we have (§ 102, 2 and (1) above) 


S"<S'<L + i8 (3) 

and therefore, by (2), 

S<L-i-is ^juiM -~m)h ..(4) 


The numbers M, m are fixed (though ^ depends on s) ; 
we now suppose h chosen so that fx{M — m)h<.\a. Hence, 
applying (4), we have found h so that 8 <L^ s \ the only 
restriction on the division D is that the length of each sub- 
interval is less than A. 

The proof for the lower sum s may be left to the student since 
it follows the same lines as that just given and requires little 
more than verbal changes. 

II. Again 8'^L since L is the lower bound of the set {8 ) ; 
combining this relation with the inequality /S < A + e, we see 
that if in any division of {a^ b) the number of sub -intervals is 
so great and at the same time the length of each sub -interval 
so small that the longest is less than h 
0^ -”iy< £. 

Therefore L is the limit of 8 under the conditions stated. 
Obviously we also have Q’^l-sc. s and I is the limit of s. 

Ex. 1. Prove that if F{x) is contiiiuous I =L. 

The proof of Darboux’s Theorem requires the property 3 of § 102, but 
■when F(x) is continuous that property need not be appealed to. 

Since F(x) is continuous it is uniformly continuous and therefore we 
can choose Ji so that (Jlf^ ~mr) shall be less than e/(6 - a) provided that 
-'Xr)—hr< h where r is any of the numbers 0, 1, 2, , (ri--l). 

From equations (1) and (2) of § 102 we find 

s -s=^(Mr -mr)K< 

r=0 

since =(6 — a). 

Next we have the identity 

S --s=:{S -L)+(L -s). 

Each of the numbers (8 -L), (L — Z), (Z -s) is positive when not zero, 
and therefore each is less than 8 -■s< s. But Z, L are constants so 
that Z = jfi. Again 8-^L and l-^s when each Ay.->0. 

Ex. 2. X)[a, a?!, ajg, ... , 6] is a division of the interval (a, h); 

F{x) is bounded in {a, h) and (p{x) is continuous and steadily increases 
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as X increases from a to h. If Mr and are the upper and lower 
bounds of F{x) in (%, and if Si^ and denote the sums 
n~l n-1 

S<j) = Mrt<p{Xr+i) — 9?(iU;r)]> ^4* ~ ^^^r[y(^r.4-i) “9^(^r)]» 

r=0 r==0 

show that if n tends to infinity in such a way that the length of each 
sub -interval (x^, tends to zero and will tend to limits L and I 
respectively. If F{x) is continuous in (a, h) prove that l=L. 

(Goursat.) 

104. Functions with Limited Variation. A funcfcion F(x) 
which, for a range has the property called limited 

vario-tion can be expressed as the difference of two functions 
which are each positive, monotonic, increasing (or, at least 
not decreasing) as x increases ; for variation the wordfluctyMion 
is sometimes used. This class of functions is important in 
many investigations and we therefore make a brief reference 
to them. 

Let D[a, x-^, iCg, be a division of the interval (a, b) 
and F{x) a function that is single-valued and bounded in the 
interval. Consider the differences ~ F{x^)} and also 

their absolute values \F{Xr+-i) - F{Xr)\', if v{a,b) is the sum 
of the absolute values we have 

v{a, 6) = |J'(a:i)-jF'(a)| + |r(a: 2 )-J'(a;i)| + ...1 . 

+ 

and, identically, for the sum of the differences, 

F{h) - F{a) = {F{x,) - F{a)} + { - F{x,)} + . . . 1 

+ {i?(6)-JK_i)} J 

so that v{a, 6) ^ | F{b) - F{a)\, 

The number v(a, b) is called the variation of F{x) in the 
interval (a, b) for the division D; it is usually different from 
|1'(6) - J^(a)|. If the set {v) is bounded when the division D 
varies in all possible ways its upper bound, which will be 
denoted by F(a, 6), is called the total variation of F{x) in {a, b) 
and F{x) is said to be function with limited variation in {a, b) — 
more fully, with limited total variation in (a, b). 

If p(a, b) is the sum of the differences in (2) which are positive 
and -n(a, b) the sum of those which are negative, we have 
obviously ]^(p) _ =p — n, v =p +n 

and therefore 

v = 2p + F{a) - F{b), v = 2n- F{a) + F{b) 


( 3 ) 
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From (3) it follows that p{(t, b) and n{a, h) have upper 
hotmds when 'o has an upper boimd ; these are denoted by 
P(a, 6) and N{a, b) respectively and satisfy the equations 
V{a,b)^2P{a,b) + Fia)-F{b),\ 

V{a, b)^2N{a, b) ^ F{a) + F{b) j 

P(a, b) and b) are the total positive and negative 

variations. 

The variations V{a, x), P{a, x), N(a, x) in the interval {a, x) 
where a^x^b are obtained by substituting a; for 6 in the 
formulae ; obviously these numbers are positive and all 
increase (at least do not decrease) as x increases. In equations 
(4) put X for b and eliminate V(a, x) ; then 

F{x) = F(a) + P(a, x) -N{a, x ) ; 
take any constant C>\ F(a)\ and we find 

F(x)={C + F{a) + P{a, x)}-{C+N{a, x)} = (p{x)- y)(x). • 

The functions q}{x) and y}(x) are positive, monotonic, increas- 
ing functions ; F{x) is thus expressed in the form stated. 

It may be remarked that F{x) may be continuous and yet not 
have limited (total) variation (or fluctuation). See Goursat, 
Cours (V Analyse, I, p. 23 (2nd Ed.). 


Ex. 1. If F{x) is monotonic for V{a, b) = | F{a) -F{b) |. 

Ex. 2. If F(x) has limited variation in (a, b) and if a < x < b the 
limi ts for A -> 0 of F{x+h) and F(x ~~h) are definite numbers. 


Ex. 3. If F[x) and/(3;) have each limited variation in (a, b) so has 
their product. 

Write the difierence y(a?y^i)/(a;r+i) - F(Xr)f{Xf) in the form 
FiPT+l){ii^r+i) +fisOr){F(Xr+i) - F(Xr)} ; 

if the upper bounds of |.F(a;)| and |/(a;)l are A, B respectively, the 
absolute value of the difference is less than or equal to 

A \f{Xr^^) -f(Xr)\ +B\F(Xr^,)~F{Xr)U 

and therefore the (total) variation of the product cannot exceed 
AV{a, b)]f+BVia, 6)]^. 


105. The Definite Integral. The theory now to be explained 
is usually called Riemann^s Theory of Integration ; other 
theories, such as that of Lebesgue, will not be discussed as they 
involve considerations that are outside our limits. We shall 
suppose the student to be familiar with the terminology and 
the subject-matter of integration as presented in the Elementary 
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Treatise and shall direct attention chiefly to those aspects of 
the subject that depend on the more fully developed theory of 
number and limits given in the preceding pages. 

The bounds L and I respectively of the upper and lower 
sums S and s associated with the bounded function F(x) and 
the interval {a, b) are shown by Darboux’s Theorem to be the 
limits of the respective sums, in whatever way the interval 
(a, b) may be divided provided the number of sub-intervals 
tends to infinity in such a way that the length of each sub- 
interval tends to zero. 

Definition 1. The limits L and I are defined to be the upper 
and lower integrals respectively of F{x) over the range a^x^b 
and are expressed by the symbols 

i=f F{x)dx, Z=f F[x)dx. 

J a J a 

The numbers a and b are called the lower and upper limits 
respectively of the integrals. 

These two integrals always exist, in virtue of Darboux’s 
Theorem, when F(x) is a single-valued, bounded function in 
(a, 6). In general L and I are unequal, but if Z = Z, the common 
limit is defined to be the integral of F{x) for the range a^x^b. 

Definition 2. If i^ = Z this common limit is defined to be the 
(definite) integral of F{x) over the range b and is expressed 

by the usual notation 

rb 

F{x)dx. 

J a 

When = Z the function F{x) is said to be integrable over the 
interval (a, b) and the next step is to state the condition that 
F{z) should be integrable. It must be remembered that the 
function F{x) is restricted to being single-valued and hounded, 
and the limits a, b finite ; at a later stage (Chapter XIII.) the 
definition will be extended to cases in which F{x) is not bounded 
and the limits a and 6 (one or both) infinite. 

106. Condition of Integrability. The condition follows from 
Darboux’s Theorem, and will be stated in the two corresponding 
forms. 

First Form, Given a {as usual) there must be a positive 
number h such that 8 -s will be less than a for every division 
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of {a, 6) in which the length of each (or the longest) sub-interval 
is less than h. 

Second Form. The difference S-s must tend to zero when 
the number of sub-intervals in the division of (a, b) tends to 
infinity in such a way that the length of each (or the longest) 
sub-mterval tends to zero. 

Consider the First Form. The condition is necessary. Let 
\ be the longest of the sub-intervals in the division of (a,b)\ 
then, by Larboux’s Theorem, there is a positive number h 
such that 8 ~L<le,l-s<le]ihj,<h, 

and therefore if L = 

S-s=-(8-'L)^(l-s)<siih^<h. 

Again the condition is sufficient ; because 
S^L^l^s; L-l^S-s. 

Hence if ^ - 5<6 when h^<h mis L~l and therefore L^l, since 
L and I are constants. 

Cor. It may be noted that F(x) is integrable over (a, b) 
provided there is one division of (a, h) for which S -s <6. The 
condition is sufficient for L -l^S -s <e and therefore L — l. 
It is also necessary for, as has been seen, M L~l every division 
for which h^<h makes S -s<s. 

The proof for the Second Form is equally simple, li L=^l 
then S-s, that is, (S-L) + (Ji-s) tends to zero when h^-^O 
since in this case S-L-^0 and l-s-^0. Again, if S-s-^Q 
when we must have L ~l since L -l-^S -s. 

A third form of the condition of integrability may be given 
which depends on the oscillation of F(x) in the sub-interval 
(x^, ; if and are the upper and lower bounds of F{x) 

in the sub-interval cOr^M^- (§ 27). In terms of Wr we have 
8 ~s = 2(Jf^ - mf)h^ 

If F(x) is continuous for a ^ a; ^ 6 it is possible to choose h 
(§28) so that cor<sl(b - a) provided hr<h{r = 0, I, 2, , n-1) ; 
in this case /S - 5 <£ if A,, is less than A, since HcOrK is less than 
(Eihfj s/ (b — a) or s. Thus a continuous function is always 
integrable. 

On the other hand if F{x) is discontinuous for x = c^ where 
a^y < c,. < the oscillation of F(x) in the sub -interval 
{Xr, Xr+f) is finite and does not tend to zero when The 



§§ 106, 107] 001TDITIO]!7 OF IKTEGRABILITY 267 

value of F{x) for x—c^ is frequently not determined by the 
analytical expression for F{x) but it is always assumed to be 
a fixed number, say, such that where M and m 

are the upper and lower bounds of F{x) in (a, 6) (or, 

The precise value of Or is of no importance provided | Gr | 
is finite.) See § 29. The discontinuity of F{x) at is measured 
by the lower bound of {Mr - when Xr and tend each to 
Or and therefore cannot exceed M-m, 

The condition of integrability may now be stated in another 
way. 

Third Form. The necessary and sufficient condition that 
the hounded function F{x) be integrable over (a, b) is that to 
every pair of arbitrarily small positive numbers oy and rj there 
shall correspond a division of {a, b) such that the sum of the 
lengths of the sub-intervals in which the oscillation of F{x) is 
greater than or equal to oy will be less than ?]. 

Let dr and hr be the lengths of t3q)ical sub-intervals of the 
division D of (a, 6) in which the oscillations co^ of F{x) are 
respectively greater than or equal to oy and less than co ; also 
letA=S^r* Then 

8 -S =TtOy^r + ^(JOrhr^ 

Obviously S Act) but Hcordr ^ X{M - m) 

since cOr^M -m; further, HoyrK < (b - a)Qy since TiJcr ^b - a. 
Hence ^^8 -s^ X{M -m) + {b ~a)ay. 

The condition is necessary ; for if co and rj are given 8 -s, 
which is not less than Aco, cannot be less than rjoy unless A < 77 
and therefore, iirjoy = s, cannot be less than e unless A < 77. 

The condition is sufficient ; for, given e, the numbers co and 77 
may be chosen so that 

CO = |£/(6 - a) and -m), 

and therefore, if A<77, the division D is such that 8 -$< e — an 
inequality which secures that L=Z. 

107. Other Forms of the Definition of an Integral. Let the 
notation for the division of the interval {a, b) be the same as in 
the preceding articles, F{x) being integrable over (a, b). Now 
take ir so that 

^ l“r ^ ^r+lJ ^ — 0, 1, 2, . . . , {n — 1), — Xr — h^ 



[CH. IX. 


268 ADVANCED CAIiCTJLirS 


aoid consider the sum Sn where 

-5'n=”S nir)K (1) 

r=0 

We have ^ F{ir) ^ therefore s ^ ‘Sn ^ S. Hence 

1= jCs„=\'F{x)dx {D,) 

n~->co a 


'provided n tends to infinity in such a way that tends to zero 
[r = 0, 1,2, ...,(^-1).] 

This definition may also be stated in the form : Given the 
arbitrarily small positive number s there is a positive number li 
such that 

f F{x)dx-Sn < e, i£ r = 0, 1, 2, , (n - 1). (Dg) 

^ a 

It will often be convenient to call 8^, an approximation to the 
integral I and equation (1) would read 8n = I approximately.” 

Cor. Instead of F{ir) we may take Fr where m^-^F^^ M^. 

Another form that is of frequent use in applications may be 
stated, in place of F{^r) P^it F{x^) + cLr or F{x>^+-y) + cL^ where 
I 1 < - a) if A,. < A so that cl^ tends uniformly to zero 

when Let On denote the sum 

n-l 

a,,= '^{F{Xr) + a.r}K (A) 

r=0 

n-l n-l 

~ F {p^ri^r i" OLfh^. 

r=0 . r—0 

Now if hr <11 we have | | < {£/(6 that is, 

<s. Also, when n is sufficiently large 'ZF{Xr)hr differs, by 
(Hg), from the integral I by less than e. Hence \ I - On] <2s, 
when n is sufficiently large, say n>N, so that (Xn tends to I 
when n tends to infinity in such a way that the length of each 
sub'interval tends to zero. 

108. Integrable Functions. The following classes of functions 
are integrable ; the functions are supposed to be single-valued 
and bounded, and the range (a-, 6) of integration finite. 

I. Continuous Functions. II. Monotonic Functions. III. 
Functions with Limited Variation. 

I. Continuous Functions. The proof is given in § 106. A 
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constant 0 is a special case of a continuous function ; but the 
integrability of a constant is obvious from the definition. 

II. Monotonic Functions. Suppose first that the function 
F{x) increases (or at least does not decrease) as x increases 
from a to b. If D is the division [a, x^, x^^., x^^^, b] then 
Mr = F{Xr+i), mr = F(Xr) SO that 

8 = F{Xj){Xj^ -a) + F{x^){Xz - a^i) + . • • + F(b){b - 
s = F{a){x^ -a) + F{xj){x^ - aji) + . . . + F{Xn_j){b - x„_j), 

S-S = S {F{Xr+l) - F(Xr)}{Xr+j, - X,). 
r*0 

The differences - F{Xj)} are each positive or zero 

and their sum is ^(6) - F{a) ; therefore if each difference 
{Xr+i - ^r) is less than h 

S-s< liE{F(Xr+j) - F{Xr)} or h{F{b) - F{a)} 

so that S -s<sii h <sl{F{b) - F{a)}, which is the condition of 
mtegrabnity. 

If, next, F{x) is a decreasing (non-increasing) function 
Mr = F{Xr), m^ = F{Xr+i) and S-s<s ii h<sl{F{a) - F{b)} ; m 
this case also the condition of integrability is satisfied. 

Cor. A function that is bounded and has only a limited 
number of maxima and minima is integrable because the 
range of integration may be divided into a finite number of 
intervals in each of which the function is monotonic. (See 
§ 109, Th. VII.) 

III. Functions with Limited Variation. A function with 
limited variation can be expressed as the difference of two 
monotonic functions and therefore its integrability follows 
from II, ff it be assumed, as will be proved immediately (§ 109), 
that the difference of two integrable functions is integrable. 

109. General Theorems. The method of proof is simple, 
A division of the interval (a, b) is supposed to be made, the 
upper and lower sums 8 and s to be formed and the condition 
of integrability in one of its forms to be applied. In the 
application of the First Form it should be remembered that, by 
the Corollary to it, a function F{x) is integrable over (a, b) 
provided there is one division of (a, h) for which S -s<e where a 
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(as will always be assumed) detxotes an arbitrarily small positive 
number. 

It is supposed further that the interval of integration is (a, b) 
unless a different interval is expressly mentioned, so that the 
specification of the interval may be omitted in the enunciation 
of the Theorems. 

Theorem I. If F{x) is infegrable so is CF{x) where G is a 

constant and rs 

0F{x)dx = 0\ F{x)dx. 

• 'a J a 

If the division of (a, h) is such that S-siov F{x) is less than & 
it is such that S -s for GF{x) is less than \ C \ s and since 
I 0 I fi is, like e, an arbitrarily small positive number CF{x) is 
integrable. The equality of the integrals follows from the 
definition of an integral, for example, from the definition {Dfj 
of § 107. 

Theorem II. If F^{x) and F^Hx) are integrable so is their 
sum and their difference and 

f {Fi{F)±F^{x)}dx=? F^{x)dx±? F^{x)dx. 

J a Ja J a 

In the sub-interval (Xr, Xr+i) let if;, m; and if", be 
the bounds of F^(x) and F^ix) respectively and and Sj,., 
the respective sums. Let (?„ gr and S^, Sg be the corresponding 
numbers for the sum F-i{x) + F4x ) ; then, as is easily seen, 

+ M",, + ml ; G.-g^^ {Ml - ml) ^ {Ml- ml), 

so that Sz-H'^{Si~s^) + {8^-s^). 

It is easily proved that this relation also bolds when 

9'r, Sg are the corresponding numbers for F-^^x) - F^{x) 
because 

m';; gr^m'r- M" ; O^-g^^ (M; - m^) - (m; - if;'). 

Hence if the division of {a, b) is such that /S^i - < Je, 
^2 ~ *^2 < is such that FQ-s^<e and therefore FJx) i FJx) 
is integrable. 

The relation between the integrals follows as before. 

£ [S 0,F,{x)l^ dx = J; (7,J' F,{X) dx 

if F-^{x), F^fpc), , F m{x) are integrable and G^, G^, ... , G^ con- 

stants, m being a finite integer. 
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Theobem III. If Fi{x) and F^jix) are integrahle so is their 
'product. 

First, suppose that F-y{x) and F^{x) are both positive and use 
the same notation as in the proof of Theorem II, the numbers 
Or, gri ^3, ^3 referring to the product F^{x)F2{x). A little 
consideration shows that Or ^ and ^ ; therefore 

Gr-gr^ M'^M'r - =M'^{Mr - m'r) + m'XM'r - m'r) 

so that Gr - gr<A{Mr - m") + B{M'^ - m'), 


and S2<cA(jS2 — S2} ~h~ — '^i)> 


where A and B are upper bounds of and ^2(0;) in (a, h). 

Hence if the division of (a, h) is such that and 

82-S2<& it is such that 8^~s^<{A +B)e and therefore is 
arbitrarily small, so that the product Fj{x)F2[x) is integrahle. 

Next, if Ffx) and F^ix) are not both positive for a^x^h 
there are positive constants C-^ and such that F-fx) +G-j^ 
and F^ix) +0^ are both positive in (a, b) and therefore the 
product {F^ +Gf)[F2 +^2) integrahle. But 


+^i)(^2 +^ 2 ) - G^F^ ~ g,F2 - aA 
and therefore is integrahle since it is the sum of integrahle 
functions. 

Gor. If each of the m functions F^{x), F^ix), ... , F^{x) is 
integrahle so is their product, m being a finite integer. 

Theobem IV. If F{x) is integrahle in {a, b) so is 1/F(x) 
provided | F(a;) | > c > 0 for a^x^b where c is a constant. 

In the subdnterval (x^, Xr.^f) let Mr, nir and Gr, gr he the 
upper and lower bounds of F{x) and llF{x) respectively. 

First, suppose that F{x) is either always positive, F{x) > c, 
or else always negative, F(x)< — c, for a^x^b. In this case 
Gr = 1 /m,, and gr = IjMr while the product Mrrrir is positive and 
greater than Therefore 



1 _ Mr-mr 
Mr"’ Mrinr 




Next, suppose that F(x) takes both positive and negative 
values in {Xr, Xr+f) so that Mr > 0 and m,. < 0 . Let m' be the 
lower bound of the positive values of F{x) and M'r the upper 
bound of the negative values of F{x) in {Xr, Xr+i) ; in this case 
6 r,. = 1 /m' and = 1 /ikf'. Now Mr and nir are both negative 
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and ( - If ;) ^ ( - m,) wMe ( - Jf ;) > c ; also Jf ^ ^ m' . Hence 


^ _1 1 m 

jf; (-if;)m, 


Jf' 1 


and therefore if /S^, 5 and 8^, are the sums for F(x) and 1/F(x) 
respectively (8 -s)/c^ so that l/F{x) is integrable. 

Cor, If jP(£i;) satisfies the conditions of the Theorem and 
if jPi(ic) is integrable so is Fi(x)IF{x), This is now simply a 
particular case of Theorem III. 

Theorem V. Any rational function (p{F-^, F^, , F^) of m 

integrable functions F^{x), F^ix), F^{x), m being a finite 
integer, is integrable 'provided the lower bound of\ <p{F^, F ^, . . . , F^) | 


is positive {not zero). 

This follows at once from the preceding four Theorems. 
Theorem YI. If F{x) is integrable so is \F{x) \ hut |i^(a:)| 
'may be integrable and F{x) not integrable. Further 


r F{x)dx ^ r F{x) 

J Ct V CE 


dx. 


Jiy, z are any two numbers and [ y | =r), | 2 1 = f then 
\y-z\^\ri-C\ 

SO that the oscillation of | F{x) | in any sub-interval cannot 
exceed that of F{x) ; hence | F{x) | is integrable if F{x) is. 
The relation between the two integrals follows at once from the 
form (Df), § 107, of the definition of an integral. 


That I F{x) I may be integrable but F(x) not integrable may be seen 
by considering the (somewhat artificial) function F{x), defined for the 
interval (0, 1) as follows : F{x) — 1 for irrational values but F{x) = - 1 
for rational values of a; in (0, 1). In this case | F{x) | = 1 and is therefore 
integrable. On the other hand, in any sub -interval the upper and lower 
bounds of F{x) are 1 and -1 respectively so that S ~s =2 whatever 
division of (0, 1) be made and therefore F{x) is not integrable. 

Theorem YTI. If the interval {a, b) is divided into m partial 
intervals {a, a-fj, {a-^, a^, b) by the fixed numbers 

where a<a^<a^<...< ^ if F{x) is 

integrable over {a, b) it is integrable over each partial interval 
(a, %), (»!, ttg), 6). Conversely, if F{x) is integrable 

over each partial interval it is integrable over the whole interval 
{a, b). In both cases 

I F{x)dx=^{ F{x)dx + F{x)dx-\- ... + f F{x)dx. 

Joi Jam-1 
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The proof is obvious. If there is a division of (a, 6), the 
numbers , c&m-i being fixed points of the division, such 

that S -s for the whole range is less than e, then S -sioi any 
one of the partial intervals is certainly less than e. Again, if 
there is a division of (a, b) such that 8 -s for each partial 
interval is less than sjm then 8 -s for the whole interval (a, h) 
is less than misjm) or e. 

110. Discontinuities. It has been seen in § 108 that every 
continuous function is integrable ; the third form of the 
condition of integrability (§ 106) shows, however, that a 
bounded function may be discoutinuous and yet integrable. 
The following theorem throws some light on what may be 
called '' admissible discontinuities.” 

Theobem I. A bounded function F{x) is integrable over {a, b) 
(i) if there is only a finite number, m say, of points of discontinuity 
in {a, b), and (ii) if there is an infinite number of points of 
discontinuity in [a, h) provided this infinite set of points has only 
a finite number of limiting points in {a, b). 

First, let there be only one point of discontinuity, c, and let 
I F(x) I be less than K for every value of rt; in {a, b). Choose 
S ((5>0) so that the length 2d oi the sub-interval (c - 3, c-^ S) 
may be less than £/4X ; then the part oi 8 -s arising from the 
interval (c-(5, c + S) can not exceed the product of 2K and 26 
(the length of the sub -interval), that is, cannot exceed 
In the intervals (a, c- 6) and (c-f <3, 6) the function F{x) is 
continuous so that there is a division of the intervals {a, c— S) 
and (c+ 5, 6) such that the part oi 8 -s arising from these two 
intervals jointly is less than Thus there is a division of 
the whole interval (a, 6) for which 8 -s is less than s and 
therefore F{x) is integrable over {a, b), 

Next, let there be m points of discontinuity c-^, Cg, ... , and 
enclose these in sub-intervals (c^- c,. + <5,.), r = l, 2, ... , m, 

such that the sum ( 2 S^,.) of their lengths is less than £/4A', 
where K has the same meaning as in the first case. The part 
oi 8 -s arising from these m sub-intervals cannot exceed 
2K X {2T>dr), that is, ; on the other hand, in the partial 
intervals (a, -<$i), (cj-h <3^, Cg - ^ 2 )? •••5 i^m+ the function 

F{x) is continuous and therefore the part oi 8 -s arising from 
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these partial intervals jointly can by a suitable division of the 
intervals be made less than ^€, Hence there is a division of 
(a, b) for which ^ - 5 is less than s and therefore F(x) is integrable 
over (a, b). 

Finally, suppose that the set of points for which F{x) is 
discontinuous is infinite but has only a finite number, ju say, 
of limiting points. If there is only one limiting point — say f — 
all but a finite number of the points Cg, ... can be enclosed 
in a sub-interval (f - <5, f + (5) where 26 KsjSK {K as before) ; 
the remaining points C2, ... can be enclosed in sub-intervals 
whose total length is less than e/SK and there is left a finite 
number of partial intervals in each of which F{x) is continuous. 
The contribution to S -s from the interval (f - <5, f is less 
than 2K x {sjSK) or and the contribution from the sub- 
intervals that enclose C2, ... is also less than ; further, 
there is a division of the partial intervals in which F{x) is 
continuous for which the contribution to /S - 5 is less than ^-e. 
Hence on the whole there is a division of (a, 6) for which S -sis 
less than s so that F{x) is integrable over (a, b). 

In the same way the proof is carried out when there are jn 
limiting points. 

The theorem just proved leads to an interesting result. If 
the bounded fxmctions F[x) and f{x) are equal for the range 
ag 6, except for the values q, Cg, ... , of x, and if F{x) 
is integrable over {a, b) so is /(a;), and further 

f /(^) = [ F{x) dx. 

J a Ja 

Suppose that |F(a;)|<H and |/(a;)|<^ when a^x^b. Let 
the points be enclosed in sub-intervals (c^ - (5^, + 6^) ; then 

the values of /S -s for F(x) and f(x) respectively differ only in 
the parts that arise from the m sub-intervals (c^ - 6^, + ^r)- 

But that difference cannot exceed {2H +2K) x (2S(5^) and will 
therefore be less than s if is chosen (as is possible) to be less 
than el{4JB[-'r4oK), Since F{x) is integrable over {a, b) there is 
a division of (a, b) such that S-s for F{x) is less than 5; 
therefore for that division and for the function /(a;) the difference 
- -s is less than 2s so that f{x) is integrable over (a, h). That 
the two integrals are equal follows from the facts (i) that the 
integrals are constants and (ii) that their difference depends 
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solely on the contribution from the sub-intervals + 6^), 

which can be made arbitrarily small ; but two constants whose 
difference is arbitrarily small are equal. Hence we find the 
following theorem : 

Theorem II. The values of an integrable bounded function 
f{x) may be arbitrarily changed at any finite number of points 
in the range of integration (a, b) without changing the value of 
the integral over (a, b) provided the new values of F{x) are 
finite. 

It is easy to see that this theorem is still true when the 
number of points for which the value of F{x) is changed (the 
new values of being finite) is infinite provided the set {cf) 
of points has only a finite number of limiting points. 

Ex. 1. F{x) is defined for the interval (0, 1) by the condition that 
if r is a positive integer, r = 1, 2, 3, ... 

Fix) — 2tx when — i--< x<- : 

r + 1 r 

prove that F{x) is integrable over (0, 1). (Melsen, Elemente der 
Funktionenlehre, p. 14:3.) 

If S is positive and sufficiently small, 

F(^l-s)=2r(l-d),r = l, 2, 3,...; 

F{~ + d)=2{r-l)(j + d),r=2, 3,... 

so that F(r~^ — d)-^2 and F{r'^^ + S)^2{1 -r~^) when 5->0. Hence, 
however F{x) may be defined for x = \jr, r =2, 3, ... the points x — ljr 
are points of discontinuity. F(x) will be continuous for x tending to 1 if 
J'(l) =2 and 2 will be taken as the value of jP(1). 

The set of numbers -I, i ... has only one limiting point, namely 

AO T 

the point a; = 0 ; let F{x) =2 when a; =0. 

ISTow enclose the point 1/r in the sub-interval (r“^ - + 6r) where 

Sf=sl2^+'^, r—2, 3,..., (m + 1); further enclose the limiting point 0 
in the sub -interval (0, where nb + l<p<m+2. The total length 
of these sub-intervals is 


1 , 111 /^, 1 \ 1 1 


and is less than s if m is chosen so that m+l>2le and therefore llp<e{2. 
Hence F{x) is integrable over (0, 1). 

The integrability of F(x) follows at once from the fact that the set 
of points for which F{x) is discontinuous has only one limiting point ; 
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the above determiiiatioii of the sub-intervals that enclose the points of 
discontinuity is merely made in order to indicate one way of securing 
the required sub-intervals. 

For the evaluation of the integral see § 112. 

Ex, 2. Show that sin (1/a;) is integrable over any jSnite range, 
whether the range includes the point a? =0 or not. 

Ex. 3. If F{x) is bounded and monotonic for the range a^x^b, 
prove that the limits for d tending to zero of F{c - d) and F(c + <5), 
where a <c<b, both exist ; also that, if (5 > 0, the limits of F(a -f- (5) 
and F{b - 6) both exist. 

111. Properties of the Integral. It has been assumed up to 
this stage that the upper limit b is greater than the lower limit a ; 
this restriction will now be removed. 

If b=a the integral is defined to be zero. 

Definition 1 | F{x)dx=Q, 

Ja 

If 6<a the numbers in the division [a, ... 6] of 

the interval [a, h) satisfy the relations 

Of Xj^ ]]! 1 > X 2 

and each difference x^+j - x^ is negative. The sums S, s and 
their limits L, I simply have their signs changed ; hence the 
definition : 

Definition 2. f F{x)dx= F{x)dx. 

J a Jb 

If the three numbers a, b, c aU lie within an interval over 
which F(x) is integrable we have 

f F{x)dx+{ F{x)dx+{ F{x)dx = Q, 

CL J G J b 

as an equivalent form of the equation 

f F{x)dx-\-^ F{x)dx—{ F{x)dx, 

*1 a J c J a 

which was previously (§ 109, Th. VII) proved for the relation 
a<c<b. 

In § 124, pp. 298-301 of the Elementary Treatise^ some 
inequalities between integrals are proved, but these all depend 
on Theorem III, p. 298 ; when that theorem has been proved 
for the integral of a bounded function Theorems V, VI and VII 
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of that article will then hold for the integrals of bounded 
functions. We now prove that theorem. 

Theorem, If a<b and F(x) ^ 0, | F{x)dx ^0; if F(x) ^ 0, 

r J a 
F(x)dx^0. 

If 0 the lower sum s cannot be negative and therefore 

the integral cannot be negative ; similarly , if F(x) ^ 0 the 
integral cannot be positive, since the upper sum /S cannot be 
positive. 

On account of their frequent use the two Mean Value 
Theorems for bounded integrable functions are stated : 

First Theorem of Mean Value. If a<h, (p{x)'^0, ip{x)^G 
for a’^x'^b^ then 

r& p 

(i) g (p{x) dx ^ (p{x) y}{x) dx^G\ (p{x) dx ; 

J a J a J a 

(ii) g^{x)y){x)dx=K\ (p(x)dx, g^K^G ; 

J a J a 

ify)(x) is not merely integrable hut continuous for a<x^b, 

(ui) I (p{x)y){x)dx = y){a+6{b -a)}\ g){x)dx, 0<6<1. 

J a J a 

Equations (h) and (iii) are valid il a >b. 

Second Theorem of Mean Value. If for a^x^b the function 

(p{x) is bounded^ positive and decreases {or at least does not 

increase) as x increases, and if y){x) is bounded and integrable, then 

(i) f (p{x)'tp{x)dx = <j}{a + 0)[ y){x)dx, a^ i^b ; 

J a J a 

if cp{x) is simply bounded and monotonic, then 

(ii) f (p{x)y}{x)dx = (p{a + 0){ y){x)dx 
J a Ja 

+ 9 ( 6 ~ 0 )f y}(x)dx, a^i^b. 

The proof already given of the Second Theorem (F.T. 
pp. 452-454) is valid for the theorem as now stated. The 
following points should be noted : 

( 1 ) <p(x), being bounded and monotonic, is integrable and the 
product of the two integrable functions (p(x) and ip{x) is 
integrable ; 

(2) the limits (p{a -hO) and q>{b - 0) exist, and if a, b are points 
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of discontimiity of (p{x) these are to be taken as the values of 
(p{a) and (p[b) ; further, if a<x^<b, and if is a point of 
discontinuity of (p{x), the value of <p{o^r) Diay be taken to be 
<p{Xr - 0) or (p{Xr +0) or any number between these ; 

(3) as will be proved in the next article, the integral 

y}{t)dt is a continuous function of x and therefore there is a 
J a 

value § oi X such that, for a; = f, that integral is equal to the 
mean value M {E,T. p. 452) ; 

r r I r% 

'ip{x)dx\ ^ \y}{x)\dx 

so that if I f(x)l<X for a-^x^b, and if n is chosen so large that 
each difference (x^-Xr-i) is less than sjK, the integral just 
written will be less than e ; 


(5) S - v{^t)} ^cp{a+Q)-cp{b-0). 

r—1 

It will be a good exercise to go carefully through the proof. 

It is sometimes more convenient to express the theorem, 
not in terms of the mean value M but in terms of the two 
numbers between which M lies. Let f{x) be the integral from 
which the mean value M is derived, namely, 

f{x)=\rp(f)dt. 

J a 

As X varies from a to 6, the function f{x) being continuous 
will take once at least every value between its lower bound, 
g say, which is in this case the least value of f{x), and its upper 
bound or greatest value, O say. The Mean Value Theorem 
may therefore be expressed in a third form, namely, 

(iii) g(p{a+0)^ { (p{x)y){x)dx^G<p{a +0). 


Cor. In form (i) let x=a + b-u, (p{x) = (pi{u), y)(x) = yj^{u ) ; 
(pi{u) is bounded, positive and increases (or- at least does not 
decrease) as u increases from ato b. Thus 

[ = (Pi{b “ 0) J yjiiu) du, a^rj^b, 

or gi^i(b - 0) ^ du ^ Gi 9 ?i( 6 i - 0), 

J a 

where g-^, are the least and greatest values of \^-^{u)du 
varies from a to 6. 


as u 
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Tlic change of variable is valid by § 114. Here 

9?(a +0) = 9 !?i(6 -0) 
rf /•& rb 

and J xp{x)dx:=^ y^^^(u)du=j yfj^(u)du, a +6 

See the other forms of the Second Theorem of Mean Value 
stated in § 112, Ex. 2. 


112. The Integral as a Function of its Limits. Take x as the 
upper limit of the integral and, to avoid ambiguity, t as the 
variable of integration ; F(x) is supposed to be bounded and 
integrable for a^x^b. 

Let <p(x) = r F(t) dt ( 1 ) 

J a 

and for x put x + h, a ^x + h^b; h may be either positive or 
negative. Now 

r +A fa; C^+h 

F{t)dt^\ F{t)dt+\ F(t)dt, 

Ja JiC 

F(t)dt (2) 

The function F{t) is bounded, say | F{t) | < JT ; therefore 
I (p{x + h)- (p[x) \<K\h\, 

so that (p{x-i 'h)-~^(p{x) when ^^-*>0. We thus find the very 
important theorem : 

Theorem I. The integral of a bounded function F{x) is 
continuous whether F{x) is continuous or not. 

Again, if Fit) is continuous ioTx-\h\^t^x •^\h\, the First 
Theorem of Mean Value gives {h’>0 or < 0) 

(x+h 

F{t)dt=^hF{x-^ Qh), O<0<1, 

Ja? 

and therefore 


¥{^) = = £ F{x+ eh)=F{x) (3) 

h-^0 h~^Q 

that is F{t)dt=F{x) (3') 

Oor. )*=-!■(.) (S') 

From the equation (3) the following fundamental theorem is 
deduced : 



280 ADVA3<rCED OALCTTLTJS [CH. IX. 

Theobem II. If F{x) is continuous for a^x^b and if 
F{x) —f{x), then 

^ F{x)dx=fib)-f{a) (4) 

J a 

For, if <p{x) is defined by (1) it has been proved that (p{x) is 
continuous and that (p'(x) = F(x) ; hence (p'{x)—f‘{x) is zero 
and therefore (§ 34) 93(3;) -/(a;) is a constant, G say. Thus 

^ F{t)dt-f(x)-C, ox, f F{t)dt=f{x) + G (6) 

Ja Jo- 

When x=a, the integral is zero, so that C = -f{a), and therefore 
r F{t)dt=fix) -f(a) (S') 

J a 


lix^h the equation (S') has the same meaning as equation (4), 
since the variable of integration may be taken to be x instead 
of t. 

When the integral in (5) is considered simply as a function 
of its upper limit x we may omit the lower limit a and write 

^F{t)dt=f{x) + const., or, J F{x)dx=f{x) + const. ...(5") 


The two sjnnbols F{x)dx mean the same thing, 


namely ‘‘ the indefinite integral of F{x) with respect to a;”; 
since f'{x)=F(x) we thus verify the usual rule that ‘'the 
derivative of the integral is equal to the integrand.” 

When F{x) is continuous the integral <p{x) exists, and when 
the function /(x) has been found it may be said that the integral 
has been “ evaluated ” and the equations (5), (5'), (5") give 
the “ value ” of the integral. It has to be noted, however, 
that Theorem II has been proved on the assumption that F{x) 
is continuous for the closed range {a, b) or {a, x) if a<x<b. 
When F{x) is not continuous the theorem given in (3) requires 
modification and therefore also Theorem II. 

Discontinuity of F{x). Suppose that F{x) is continuous 
in (a, 6) except for the one value c of x, and that the discon- 
tinuity is of the kind. If a<c<6 the limits jP(c-O) and 
F{c +0) exist but are not equal ; if c is a or 6 the limit F{a +0) 
or F{b - 0) exists but is not equal to F{a) or F{b). 
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In equation (2) let x=c and take h>0. Since (p(x) is con- 
tinuous (p{c) is a definite number and the Mean Value Theorem 

fic +h) - <pic) =hF{c +eh), 
so that q>'{c +0) = £ + =F{C +0) ; 

A ->0 ^ 

in the same way it is seen that q)'{c — 0)=F{o - 0). 

On the other hand, if c is a point of discontinuity of the second 
hind either F{c-0) or i^(c +0) or both will not be definite and 
one or both of the derivatives <p'{c - 0), (p'{c +0) will not exist. 
Thus when c is a point of discontinuity for F{x) it is also a 
point of discontinuity of the same kind for (p'{x) while, it must 
always be remembered, it is a point of continuity for q){x). 

When F{x) is integrable over (a, h) and is discontinuous, say, 
for X equal to q, Cg, . . . , where and h ^ enclose in 

the sub-interval (c^ - 4- ; we may put each equal 

to d where d is positive and so small that when a; is in the 
partial interval (c^, we shall have c^ + d ^x^c^+i - <5. The 
limit for (5->-0 of the sum 


Tci - S «4 - 1 Ccr+l “ ^ r& 

F{x)dx+ 2 F{x)dx+ F{x)dx 

r=l^Cr+^ 

is, since each integral is continuous, 

fci rcr+i fb fb 

F{x)dx+ 2 F{x)dx+ F{x)dx=^ \ F{x)dx. 

Now F{x) is continuous for 4- <3 ^ a: g c^^^ - <5, and therefore, 
by Theorem II, if F{x) =fr{x) for c^+d^x^ Cj.+i - ^ we have 

fCr+l r 

F{x)dx^ \Jr{Cr+x - d) -fr(Cr + (5)] =fr(Cr+i) 

Hence, for symmetry, denoting a by Cq and b by we find 

f F{x)dx = '^ IMCr+l) -/r(Cr)]- 
*> a r=0 

In practice, when it is known that the integral exists, we 
may at once write 

fcr+l 

F{X) dx =/,(C,+i) -fr{Cr). 
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Ex, 1. As an illustration, take Ex. 1 of § 110. In this case 
F(x) = %rx when l/(r + 1) < a; < Ijr, 

Let 2tx =fr(x) and therefore 


j F{x)dx=^ 2rxdx=r^^--^ 
7+1 r+i 


The integral of F{x) is obtained by giving to r the values 1, 2, ... m, 
adding the partial integrals and letting m tend to infinity ( 1 [p tends to 
zero when w tends to infinity). Hence 


m+L 

and f P{x)da: = ^~ = Y- 

Jq r=r ^ 

Ex, 2. Prove that in the form (i) of the Second Theorem of Mean 
Value (§ 111) it is admissible to substitute A in place of 9 p(a +0) provided 
that A is greater than ^{a +0), A being finite. 

The value of the integral of (p(x)y}(x) over the range (a, b) is not 
changed by substituting A y){a) in place of <p{a + 0) by Theorem II 
of § 110 ; further, the monotonic character of (p(x) is preserved since 
A > (p{a + 0) so that the proof is still valid. 

Similarly, in the form (ii) we may put A in place of q?{a + 0) and 
B in place of ip{b -0) provided the monotonic character of (p{x) is pre- 
served ; that is, A > <p{a -f 0) > <p{x) > (p{h - 0) > 5 if q)(x) decreases 
or A< <p{a + 0) < (p(x) < q){b -0)< B if (p(x) increases. Hence the 
two forms 


f& 

(ia) (p{x) yj{x)dx =A \ ^{x)dx^ A > (p{a -}- 0) > 

*71 


(iio) \ (p{x)'ip{x)dx=A \ \p{x)dx+B 


y){x)dx. 


where in (iia) A and B suit the monotonic character of <p(x) as explained 
above. 


113. Examples. One method of dividing the interval (a, 6) 
into n sub-intervals is to make each sub -interval of the same 
length h, where h = {b -a)ln. In this case the integral of F{x) 
over (a, b) is the limit for h-^0 oi the sum 

n 

(i) 2 1)^^ + 

r=l 

if we first put and then {r — ’l)h we find the 

following two sums, which are specially useful : 

(ii) £ F{a + Th),h, (iii) ^ F{a^{r^l)li}.h, 

f=l 
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When A-> 0 each of the sums (i), (ii) and (iii) tends to 

F{x)dx, 


f' 


11 1 

Ex. 1. If + prove that 2 when 

n-><x> . 

Here we may writ© 

n , ■ 

1 n' 


and comparison with form (ii) above shows that w© may take ji^(a;) = 1 /re, 
a = 1, b=2 or F{x) = 1/(1 + re), a = 0, b — 1. Therefor© the limit of 3^ is 
dx dx 


■2 

. 1 ^ .0 


1 + re 


=log2. 


Cor. It is easy to prove that S^ = l ~i +— J— - A and 

CO 

thus to deduce that log 2 = 2 ( - l)”“^/n. 

1 


Ex. 2. If F{x) and F'{x) are continuous for re^ 6, and if 

F{a+rh)h, I=\ F{x)dx 
r=l Ja 

where h=(h — a)ln, prove that the limit of 71 ( 8 ^ — I) for w->oo is 
ig)-a){F(h)-F{a)}. 

■ For brevity, let a +rh =Xr, a =Xq, b =x^ ; then 

n rXf rXr 

F{Xr) \ dx, since 1 dre =re^ - re,._i =h, 

Z = V r F(cc)dx, S„-I=^ r lF{Xr) - F(x)] dx. 

r=^l-^xr-l 

But if rer_i ^x^Xr, Fix) — Fixr) - (re^ - x)F'iir), ^r-i ~ir^ 
Therefore 

-^=i)r -x)F'i$r)dx (1) 

r=i-‘xr-i 

Now suppose that gr = F'{x) ^ G^. for re,._i ~ x^ Xf ; then, 

rxr r®r 

gA {Xr -x)dx'^\ (x-r - x) F\^^) dx'^GA (x^ - x) dx, 

^Xr-l %-l 

that is, J 7 ^ 2 ^ f _ x) F^(^r) dx’^^h^Gf. 

Hence, multiplying both sides of equation (1) by n and noting that 
nh=b — a, w© find 

1(6 - o) ^ g,h ^n(S„-I)^Uh-a)^ Grh. 

r=i r=l 
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But by tbe form (i) above, when ^-^0, both ^grh and 'ZGfh tend to 
^ F'(z)d!X=F{b)-F{a), 

and therefore 

£ n(;Sf„-/)=J(6-o){-F(6) -F{a)}. 

Ex. 3. If I and h have the same meaning as in Example 2, but if 
now E^(x) is also continuous in (a, b) and 

S.^ = '^F(a+^h]h, 

r=l ^ 

show that the limit of n^il for w-^oo is 

^{h~a)HF'ib)~F'{a)}. 

Proceed exactly as in Example 2 ; note that for the interval (a7r-i> ^r)> 
if a + h=c,we have F{x) - F(c) = (re - c)F'(c) +i{x- c)= and 
therefore 

p f^F{x) -F(a+^^^^hJ^dx= ^(x -a F"{ir)dx, 

where Xr...i = and this integral lies between and 

Gr and gr being the upper and lower bounds of F"{x) in the interval 
a^r)- Hence 

£ n\I -S^) {^'(6) - F'(a)}. 

Ex. 4. Show that ^ n(log2-5^)= where has the same 

n-^cc 

meaning as in Example 1. 

Apply Example 2; a = 1, 6 =2, F{x) = Ifx. 

114. Transformations of the Integral. No change is required 
in the proof of the formula of Integration hy Parts 282) 

when the functions that appear in the formula are continuous ; 
the use of the formula is in practice confined to this case. The 
formula for Change of Variable, however, requires a new proof. 

Suppose that F{x) is boxmded and integrable f or a ^ ^ 6 
and that the variable is changed from x to u where x — (p{u)\ 
let u^OL when x=za and u = ^ when x~h. Both cp{u) and 
9?'(u) are to be continuous and cp'{u) is not to change sign as u 
varies from cl to ^ ; hence <p{n) is strictly monotonic, and as x 
increases from a to b, either u increases from cl to ^ (when 
p'{u) is positive) or else u decreases from cl to ^ (when '^(p'{u) is 
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negative). When these conditions are satisfied is a single- 
valued, monotonic function of x, ssjy and the formula 

for change of variable is, as before, 

f F{x)dx"{ F[q){u)\(p\'w)du. 

J a Ja 

Take the division [a, of the interval (a, 

and the corresponding division [a, x^, , x^^^, h] of the 

interval {a, h) where x^=^(p{u^). We have 

Xr+i -X^ = 9^K+i) - 9^K) = (^r+l -'^r) (1) 

where lies between Ur and ; let = 9^(^r) so that Sr lies 
between x^ and x^+i. Hence 

S ^(fr)(^r+l ” =2 9^'(^r)(%+l -'^r) (2) 

r=0 r=0 

The product of the integrable function F[(p(u)] and the 
continuous function is integrable and, by (1), when n 

tends to infinity in such a way that the length of each inter- 
val (Xr, x^^^) tends to zero so does the length of each interval 
Ur+i). If we use the definition (Di), § (107), we now see 
that the formula stated above is correct. 

The proof contains that for the indefinite integral ; for we 
may suppose x and yj(x) to be put in place of b and where 
X = (p{u) and a^x<h. 

Note, When x is defined implicitly as a function of u by an 
equation /(ic, u)=0 special care is required. See F,T, p. 470, 
Ex. 6, for an illustration. 


EXERCISES Xni. 

1. Evaluate the integrals of e®, sin (ca: + o'), cos (ca;+c') over the 
interval (a, 6) by taking a division of (a, 6) into n equal parts. 

2. If 0 < a< & and —h so that g-^1 when n-> oo , show that 

n-1 

V F(x)dx= ^ F{ae'){ae''*^-aen 

Ja n-H»>oo r=0 


r n-1 

/, (e-l )2 V{,af)ae^. 


Deduce that 


r*0 


_an»+l dx , h 

(i) ( = — .mzpL-li (ii) — =log-; 

. (hi) J log xdx — (h log 6 - 6) - (a log a - a). 
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Z. The base BC of a triangle ABC is divided into n equal parts 
r = 0, 1, 2, ... (n - 1), (Bq, B^ denote B, C respectively), and a 
point Pr is taken anywhere in the segment B^B^^^ ; if P is any point in 
BG and BP =x, prove that, with the usual notation for the triangle ABC, 


/'n-l 

JL S 


APr ~UAP 


Aog(^cot~cot^y 


4* K a > 0, p a positive integer and N =pn, prove the following 
results : 




(ii) if also & > 0, 


na +rb b 


==r'log{l + 




Show that the results hold if p is not integral but is greater than 1 
and N such that N^np< N + 1. 


pn 1 

' <J - V _ 'T -Vi. 

■ " ~,4l 1’ ” ’ 


where p, q are positive integers, show that 

(i) - ■+ L asn + ar-l’-^^®’ 

(ii) = S -^n+Zr-VP<^’ 

r=l 

and prove that, whether p ^q, 

/'(S„-2’„)=log2+ilog|. 

n— j -00 

Deduce a theorem on the change of value of the infinite series 
2 3 4 n 

produced by a certain derangement of its terms. 

r=l n-^co 

7. By use of the identity 

~ 1 = (a^ - 1) n fl - 2acos ^ 

f=A ^ J 

I log(l — 2acos.r +a®)da5 = 3rlog(a^), cP > 1 , 

= 0 ,aa<l. 


show that 



ix] EXERCISES xin 287 

8. If fin, r) is a boimded, homogeneous function of n and r, of degree 
- 1, and p a positive integer, prove that 

jC ^ f(.n, r) = [”/(!, a;)dx. 

n—^oo r=l Jo 

9. If u-xt and if f(u) and all its derivatives up to and including 

y(”)(w) are continuous for 0 S = a; (or for 0 = ~ a? when x is negative), 

show that xf'{u) =df{u)ldt and that 

fix) -m^x \^nu)dt 
Jo 

=[ -x(l -«)/'(w)J + (1 ~t)r(u)dt. 

Deduce that 

where 

and, noting that (1 — (1 I'^.p^n, and applying 
the First Theorem of Mean Value, show that 

{n-l)lp 

10. If pix), pix) and all their derivatives up to and including <pC")(a:), 
y(^)(a 3 ) are continuous for a^x~b, prove that 

pix) ix) dx=X F(a;)'] +(-!)”[ ipix)p(.‘^) {x) dx 

a ■“ -'a Ja 

n - 1 

where Fix) = ^ ( - l)^p(^)ix)y}i‘^~^~^)ix), pi^)ix) =p(x). 

11. In Example 10, let pix) =(6 and show that 

f=0 

where -Rn= \](^ ~ x)”-^ip<."Xx)d!>> 

(6 -|)"-J’(6-a)V”>(f) f f=a + e(5-a), O<0<1, 

(n-l)!j) ’ \b-S = (b-a)(l-e), ISp^n. 

12. In 10 put n + l foin; then prove that, if pix)—e^ and pix) is a 
polynomial in a; of degree n, 

^\^q,ix)dx =[g ( - . 


G.A.C. 
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13. Prove that 

J- {/(>-i)(a:)^"-'-)( -X)) =/(»-)(a:)sr(«-'-)( -x) -a;) ...(i) 

dg(,-x)_ dg(-x) , dgi'-^'X, -x) 

where S'' >(-=>=)- ^ • 

In (i) give to r in succession the values 1, 2, n and, by adding the 
n values of the two members of equation (i), deduce that 

-xj-rngWi -x) (ii) 


n^) = 2/'’-'H*)S<”-^>( -a:)- 


14. If f{x) is any polynomial in a; of degree less than n and P^{x) a 
polynomial of degree n given by 

Pni^) -aY'ix - 6)«}, A = constant, 

deduce from Example 13 that 

r/(^)-Pn(^)^^ = 0 (i) 

Ja 

[Let g{x)=A{X’^aY'{x +h)'^, so that Py^(a;) =( - 1)^^(^)( -a?) ; then 
integrate equation (ii).] 

15. If Qn(^) is a polynomial of degree n such that 

^J{x:)Q„(x)dx =0, 

where, as before, f(x) is any polynomial of degree less than n, prove that 
Q^(x) =OP^{x) when <7 is a constant. 

[We have f(x) {Q^ix) - GP^(x)}dx = 0. 

Jo 

Now O may be chosen so that - GP^ is of degree n-1 (or lower 
degree) ; let it be so chosen. Since /(a;) is any polynomial of degree less 
than n we may take /(a:) ~Q^~ GP^ and then 

? {QJ^x)-GPJx)}Hx^0. 

Ja 

But Q^ix) -CP^{x) is continuous for a^x'^h and the integral will 
necessarily be positive unless QJjx) - GP^{x) =0 for a ^ a? ^ 6. 

The integral in Example 14 thus expresses a characteristic property 
of PJx), An important special case is the following if m 9^: n : 

[ dx = 0 (i) 

Ja 

Let /(a?) =P^(x) if m < n and /(a;) =P„(a:) if m > n.] 

16. In Example 14, let a = - 1, 6 =1, A =1/2^^ . nl so that 

This value of P„(a;) is called Phe Legendre Polynomial of degree n, or 
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The Legendre Coefficient of degree n ; by convention, P^(x) is taken to 
be unity. Prove that 

(i) = P^(-l)=(-l)«; 

(ii) f P^(x)PJ^x)(Lc=Q, m^n 

J-i 

=2/(2?^ + 1), m =ti. 

[limz^n the result is proved in Example 15. lim—n use the above 
form of P^[x) and note that . (a:^ - 1)" =0 for r<n both when 
a; = 1 and when a; = 1. For the general theory of these functions 

reference may be made to Professor MacE-obert’s book on Spherical 
Harmonics. As an exercise the student may show that if f(x) is any 
polynomial of degree n, 

fix) =^ 0 ®" +AiX”-^ + ... +A„_jX -i-An, 
it can be expressed in the form, = constant, 

f(x) = BqP^{x) + H-^Pn—li^) ■*" "b o(^)- 

Show that Bq may be chosen so that /(a?) -BqP^(x) is a polynomial 
fj{x) of degree {n-1) and therefore /(cc) = PoP„(a;) +/i(a;) ; the process 
may be repeated with/i(a;), and so on. Further, by equation (ii), show 
that o fi 

2^1- '=L/W-Pr(*)<fo. 

If f(x)=xP^(x), a polynomial of degree (n + 1), deduce from the 
equation 

= -BoPn+i + BiP„ + B2 P„_i + . . . + P„Pi + P„+iPo. 

(а) that P^(a;) contains no power that occurs in xPJx) so that = Oj 

(б) by applying equation (ii) that Pn_r+i=0 if r<n-\; (iii) by 

comparing coefficients of and a;”"^ that Pq ={7i + 1)/(29^ + 1), 

Pg =n/(2n + 1). Hence the relation between P„+i, P„, P^-i 

+ l)-Pn+i - (2w + =0.] 


17. Ti u and v are bounded integrable functions of x for the range 
a'^x'^b, prove that 

Q v^dx^. 

This inequality is known as Schwarz’s Inequality. To prove it, let 
A and p be constants ; then 

{Xu + pv)^dx=AX^ +2BXp +Gp'^ 

Ja 

where A is the integral of u^, etc. The quadratic form cannot be 
negative so that B^'^ AO; the equality can only occur if ulv is constant. 


18. If F{x) is continuous and positive for a'^x—b, prove that the 
product of the integral of P{x) and the integral of 1/P(£c), each taken 
over the iat^jyal is least when F{x) is constant. 
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19. If F{x)=^{l +x)-^ for and iif{x)~F{x) except for the 

values a? = 1/r, where r — 1, 2, 3, ... , prove that 

f f(x)dx=log2. 

JO 

20. If F{x) is defined for the interval (0, 1) by the condition that if r is 
a positive integer, r = l, 2, 3, ... 

Fix)=( - when (r + 1)- 

prove that 

f F{x)dx =log 4-1. 

.u 

log (sin t)df, Q<ri^x~'^, prove that /(a;) tends to a 

limit when a;-^0. 

Write log sin t =log {Qmtjt) -blog t and note that 
I log^d^ log ^ 

while t log ^->0 when i->0 and sin t]t is continuous for 0 ^ ^ ^ 7 r/ 2 . 
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CHAPTER X 

EECTIFICATION. CURVILINEAR INTEGRALS. AREAS. 
REPEATED AND DOUBLE INTEGRALS. VOLUMES. 
SURFACES. 

115. Rectification of Curves.* Let a curve AS be defined, the 
axes of coordinates being rectangular, by the freedom equations 

( 1 ) 

By the point is meant the point 2/r) where and 

are the values of x and y respectively ioTt=tr; A is the point 
and B the point T, As t increases from to T the point {x, y) 
moves along the curve from A to B. 

Let po, h, ••• tn~ii T], T=tnt be a division of the interval 
T) and let Aj. be the point ; A is Aq and 5 is Denote 
by the length of the chord A^A^+i ; then, the positive 

value of the square root being taken throughout, 

ArA^+j^ =^/{(a:r+l - - ^r)^} 

and if 1^ is the sum of these chords for r = 0, 1, 2, , (n-1), 

l„ =’SA[f(fr^l) ^ + [ffM - ff(tr)] 

r=0 r=0 

Definition, If, when n tends to infinity in such a way that 
the length {t^^^ - 1^) of each interval tends to zero, 1^ 

tends to a definite limit Z, the curve is said to be rectifiable 
and the number Z.is defined to be the length of the curve AB, 

If A jB is a curve in three dimensions defined, with respect to 
rectangular axes, by the freedom equations 

y = g{i)> ^^h{t), 

* For a discussion of curves, areas, volumes and surfaces that involves less 
drastic restrictions on the defining functions the student may consult de la 
Vall6e Poussin’s Coura d'' Analyse (2nd ed.), VoL I, pp. 347-373 or Jordan’s 
Cours Analyse (2nd Ed.), Vol. I, Chap. VIII. 
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the length of the chord A^r+i is given by 

=J{{^r+l ” + il/r+l 2/r)^ + (^r 

rt-1 

stn,d *” ^ 7 A. ^^‘A. • 


-^rn 


The definition just given for the length of a plane curve is 
taken as defining the length of a curve in space. The develop- 
ments that will now be given for a plane curve are applicable 
with little more than verbal changes to a curve in space ; they 
involve less complicated formulae, and the results can be at 
once adapted to the case of three dimensions. 

It will now be proved that AB is rectifiable if /(^), f{t), g{t\ 
g'{t) are continuous for ; these conditions are sufficient 

but not necessary. Jordan (see his Cours d' Analyse, 2nd Ed., 
§§ 105-108) has proved that the sufficient and necessary 
conditions that the curve AB should be rectifiable are that the 
functions f{t) and g{t) should be continuous and of limited 
variation. 

By the Mean Value Theorem we have 




where and both lie between and tr+i, so that 


~ ^r) (2) 

This expression for A^A^^^ can be put in the form 

^rAr^l=y{[f'{tr)]^+ ^} + a (3) 

where tends uniformly to zero when each difference - if) 
tends to zero ; the change from the form (2) to the form (3) 
is an essential element in the proof and the equivalence of the 
two forms may be shown as follows. 

Let d^=^s/{u\+v\) where u, v, are real numbers 

and d, are positive ; then 


Now 


j j d^ . . 'Wt -f- . v-1 “I” V 

dl 


and therefore 


\u\, d ^ I v I , dj ^ I % I , di ^ 1 -^ 1 1 so that 
di +d^l% |, d^+d^\vT^+v\, 


1 ~d \ = I +'yf) - {sju^ I “1 -u I + I % -V 1 . 

In the same way we have, w and being real, 

I n/(w| +'Z?| 1 = 1 - w I + I --y I + [ -w\» 
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Now for u, V put /'(^^), g'{t^) and for put /'«), g'ir") 

respectively ; then 

I jmov + [gvm -j{[f{tr)r+mtr)m 

But f{t), g'(t) are continuous and both r' and lie between 
fj, and ^^+1 ; therefore, given e, we may choose rj so that 

\f{<) -rm < is. \g'«) -g'itr)\ < 
if only tr+i - trKrjj r = 0, 1 , 2, , ti - 1 . Hence we have 
+ [g'{r';m =J{[fitr)V + [g'itrm +a„ 
where | | <e if so that ol^ tends uniformly to zero 

when tr+i - tr tends to zero. 

We now have, using the form (3) 

k = S [v/{ [/' («r)] * + Wikm +0C.] - fr) 

r=0 

and therefore, since the function s/{[f{t)]^+[g'(t)f} is con- 
tinuous, by applying § 107 , (D^) we see that I where 

If P is the point t on the curve and arc AP =5 we have, with 
0 as the variable of integration. 



and, for a curve in space, 



Note, The class of rectifiable curves may obviously be 
extended to include a curve of the following type (a composite 
curve). Let the curves AC-^, ... , G^B be joined up at 

the points G^, (^2, . . . , so as to form one curve AB and suppose 
that A, Gj^, 0 2, , G^, B are the points t^, t2, ... , T 

respectively where . . . < < ^- functions 

fit)t g{t)y h(t) are continuous for tQ^t^T the curve AB is 
continuous ; if also the derivatives f{t), g'{t), h'{t) are con- 
tmuous for each of the closed intervals {t^, t-^), {t-^, t^, ... , [t^^ T) 
then each part ^ 7 ^, G^G2 , ... , G^B of the composite curve is 
rectifiable, and the sum of the lengths of the parts AC^, 
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... 5 C^B is dejfined to be the length of the curve AB, At 
the points Og, one or more of the derivatives 

/'(«), g'{t), 7i'{t) will usually be discontinuous and there will be 
two tangents at such a point, there being an angle between the 
backward and the forward tangents at the point (as at the 
point H, p. 161, Fig. 33 of the Elem, Treat,), The simplest 
example is that of a “broken line” AG^C^.,, G^B in which 
each of the parts AG^^ ... , G^B is a straight line and no 
two consecutive parts are collinear. 

Got, 1. The expression for s as an integral in (6) gives 


+ 


(dz\ 

\dt) 




(a) 


dt V IVd^/ \dty 

and therefore, in terms of differentials, 

ds^=^dx^ + dy^ + dz^ 

(The corresponding expressions deducible from (5) are obtained 
by supposing dz to be identically zero.) The equation (/9) 
holds whatever the independent variable may be. 

Got. 2. If y = (p{x) and if <p{x) and (p'{x) are continuous for 
a^x^h, the curve has the freedom equations x=f, y~g)(t), 
so that, replacing t by x, we have 

ds^ = dx^ + dy^ = {1 + [<p'{x)] ^}dx^, 

s=£7{l+[9''(f)]Vf- 

Similarly, in three dimensions, we may write 
x=t, y = <p{t), z=ip{t), 

^ Cor. 3. If for ^ r the functions /(<), g{t), h(t),f{t), g’(t), 
h'(t) are continuous and the derivatives are not all zero for the 
same value of t, the function s defined by the integral (6) is a 
continuous, monotonic, increasing function of t and ds/dt as 
well as 5 is continuous. Hence f is a continuous, monotonic, 
increasing function of s and z, y, z may therefore be taken as 
functions of s which, with their first derivatives, are continuous 
functions of s for the range OgsgZ where I is the length of AB; 
that is, the curve AB may be represented by freedom equations 
of the form z = F{s), y^G{s), z=H{s). 


and 


and 
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In this case dxjds, dyjds, dzjds are the direction cosines of the 
tangent to the curve at the “ point 5,” as is easily seen ; the 
derivatives dxfdt, dyjdt, dzjdt proportional to these direction 
cosines (for a plane curve dz may be taken to be identically zero). 

Ex, 1. If the curve is plane and given by an equation r =f{B) in 
polar coordinates, show that 

ds^ +rHd\ 

^ ^dQ + constant. 

In the equation ds^ —dx^ +dy^ put x=r cos 6, y=r sin 6 ; then 
dx — cos ddr ~r sin 0 dd, dy =sin Odr +t cos 6 dB, 
so that ds^ ~dr^ +T^dQ^. 

%J Ex. 2. If for a curve in space the coordinates x, y, z are changed to 
spherical polar coordinates r, 6, (p by the transformation 
X =r sin 6 cos 9 , y =r sin 6 sin 9 ?, z =r cos 6, 
show, in the same way as in Example 1, that 

ds^ =dr^ 4 -r^ sin ^0 dq)^. 

Here dx =sin 6 cos (pdr+r cos B cos cpdd - r sin 6 sin 9 ? dcp 
with similar expressions for dy and dz ; substitute in the equation 
ds^ —dx^ ~\-dy^ +dz^ 

and the result follows. 

Ex. 3. If and ^,.+1 are the points and respectively on the 
curve AB, prove that the ratio of the chord A^A^j^-^ to the arc Aj.Aj.^i 
tends to unity when ^^+1 tends along the arc to A^., or, when 

For simplicity suppose AB a, plane curve. The integral (5) gives 

arc + 

where Tj. lies between and Also by § 115, equation ( 2 ), 

chord ^^,+1 -trwmof Hg'iOf} 
where Zr and both lie between and 

But, as proved above, if -tr<r}, we have 

IV{[/'W)P +[g'{<m -V{[/Vr)]= +[fl-'(’^r)RI < « 
and therefore 

chord 

arc A^A^^^ T + 

so that, and g'{t) are not simultaneously zero for the 

ratio of the chord to the arc tends to unity when A^^i tends to 

This property of the ratio of chord to arc was assumed previously 
(E.T. p. 109) as an axiom ; with the definition of what is meant by 
“ the length of a curve,” based on the integral, the axiom now appears 
as a theorem capable of proof. 
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Ex, 4. Prove Example 14, p. 361, of the Elementary Treatise. 


Ex. 5. If a cTxrve is represented by freedom equations x =f{s), ^ the 
parameter s being the length of the arc from a fixed point on it up to 
(x, y, z), and if accents denote derivatives with respect to s {x' =dx I ds, 
x" =d^xlds^, ...)> prove that 

x'x" + y'y" +z'z'' = 0, 


and if + show that the line whose direction 

cosines are qx'", gy", qz" is perpendicular to the tangent to the curve at 
(cc, y^z). Find also the direction cosines of the line 
that is perpendicular to these two lines. 

Note that - 1- 

116, Curvilinear Integrals. Let y — (p{x), 
where (p{x) is single-valued and continuous 
for the range be the equation, 

referred to rectangular axes, of the curve 
APB (Fig. 1), A being the point (a, a') and B 
the point (6, h'). 

Suppose that F{x, y) is a single-valued 
function of x and y where y = (p{x) and form a division 
[a, , x^_^, 6] of the interval {a, h). Take such that 

let = and consider the sum 8^ where 

Sn = S r{^r, Vr){^r+l “ a^r) = 2 <P(ir)}iXr+i - X,). 



Fig. 1. 


Definition. If, when n tends to infinity in such a way that 
the length - x^) of each sub-interval {x^, tends to 
zero, Sn tends to a limit, that limit is called an integral of 
F{x, y) along the curve AB (a, curvilinear integral) and is 
denoted by the symbol 

f F{x, y) dx. 


The limit will certainly exist if F{x, y) is a continuous 
function of x and y because F{x, (p{x)} will be a continuous 
function of x for the range a^x^b, since (p{x) is so. The sum 
8n is in this case merely a particular example of the general 
theorem in integration, so that 

f F{x,y)dx= 8 \ F{x, (p{x)}dx. 

" --i-S ^ 00 J Gi 

It is supposed in what follows that F{x, y) is a continuous 
function of x and y. 
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The definition can be extended to cases in •wMob y is not a 
single-valued functiori of x. Consider the curves [Fig. 2, 

(«■)> (/5). (r)]- 



deb a d b c a d c b 


C0) (y) 

riG. 2. 

Along AO let y = (pi{x), a^x^c] along CD let y^(p^{x), 
c'^x^d; along DB in (a) and (^) y = cp^{x), d^x^h; while 
m{y) x=d along DE and y = (p^{x), d^x^b along EB. 

The functions (pr{^) and F{x, <Pr(^)}, r=^l, 2, 3, are supposed 
to be single-valued and continuous in the respective intervals ; 
along EE in (y) is constant and the integral arising from DE 
is therefore zero. Thus the integral along A 15 is defined as 
the sum of the integrals along AC, CD, DB (or DE and EB), 
each of which has a definite value : 

f E{x,y)dx= f F{x, <p^{x)}dx-\- f F{x, (p 2 {x)}dx+ f F{x, (p^{x)}dx 

j AB J a J/j id 

= I F{x, y)dx-^[ F(x, y)dx + \ F{x, y) dx. 

J AC J CD i DB 

In the same way the curvilinear integral 

y)^y 

is defined, x being a single-valued continuous function '\p{y) say, 
of y when every line parallel to the rc-axis meets the curve AB 
in only one point at most, or different single-valued continuous 
functions 'ip^iy), ••• when aline parallel to the ic-axis may 

meet AB in two or more points. 

Again, the curve may be closed, like a circle or an ellipse ; 
in this case B coincides with A and the direction of describing 
the curve may be indicated by taking two points C, D on the 
curve and using the form AC DA instead of AB, 

The defimition may be extended to a curve in space. If the 
curve is defined as the intersection of the cylinders y = (p(x), 
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z= y){x) and if F{x, y, z) is a single-valued function of x, y, 
the curvilinear integral 

J F(x, y, z) dx 

means f F{x, (p{x), '(p{x)} dx 

j a 

where a, h are the a;-coordinates of ^ respectively. Corre- 
sponding definitions hold for integrals with respect to y and z. 


117. Area. Let y = F{x), where F{x) is single-valued and 
continuous for the range a-^x^b^he the equation, referred to 
rectangular axes, of a curve CD and let AG, BD he the ordi- 
nates at C, D so that AO — F{a) and BD = F{h), The area of 
a polygon — ^that is, a closed plane figure bounded by straight 
lines — ^has a definite measure, but when the boundary of a 
closed figure consists in whole or in part of curved lines the 
method by which the measure of a polygon is determined is 
no longer applicable and the measure of the area of such a 
figure needs definition. The measure may be defined in the 
following way. 

Tirst, suppose that F{x) is positive for a-^x^h and take a 
division [a, x^, x^^, ... , x^^^, b] of the interval (a, 6). Let 
and be the maximum and minimum values of F{x) in the 
sub-interval {x^, x^+^) of length and let AJP^ 

and be the ordinates F{Xr) and F{x^^^. The figure 

ArA^+xPr+xPr — ^where P^Pr+i is the arc of the curve CD between 
Py and P ^^^ — ^lies between the two rectangles whose areas are 
MrK and respectively. Thus the figure ABDO lies 

between two sets of rectangles whose total areas are S and s 
respectively where 

w - 1 n - 1 

and ^ = 2 ^r^r- 

r *=0 

When ^->00 and each the numbers 8 and 5 have a 

limit which is the same for each, namely, the integral 

J F{x)dx, 

This integral is defined to be the measure of the area ABDC, 
or more simply, the area ABDG, when it is obvious that its 
measure is in question. 
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The extension to other cases then follows exactly as is shown 
in §§ 80 and 128 of the Elementary Treatise ; the rule for 
determining the sign of the area, § 80, p. 187, and § 128, p. 318, 
should be noted. 


118. Area of a Closed Curve. Let ACDA be a closed curve 
without a double point, and let its freedom equations be 

y=g{t), (1) 

the point {x, y) describing the curve as t varies from to T. 
If and are unequal values of t and if both lie between 
and T the points and will be different because the curve 
has no double point ; on the other hand, the points and T 
Sire the same. 

If it be assumed further that f'(t) and y'(t) are continuous 
in the interval (Iq, T) it may be proved, as in § 128 of the 
Elementary Treatise^ that when the point {x, y) moves round the 
curve in the positive direction the area enclosed by the curve 
is given by each of the three integrals 




The functions f{t), f{t) and g{t), g'{t) are by hypothesis 
continuous and therefore the curve ACDA is rectifiable. 

Next suppose that the closed curve is a composite curve, that 
is, as explained in the Note, § 115, a curve formed by joining 
up the curves AG-^^, ^ 2 ^ 3 ? 5 at the points 

(/g, ... , A. If is the point Iq (or T since the curve 
is closed) and ••• ? "tbe points t-^, h, , im where 

iQ<ti<t 2 < ... <t^<T, and if the functions /(^) and g{t) give 
the coordinates x and y of any point on the curve, we assume 

(1) that/(^) and g{t) are continuous in the closed interval {t^, T) 
and (ii) that/'(^) and g’{t) are continuous in each of the closed 
intervals {t^, t^, {t^, ^g), ... , (t^, T). The curve is rectifiable and 
the area enclosed by the curve will still be given by the integral 

( 2 ) . 

One or more of the curves ACj^, 0 ^ 62 , ... may be straight 
lines ; in particular they may be segments parallel to one or 
other of the coordinate axes. For example, AC^ might be 
part of the aj-axis, C^C 2 and AC^ parallel to the 2 /-axis while 
the abscissae of the points 0 ^, ... , might all lie between 
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the abscissae of A and ; in this case the closed area is the 
area under the curve just as {E,T. p. 185) the area 

ABDG is the area under the curve GD. 

It is sometimes useful to define /(O and g{t) for values of t 
that lie outside the interval T) ; the definition is simply 
to make them periodic, with period {T —t^, so that 

f[n{T - Q + 1] =f{t), g[n{T - 1,) + 1] =g(t), 

where n is any positive or negative integer. 

Again, if the origin of coordinates be changed and the axes 
turned through an angle a the old and new coordinates, {x, y) 
and (f, ri) are connected by equations of the form 

= f cosa-?y sina + a, y sina + 77 cosa + 6 . 


Now since the (closed) curve is rectifiable the length .5 of the 
arc, from a fixed point on the curve up to the variable point 
{x, y), may be taken instead of t in the freedom equations ; s 
will be taken to be positive when measured in the direction 
that is taken as the positive direction of motion of the point 
{x, y). If Z is the length of the curve, its area is given by the 


integral 




dy_dx\ 


jds, 


and it is easily proved that this is equal to 



-V 



so that the number that measures the area is independent (as it 
should be) of any particular coordinate axes. 

Note. Conditions to be satisfied by a curve. It will be 
assumed in all that follows that a curve may be defined, in the 
manner illustrated, by freedom equations x=f{t), y=g{t) where 
■^(t) and g{t) are continuous and the derivatives f(t) and g'{t) 
in general continuous — ^that is, continuous except for a finite 
number of values of t. A curve as thus defined is both recti- 
fiable and quadrable — ^that is, any arc of the curve has a 
definite length and the area enclosed by the curve (if it be 
closed) or the area bounded by the ic-axis, an arc AG (for which 
the ordinate is single-valued) and the ordinates at A and G is 
measured by a definite number. 
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EXERCISES XIV. 


1. A curve is given by the freedom equations 

ir=a cos t ~f(a -6) cos®^, y—h sin ^ +i(a -6) sin® i ; 
the length of the curve, measured from the point ^ = 0, is 
i{a + b)t - - 6) cos t sin t. 

2. The length of that arc of the curve 

which lies in the first quadrant is fa and the length of the whole curve 
is 6a. 


3. The length of each of the following curves is x-\-z, when the point 
on each curve from which the length is measured is properly chosen : 
(i) 2ay =x^, 6a% =a;® ; 

(ii) 


y=-J{a^ -x^), z=ialog2^-^ ; 


(iii) 


f=a sin“^( - 


, z—^a log 


a +x 


(Schlomilch) 

4. The whole length of the curve given by the freedom equations 

^ 2-1 
3i2 + l“ 


IS 


(f + l)2 («-l)z 


5. If a; =a cos 0, y =a sin 6, z =c0, show that s =^/(a2 +c ^) . 6. 

6. If x~at cos t, y = at sin jf, z =ct, show that 


s = J«(a2 + c2 + aH^Y + 


2a 


-log|- 


(a^+c®)^ 


->■ 


7. If a; =acosh^ cosi5, y =a coshtsiat, z=at then s =<^2 . asinh^. 

8, Given that 

a?=acos^cos B +6sin^sin0, z—kj(h^^ -a®)^! -cos^^, 

ad . ^ r . ad ^ 
y =a cos -g- sm 0-6 sm-^ cos 0, 

show that s —hzja. Prove that a tangent to the curve makes a constant 
angle with the 25-axis. 


9. On the sphere given by the freedom equations 

a; = a sin 6 cos 93, 1/ = a sin 0 sin 93, 2:=acos0, 
a curve is determined by the equation sin 0 cosh ^93 = 1 ; show that, if 
n=cota., the length of an arc, measured from the point (0, 0, a) is 
a0seca and that the curve cuts the curves 93= const, at a constant 
angle (oc). 
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10. The area enclosed by the curve 

^2(3.2 +2/2)2(62^2 +aV) =(a2 -h^Yh^x^ 
is 7tb{a -hY{2a + b)f2a^. 

11. The area enclosed by the curve 

a^b^x^ +aV)® ={a^-b^Yb^x^ 

is 3jT6(a2-62)2/8a3. 

12. Show that the curve given by the equation 

= 0 

consists of two ovals and that the area of each oval is ?ra*. 

13. A curve is given by the equations 

a:=acos0, y=^a{2 +sin0)sin2 6y(3 +cos® 6) ; 
show that the area enclosed by it is (16 - 9s/3)7za^ls/3. 

14. The area enclosed by the curve {x^ -x^) can be 

expressed in terms of Garmna Functions. 

15. 1 {x^ +y^)dx— -fa(a2+262) where ABA' is the upper half of 

}aba' 

the ellipse x^ja^ -hy^lb^ = 1, A being the end of the major axis A' A that 
lies on the positive side of the origin. 

16. xydx round the cardioid r =a(l - cos d) is 57ra®/4. 

17. I yz dx along the curve defined by the equations 

ir=acos 6, y=asmd, z=c6 

from the point {a, 0, 0) to the point (a, 0, 27ic) is - jt^a^c. 

18. j (ydx+z'dy+xdz) along the curve in which the plane a; +2: =iJ 

intersects the sphere -\-y^ +z^=Ii^ is equal to -TcR^js{2 ; the path 
begins at (R, 0, 0) and lies at first in the positive octant of the sphere. 

19. I [(y^ •\-z^)dx +{z^ +x^)dy ’\-{x^ -\-y^)dz'\— -2nab^f when the path 

of integration is that part for which 2 ^ 0 of the intersection of the 
surfaces 

+y^ +z^ =2ax and x^ +2/^ =2hx, a > 6 > 0 ; 
the path begins at the origin and runs at first in the positive octant. 

119. Integral as Function of a Parameter, When the 
integrand contains numbers y,z, ... besides the variable of 
integration x the integral will usually be a function of these 
numbers or parameters as they are often called when they 
become subsidiary variables ; these parameters are constants 
so far as integration with respect to x is concerned, but they 
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usually Tary within some prescribed range. Some properties 
of the integral as a function of one parameter, y say, will now 
he considered ; the discussion when there are more parameters 
than one may be carried out on similar lines. 

The integrand F{x, y) is assumed to be single- valued and 
hounded and the integral of F(x, y) over {a, h) will be denoted 
by/(y) so that 


fiy) 


•6 

= F{x,y)dx. 

J d 


Turther, the function F{x, y) is supposed to be defined for a 
region bounded by a closed curve, the boundary being included 
in the region, and every curve is assumed to be rectifiable 
(§ 115, Note). 

The property of f{y) that will be first considered is its 
continuity and the following simple examples give some 
suggestions regarding the behaviour oif{y) when discontinuities 
occur in F{x, y). 


Ex. 1- Let F{x, y) be defined for the square bounded by the lines 
x — 0,x=a and y =0, y —a bs follows : F{x, y) =x^ 4 - 2 /® for all points of 
the square except for the sides a;=0, x—a and the diagonal x^y^ in 
which cases F{x, y) = 0. 

By integration it is found at once that/( 2 /) —ay^ 4-i-a®, so that though 
F{x, y) is discontinuous for all points (except the origin) on the lines 
x = Q, x=a and x=y the integral /(2/) is a continuous function of 2 / iu 
the closed interval (0, a). 

The three lines x = 0, x=a and x—y are called lines of discontinuity 
for the function F{x, y). 


Ex. 2. The same as Ex. 1 except that F{x, y)=0 when y —a so that 
the line y—ais a fourth line of discontinuity. 

In this case /( 2 /) =^ 2 /^ 4-i-a® when 0^2/<a but/(2/)=0 when y =a 
so that/( 2 /) is discontinuous at the end a of the interval (0, a). 

If F{x^ y)=0 when y=h<a, as well as on the other four lines of 
discontinuity /( 2 /) would be discontinuous at h as well as at a. 


Ex, 3. For the cube boixnded by the planes x=0, x=a, y = 0, y—a, 
j 2 = 0, 2 :=a, let F(x, y, z)=x^ ■{■y'^ +z^ except for points in the planes 
x=y and x=z in which cases F{x, y, z) =0. If f{y, z) is the integral of 
F{x, y, z) with respect to x over (0, a), show that/( 2 /, z) is a continuous 
function of y and z in the square given by y = 0,y=a and 2 = 0 , z=a. 

Consider the continuity of f{y, z) when the planes y=a and z—a are 
also planes of discontinuity for F(x, y, z). 


Discontinuities. The integrand F{x, y) will be assumed to 
be in general continuous in its region of definition but it may 

Q.A.O. X 
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be discontimious at a finite or at an infinite number of points 
in the region. When the number of points of discontinuity 
is infinite they will be restricted by the condition that they 
will be assumed to lie on a finite number of curves (including 
straight lines) none of which is parallel to the :t;-axis or can be 
cut by a straight line parallel to the a:-axis in more than a* finite 
number of points. At a point (x^^, y^) of discontinuity F{x, y) 
will be assumed to be defined — ^that is, F{x-^, y^) will have a 
definite value ; the precise value does not matter so long as it 
is finite. 

When the discontinuities satisfy the above conditions they 
may be said to be normal; if a line of discontinuity is 
parallel to the a;-axis this case must be explicitly stated and 
discussed. 

Of course if rj; is the parameter and y the variable of Integra- 
tion the normal discontinuities of F{x^ y) would exclude lines 
of discontinuity parallel to the while no line of dis- 

continuity would be met by a parallel to the ^/-axis in more 
than a finite number of points. 

Notation. When the region of definition is the rectangle E 
bounded by the lines x = a, x=b and y=a', y = b', the region 
will, for brevity, be sometimes called the rectangle 
E(a, a' ; b, b') ; the points (a, a') and (6, b') are opposite 
vertices of the rectangle. 

120, Continuity with respect to a Parameter. Suppose first 
that F{x, y) is defined for the rectangle R{a, a' ; 6, h'). 

Theorem I. Let F{x, y) be integrable with respect to x for 
every fixed value of y in R. If F{x, y) is continuous in R or has 
only normal discontinuities in R then f{y) where 

f{y)=^^F{x,y)dx 

is a continuous function of y for the range a' ^y^b'. 

Case (i), F{x, y) continuous. Let c and c-fZ; be two values 
of y in -R ; then 

/(c + h) -f{c) = f {F{x, c-^h) - F{x, c)}dx. 

J a 

Now F(x, y) is continuous and therefore, by the property of 
uniform continuity, there is a positive number rj such that, 
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whatever value x may take in. {a, b), s having the usual meaning, 
I F{x, c + Jc)- F{x, c) I < £ if \Ic\<r}, 
and therefore | f{c 4- k) -f{c) | < 8(6 - a) if \Jc\ <?]. Hence f{y) 
is continuous at c where c is any number in (a', 6') so that/(y) is 
continuous in the (closed) interval {a\ b'). 

Case (ii), F{x, y) discontinuous. 

Let there be one curve of discontinuity DD' (Fig. 3) and let 
it be met by a parallel to the rc-axis in only one point at most ; 
say that y = c meets DD' 
where x = a. 

If 6 is an arbitrarily small' a^I IB^ 

positive number it is possible ^ 

to choose 7} so that if (x, y) H 

is in either of the rectangles jr"- — 

j^F(a, c-?; ; oc- <3, c +? 7 ) and , o' ! 

6^F?’(a +<3, c ; 6, c the ^ a j B 

function F{x,y) is continuous, o ‘ a a i % 

li \ F{x, y) \ < M in the small 3- 

rectangle FG whose centre is the point (a, c) the contribution 
from that region to the difference \f{c+Tc) ~/(c) | is less than 
2Mx2d when \h\<Yi. Since <3, and therefore 4ilf<3, is 
arbitrarily small it now follows by Case (i) (because F{x, y) is 
continuous in the rectangles EF and GH) that/(y) is continuous 
at c. 


If there were more lines of discontinuity than one the line 
y=c would meet these in a finite number of points at most, 
say the points which had ... a,,, respectively for 

abscissae. The neighbourhood of each of these points (oc^, c) 
could be treated as has been done in the case of the point (a, c) ; 
the contribution to | f(c + k) ~f{c) | from these neighbourhoods 
would be less than {mx4:M6) when \k\<ri, and therefore 
would be arbitrarily small. Outside the small rectangles with 
centres (a^, c) the function F{x, y) is continuous so that f{y) is 
continuous. 


Note, It is now clear that there will be no loss of generality 
in assuming that there is only one line of discontinuity and, as a 
rule, the proof will be given for only one line. 

Suppose next that F{x, y) is defined for all points inside or 
on the boundary of an area D, bounded by a closed curve C. 
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Theorem II. Let F{x, y) he integrahle with respect to x 
for every fixed value of y in D. If F{x, y) is continuous in D or 
has only normal discontinuities in D then f{y) is a continuous 
function of y. 

The curve C will be assumed to be such that it can be cut by 
a line parallel to either axis in not more than two points ; if 
this condition is not satisfied it wiU be assumed that the area 
may be divided into a finite number of parts for each of which 
the condition is satisfied, so that when the theorem has been 
proved for one part it will hold for the region composed of the 
sum of the parts. See, for example, Mg. 11 (a) ; the lines 
PQ, PS and TU divide the area into three parts each of which 
satisfies the required condition. 

Let G be the curve EFGH (Fig, 4). The curve lies wholly 
between the lines a;=a, x~h and y=a', y=zb' and we suppose 

that the equation of FHG isx~ (p^{y) 
and that of FFG is x = (p2(y), so that 

— 9i(y) 9^2 (^) ®^ch single- 

valued, continuous functions of y for 
the range a' ^y^h\ 

The theorem to be proved can be 
reduced to the Theorem I in the f ol- 

— lowing way. Let the function F^ {x, y) 
^ be defined so that Ffx, y) = F[x, y) for 

all points inside or on the boundary 
of the area EFGH, but Ffx, y)=0 
for all other points in the rectangle ABB' A'. If the curve 0, 
that is, EFGH is taken as a line of discontinuity for Ffx, y) the 
discontinuities of Ffx, y) are the same as those of F{x, y) and 
in addition those that lie on C. The function f{y) where 

/(y) = f Fi(x> y)dx 

J a 

is continuous for a y^b' by Theorem I, But if y — ON =c, 

r02(c) 

/(c) = F^{x,c)dx^\ F{x,c)dx=\ F(x, c)dx 

NR' J J Me) 

because c)=0 if Ar]S'<x<NJi or if NS<x^m' &nd 
F-y{x,c) = F(x,c) if NR^x^NS. Hence /(y) is continuous 
at c and c is any number in {a\ h'). 
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The curve C may of course consist in part of straight lines. 
Tor example, C might be formed by the arc FGH and the 
straight lines EA, AB, BF, 

Ex. 1. If F(x, z) is bounded when (x, y, z) is any point of the 
cube given by a; =0, x =a, y^0,y =a, z =0, 2 —a, and if 

2 ) = [ F{x,y,z)dx, 

• 0 

show that f{y, z) is a continuous function of y and z if F(Xf y, z) is 
continuous or if, when discontinuous, its discontinuities all lie in the 
planes x—y and x=z. 

Ex. 2. li F{x, y, z) is bounded when {x, y, z) is any point in the 
tetrahedron whose vertices are the points (0, 0, 0), (a, a, a), (a, a, 0) 
and (0, a, 0) and if ry 

f{y, F{x, y, z)dx, 

show that f{y, z) is continuous if F(Xt y, z) is continuous or if, when 
discontinuous, its discontinuities he in the plane x +y ^z=a. 


121. Differentiation and Integration. Consider first the 
differentiation of /(2^). 

Differentiation. With the notation of the preceding article 
let F{x, y) and the partial derivative dFjdy be continuous 
functions of x and y in the rectangle R ; then f{y) has a deriva- 
tive given by the equation 

dy ~]a dy 

that is, given “by differentiating with respect to y under the 
sign of integration.’’ 

If y and y + h are both in (a', h') we have 
f{y + ^) -f{y) ^ p F{x,y + k) -F{x, y) ^ p SF{x,y.^) 
k J a k J a ^y 


where, by the Mean Value Theorem (§ 34), lies between y 
and y + k. But by hypothesis dFjdy is a continuous function 
of X and y, and therefore rj can be chosen so that, for a^x^b 
and a' ^y^ h\ 

dF{x, y^) dF(x, y) | 
dy dy 

If we now write 


< £ if 1^1 


f{y + k) -f{y) ^ p dF{x, y) 

k Ja dy 

equation (1) follows at once. 
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If a and h are not constants bnt differentiable, and therefore 
continuous, functions of y, write f(y) in the ioimfiy, a, b) and 
then the total derivative is given by 

dy dy da dy db dy * 

But -F(a,y),^=F(b,y), 


dy' 


.( 2 ) 


and dfldy is Liven by equation (1) so that 

Cor. A curvilinear integral is reducible to an ordinary 
integral and therefore the above investigation applies to the 
integral of F{x, y, X) when F and dFjdX are continuous functions 
of X, y, X. If the points A and B are fixed 


£ 

dX 


f F{x,y,X)dx=\ 

Jab J a 


^F{x, y, X) , 


.(3) 


Integration. The function f{y) may, as we have seen, be 
continuous for a'^y^b' even though F(x, y) is discontinuous 
in B, but for the present F{x, y) will be supposed to be con- 
tinuous in B ; f{y) is therefore integrable over (a', b') and the 
integral may be written 

^ f{y)dy=\ F{x,y)d^dy A dy\ F{x,y)dx (4) 

J a' J a' \.J a J J a' J a 


the latter form being the usual one. The two-fold integration 
gives a repeated ” (or “ iterated ”) integral, with the meaning 
that “ F{x, y) is to be first integrated as to x, the parameter or 
variable y being treated as a constant in this first integration, 
and then the result of the rr-integration is to be integrated 
with respect to y.” 

It will now be proved that if F{x, y) is continuous in B we 
may interchange the order of integration and write 

[ f{y)dyA dy? F{x,y)dx=[ dx\ F{x,y)dy (5) 

J a' J a' J a J a J a' 

SO that the integral of f{y) is found “ by integrating under the 
sign of integration.” 

The integrals of F{x, y) over {a, b) with respect to x and 
over {a', h') with respect to y exist and are continuous functions 
of y and x respectively so that both of the repeated integrals 
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in (5) exist. Let t be any chosen number in (a, h) and put t in 
place of 6 in both of the repeated integrals in (5) ; both of these 
integrals will be zero if ^ =a, and therefore they will be equal if 
their derivatives with respect to t are equal. 

Let (p{ti y) and y){x) be defined as follows : 

\ F{x,y)dx=:(p{t,y), f F{x, y)dy='ip{x) , 

J a J a' 


then we have 

i P' 
dt]J 


and therefore 
Again 

G 

d 

and therefore 


y)dy= £ — % 

ore = f F{t, y)dy. 

J a' 

ore = I F{t, y)dy. 

J a' 

\ dy{ F{x,y)dx=\ dxf F(x, y)dy, 

J a' J a Ja J a' 


and t is any number in (a, 5), so that 6 may be put for t. 

It must be noted that this change in the order of integration 
without change in the value of the repeated integral assumes 
that the limits a, h and a\ h' are constants, 

Lor an extension of the conditions on which this change of 
order of integration is allowable see § 126. 


Ex If I = 


- , a > 0, 6 > 0, 


”.'0 ^ +6 Bm?d~2>J{ab) » - 

show by difEerentiatmg I with respect to a and h that 


({) 1 


cos^d d6 

:rt 1 

^ J 

lo 

{a cos^Q +6 sm^0)®“' 

'4 a>^{ah) ’ 


TT 

’2 

coB^Osm^d dS 

n 1 


io 

{a cos^d +6 sin®0)®“' 

16 ahs/{ah) 

9-^_| 


- cos^Q dd 

7t 1 

da~] 

•o 

{a cos^d +6 sin^^)^”' 

4 asj{ab) 

dU ( 

IT 

•2 

2 008^0 sin20 dd 

n 1 


Here (i 


^ ^ dhda Jo (a coB^d + h sin^^)®" ' 8 a6V(a6) ’ 

The usual forms are obtained by putting and for a and h respec- 
tively after difierentiation. 
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122. Double Integrals. Let A be an area bounded by a closed 
curve 0 and F(x, y) a function of two independent variables 
X and y that is single-valued and bounded in A ; tbe integral 
of F{x, y) over the area A will now be defined and, as the 
preliminary considerations that lead to the definition are in 
substance identical with those on which the definition of the 
integral of a function of a single variable is based, the statement 
of them may be made in a condensed form. 

Let a division, D say, of the area A be made by dividing it 
into n elementary areas Ui, Ug, . . . , which may for brevity 
be called meshes ; for example, the meshes may 
be formed by drawing two sets of curves that 
cover the area like a net (Fig. 5). The longest 
chord of the mesh — ^that is, the upper 
limit of the distance between two points on the 
boundary of — ^will be called the diagonal of 
the mesh, and the area Gr will tend to zero 
in all its dimensions when tends to zero. 
Obviously Gr< d^ ; there can be no ambiguity 
in using the symbols g^, A to denote both the areas and their 
measxxres 

Ffow let M, m and ilf be the upper and lower bounds 
of F{x, y)mA and in g^ respectively ; the sums S and s where 

n n 

= 2 5=2 ^rO'r 

r—l r=l 

are called the upper and lower sums respectively for the 
function F(x^ y) and the division D of the area A. 

The properties 1 ... 5 stated for the sums 8 and 5 in § 102 are 
also true in this case, the nomenclature used in the discussion 
being suitably interpreted. Thus, the division of the area A 
is consecutive to the division D if it is formed from D by 
dividing one or more of its meshes into two or more smaller 
meshes. The division Dg is formed by superposition of the 
divisions D and when the net for the division contains 
aU the lines that are present in the nets for the divisions D 
and ; of course, when a mesh of coincides completely 
with a mesh of D that mesh appears only once in 

The change from the work of § 102 to the present case is 
simply made by subkituting area A ” and “ mesh Gr ” for 
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“ interval (a, h) ” and sub-interval {z^, ” ; for ” 

such a phrase as or will be used. As an 

example, consider the property 3, § 102. 

Let Gr be a mesh of the net for the division D and 8 the upper 
sum for that division. If g^ is divided into two or more meshes 
cr;, G'r , ... in which the upper bounds of F{x, y) are Af;, M'', ... 
respectively, and if is the upper sum for the new division 
D[ which is consecutive to D {Gr alone being divided), then 

S-8{ =M,Gr - {MWr +...) 

= {M,-3n)G'r+iMr ilf 

since cr,. = o''-f- cr" + ... . But Jf', ilf", ... are each less than or, 
at most, equal to and Jf while Af', M", ... are each 
not less than m ; therefore 

0^8 -8\^{M -m)Gr<{M -m)d^ if Gr<d^ (a) 

If fz of the meshes {fi ^ n) are each divided into two or more 
meshes, thus forming a division consecutive to D, and if 8^ 
is the new value of 8, then 

0^8~8^<fjL{M-m)d^ (^) 

when the diagonal of each mesh in the division D is less than d. 

It is therefore merely a repetition of § 103 to show that 8 
and s tend respectively to the lower limit L and the upper limit Z 
when n tends to infinity in such a way that the diagonal of each 
mesh tends to zero. On account of its importance Darboux’s 
Theorem will be stated explicitly. 

Darboux’s Theorem. If D is a division of the area A for 
which the upper and lower sums are 8 and $ respectively then, to 
any given s, where e is an arbitrarily small positive number, there 
corresponds a positive number d such that 

0^8 — L<.e, 0^1 - s a e, 

when the diagonal of each mesh is less than d. 

Or, 8-^L and s->l when n tends to infinity in such a way that 
the diagonal of each mesh tends to zero. 

Note. For the special but important case in which L = l the 
theorem may be put in the form : If one division of the area A 
can be found for which 8 -s<e then 8 and s tend to hmits 
which are the same for both. 

For, (i) 8 and s are bounded and 8^s ; (ii) 8 is monotonic 
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and decreasing and therefore tends to a limit L while 5 is 
monotonic and increasing and therefore tends to a limit 1. 
The condition that L—Hb then simply S — s<e. 

Double Integral. Definitions. The limits L and I are called 
respectiTely the upper and the lower double integrals of F{x, y) 
over the area (or field, or region) A and are denoted by the 
symbols 

F(x,y)da, Z-J F{x,y)dG. 

If L = l, the common limit of S and s is called the double 
integral of F{x, y) over the area (or field, or region) A, and is 
denoted by the symbol 

y)da. 


The symbol da corresponds to the elementary area and 
is often called “ the element of area ” ; the letter A annexed to 
the symbol of integration indicates the area over which the 
integration is taken. Other notations will be given later. 


123. Division of the Area. In the division D of the area A 
the meshes a^ may be of any shape ; the limits of 8 and s exist 
provided the diagonal of each mesh tends to zero. The 
division of the area into elementary rectangles by lines parallel 
to the coordinate axes is, however, of special importance, and 
the form taken by the sums 8 and s for this case will therefore 
be explicitly stated. 

Let the area be the rectangle B given by 

x — h and y=a\ y=^b\ 

and let [a, , x^_^, b] and [a' , y^, y^, , yn^i, b'] 

be divisions of the intervals {a, b) and {a', b') into m and n 
sub-intervals respectively ; parallels to the coordinate axes 
through the points of division of these intervals will divide 
the rectangle B into mn rectangular meshes. If = (x^+i - x^) 
and Jcs = (ys+i ~ yg) the area of the mesh, a^^ ^ say, bounded by 
the lines x—x^, x^x,.^-^ and y—Vs+i 5 diagonal 

d^^ g of this mesh is J -f- lb|) and the mesh s tends to zero 
in all its dimensions if and only if and kg each tend to zero. 
At the boundary of the area, when it is not a rectangle, the 
meshes will usually be only part of a rectangle. 
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If Jf, m and are tiie upper and lower bounds of 

F{x, y)m B and in respectively, then 

8 = ^ Mr,, hX, s = '^mr,,hX (l) 

T,s r, 8 

where r and s take independently the values 0, 1, 2, , (m - 1) 
and 0, 1, 2, - 1) respectively. S will tend to L and s to I 
when m and n tend to infinity provided that + ^|) tends 
to zero ; the order in which m and n tend to infinity is irrelevant. 

A sliglit variation in the proof of the property, § 122, (^), namely, 

is needed. Take ^ so that < ^ < and draw through | a narallel 
to the 2 /-axis. 

Fach of the n rectangles o*,., q, cr,., , cr,., will be divided into two 

rectangles, and if is the new value of S we shall have 

n~l 

0 = 6^ ~jS{< (M - m)h ^ ks == (M — m)h{y - a'), hf< h. 

If 7] is now taken so that ys<f]< 2 / 54.1 and a parallel drawn through rj 
to the a;-axis will become where 

0^ Si- SI < {M - m)Jc [h - a), < h, 

and therefore 

0 ^/S -S'i<{M -m){A( 6 ' - a') + h(h - a)}. 

More generally, if is derived from jD by inserting y numbers 
between a and h and y' numbers between a' and 6 ', the sum becoming 
/S^x, we shall have 

Q^S -S^<(M- m){pLh{h' - aO + y'Hh -a)} 
where h^<h, ks< h for r =0, 1, ... , (m- 1) and 5=0, 1, ... , {n ~1). 

It is obviously possible to choose h and k so that 

(M -m){fck{¥ - a') + fj,'k(b - a)} < -Je 
as required (see § 103, equation (4) ) for the proof of Darboux’s Theorem. 

Ex. Establish the result for an area A bounded by any curve C by 
enclpsing A in a rectangle i^, as in § 120, Theorem II. 

The meshes of § 122 may of course be rectangles with sides 
parallel to the coordinate axes, but the division of the area 
just discussed supposes that the meshes are arranged in a 
particular way, namely, in such a way that if Xr<i<Xj.+iy the 
line x = i runs through a whole set of meshes of the same width 
- Xj.), and if ys<V<ys+i y=V through a whole 

set of meshes of the same height (2/3+1 -ys)' 
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In the more general case of § 122 the corresponding sets of 
meshes would usually have different widths and heights. 

The rectangular mesh suggests another notation for the 
element of area in the double integral, namely 


£ y){dxdy) 


where {dxdy) takes the place of da ; for the present the brackets 
are retained in the symbol for the element. 

Eor polar coordinates the element of area would be {rdrdQ) 
and the integral of d) would appear as (see E,T, p. 338) 

f F{r, 6){rdrd6). 


124. Integrable Functions. The condition for the mtegra- 
bility of a bounded function follows at once from Darboux’s 
Theorem. 

Condition of Integrability, The condition that the hounded 
function F(x, y) should he integrahle over an area A is that, s 
being given [as usual) there should be a positive number rj such 
that 8 -s will be less than e when the diagonal of each mesh in 
the division of A for which 8 and s have been calculated is less 
than ‘}p Or, 8 -~s must tend to zero when the diagonal of each 
mesh tends to zero. 

It will be useful to state here another form of the definition 
of the double integral. If {^r, rjs) is any point in the mesh 
then rj^) ^ and therefore 

SO that 

If the meshes are rectangular and rjf) any point in (h^ks) 

[ -P(*, y){dxdy) 'ns)KK -(2) 

J A 

In each case the limit is taken for the number of meshes 
tending to infinity in such a way that the diagonal of each mesh 
tends to zero. 

The position of the point rj^) in the rectangle (h^hg) is 
arbitrary ; it is permissible therefore to choose so that the 
point chosen in each of the meshes contained between the lines 
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x=ccr and x =Xr+i shall have its abscissa. The limit given 
by (2) cannot be affected by this choice. 

Of the functions that are integrable the first and most 
important class is that of continuous functions. 

I. If F(x, y) is a continuous function of x and y in then 
F{x, y) is integrable over A, 

The bounds and are values of F{x, y) since F{x, y) is 
continuous in A. Further, by the property of uniform 
continuity, the number y} can be chosen so that {M^-nir) will 
be less than ejA for every value of r, and therefore 

S -s< 0 5 ^ 

when the diagonal of each mesh is less than rj, and this is the 
condition for the integrability of F(x, y) over the field A, 

Cor. If F{x, y) = l, J {dxdy)~A. 

II. If F{x^ y) is discontinuous in A, but if its discontinuities 
are either finite in number or else, if infinite in number, all lie 
on a finite number of curves then F{x, y) is integrable over A. 

It must be remembered that F{x, y) is bounded and that 
every curve is supposed to be rectifiable. It will be sufficient 
to prove the theorem for the case (Fig. 6) in 
which F{x, y) is discontinuous at all points 
on the curve EF and on the part OFH of 
the bounding curve C. 

Draw curves ahc and def which will cut out 
the lines of discontinuity from the area A ; 
in the remaining parts, A-^ and J. 2 , of the area 
A the function F{x^ y) is continuous. 

Now the curves abc and def may be drawn so close to EF 
and GFH that the area they cut out of A will be as small as 
we please, say less than ej4M where M is the upper limit of 
F(x, y) in A. (Since the curves are all rectifiable, this assump- 
tion is easy to prove, if it be not considered to be “ obvious.”) 
The contribution to S -s from this area is therefore less than 
2M X {el4:M), that is, less than fe. 

The curves abc and def, when chosen as stated, are to be kept 
fixed. In the areas A^^ and A^, F(x, y) is continuous and 
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therefore, as in Theorem I, there is a division of and A 
such that the contribution to S -3 from these areas is less 
than Je. Therefore a division of the area A has been found 
for which S - s<s and thus JF(x, y) is integrable over A, (See 
Note, § 122.) 

If there were other lines of discontinuity the method of proof 
would be the same. 

Cor. If F{x, y) is integrable over A the values of F{x, y) 
may be arbitrarily changed at isolated points in ^ or at all 
points on a finite number of curves without changing the value 
of the integral, provided the new values of F{x, y) are finite. 
It would be sufficient to reckon these isolated points, or the 
curves, among the discontinuities of F{x, y) ; the function 
would still be integrable over A, and it is evident from the 
nature of the proof of integrabihty that the value of the integral 
would not be changed. 

125. General Theorems. The following theorems are so 
simple that their formal proof may be left to the student. The 
functions F{x, y), F-^{x, y) and F^{x, y) are supposed to he 
integrable over an area A. 

I. j^OF(x, y)da = G^ F(x, y)da, <7 = constant. 

II- y)±F 2 {x, y)}da=^^F^{x, y)da±^^F^{x, y)da. 

III. The product F.^{x, y) F,l[x, y) is integrable over A. 

IV. The quotient F-^{x, y)jF^{x, y) is integrable over A if 
\F 2 {x, y)\'^o0 in a. 

V. When F{x, y) is integrable over A so is \F{x, y)\ and 
j £ F(x, y)d(T^^jj F(x, y ) | da. 

VI, If the area A is divided into a finite number of partial 
areas A^, A^,..., 

F{x,y)da=\ F{x,y)da+{ F{x, y)da + ... . 

J JA.2 

VII. M.ean Value Theorem. If F{x, y) is positive or zero in 
A then the integral of F(x, y) is positive or zero. Hence if 



GESTEBAL THEOEEMS 


317 


§§ 124 - 126 ] 

F{x, y) = (p{x, y)‘f{x, y) it may be deduced, as in §111, that if 
(p{x, y) ^ 0, and 

g ^ 'ip{x, y) ^ G, when {x, y) is in A, 

(i) 95(«, y)da^ £ gi(x, y) y){x, y)da^ (?£ <p{x, y)da ; 

(ii) £ y){x, y) ip{x, y)d0-K^jp{x, y)dc, g^K^G; 

(iii) if y)(x, y) is continuous in A, 

£ 9^(*. y) y)da= ip{i, ri)j^(p(x, y)da, (|, rj) in A. 

Note. In the next article it is proved that when the dis- 
continuities of F{x, y) are of a certain type the double integral 
of F{x, y) can be expressed as a repeated integral. It will 
subsequently be assumed that this restriction on F{x, y) is 
made, unless it is explicitly stated to be removed. 

126. Reduction to Repeated Integrals. It will be assumed 
that, if the function F{x, y) is not continuous, all its discon- 
tinuities lie on a finite number of 
curves none of which can be cut by 
a line parallel to either axis in more 
than a finite number of points ; with 
this restriction on the discontinuities 
the double integral of F{x, y) exists. 

This restriction is not necessary, but 
these admissible discontinuities in- 
clude a very wide range of functions. 

(See also § 127.) 

Consider first the case in which the 
field of integration is the rectangle ABB'A\ or B, given by 
x-a, x = b, y—a', y = b' (Fig. 7); then by § 124, (2), 

f F{x, y){dxdy) =]hmt of 2 ■•••(1) 

dy: m^n r^s 

where r takes the values 0, 1, 2...,(m-*l) and s the values 
0, 1, 2, ... , ( 72 . - 1) while m and n tend independently to infinity. 

First, let n->oo, the numbers Ti^, m being kept constant, 
and consider the sum 8,^^ where 

V^)K 

s~0 



( 2 ) 
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is supposed to have the same value in every mesh that lies 
between x=Xr and x = 

The function y) is a bounded function of y in {a\ h') 

and therefore when n-^cao (and ibg-^0) it has upper and lower 
integrals, cp{^r) say, where 

9>(lr) =£;f’(fr, «/)%> Wi^r) y)^y (3) 


But, by h 3 rpothesis, V) at most a finite number of 
(finite) discontinuities and therefore 97(f^) = V^(fr) so that 

C = 9’(#r) = Wiir) = f 2/)# (4) 

W — >-00 ^ ® 


, In (1) let m now tend to infinity ; the limit exists since it is 
equal to the double integral. Hence 


so 


F{x,y){dxdy)= X, ^(p{^r)K=\ <pix)dx (5) 

R m->oo r =0 a 

that f F{x,y){dxdy)={ dx f F{x, y)dy (6) 

JR j d J a' 


Next, let m tend first to infinity, rj^ and n being kept 
constant. As before, we find 


and 


^ S ris)K = f F{x, rj,)dx 

•M— ?-oo r —0 a 

I F{x, y){dxdy)N dy ? F{x, y)dx (7) 

J R J a' J a 


The double integral is thus expressed in two different ways 
by repeated integrals and the repeated integrals are equal 
because each is equal to the double integral. 

As a corollary we have an extension of the conditions for 
the validity of changing the order of integration in a repeated 
integral with constant limits ; namely, if the discontinuities 
of F{x, y) in the rectangle R satisfy the restriction stated at the 
beginning of this article, change of order of integration is per- 
missible, that is. 


J dyj F{x, y)dx=z^ dx L y)dy. 

Consider next the case in which the field of integration is 
the area A bounded by the curve C or EFOH (Fig. 7) ; it is 
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supposed for the present that C cannot be cut by a parallel 
to either axis in more than two points. This case can be 
reduced to that of the rectangle E given by a;=a, x = b^ y = a\ 
y=h\ 

Let y)=F{x^ y) when the point {x, y) is on or inside G 
but Fj{Xi y)=0 when the point (a;, y) is in R but not on or 
inside G. The lines AB, A' B' and AA\ BB' touch the curve G 
at E, G and H, F respectively. 

The equations of HEF and HGF may be taken to be 

y — MP = q)^{x) and y=MQ=^(p 2 {x) 
respectively where x — OM ; a' =MP\ b'=MQ\ 

r ^5 rJHQ' 

Now F^{x, y){dxdy)^\ dx\ F^{x, y)dy 

since the investigation for the rectangle E remains valid 
provided the curve G is considered to be a curve of discontinuity 
for F^{x, y) ; the curve C satisfies the condition for a curve of 
discontinuity. But F-^{x, y) = 0 for all points of E that are 
outside the curve 0 so that 

r r fMQ' /•MQ 

j E^(x,y)(dxdy) = lF(x,y)(dxdy), F:^{x,y)dy=: \ F[x,y)dy 

JR JA J MP' J MP 

I 

p Ph 

y){dxdy) = ia; F{x, y)dy (8) 

J A J a J ^i(x) 

In the same way it may be seen that if the equations of EHG 
and EFG are 

x=NR= y)^{y) and x=NJS= ip^(y) 
respectively where y = ON ^ we find 

r r&' Ci'x^y) 

F(x, y){dx dy) = F(x, y)dx (9) 

J A J a' J yj/iiy) 

When the area A is bounded by a curve that may be cut by a 
line parallel to an axis in more points than two, it may be 
divided into a finite number of partial areas Aj^, A 2 , ... bounded 
by curves G^, Og, ... each of which cannot be cut by a parallel 
to either axis in more than two points. The integral over A is 
the sum of the integrals over A^j A 2 , , and the reduction to 
repeated integrals is made for each partial area. (See Fig. 11.) 
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Notation. It is usual, in view of the expression in terms of 
repeated integrals, to denote the double integral by the double 

symbol ff and to omit the brackets round dxdy ; thus 


^^F{x,y)dxdy, ^^F{x,y)dxdy, ^^F{x,y)da. 


(See also E.T. § 136.) 

Ex. Integrate F{x, y) over the area A bounded by the circle 
{x -oCf + iy - 

The tangents to the circle parallel to the y-axis are 
x—a.-c=-a and fl;=oc+o=6. 

The values of y for a given x are 

MP = ^ - sj{c^ ~{x - a)2} and MQ = ^ + a/{c2 -{x - a.)^} 
where the root is positive. Hence 

^F{x, y)dxdy = \^ y)dy (i) 

and there is a similar form if integration is first made with respect to x, 
Frequently, however, it is preferable to use the polar element of area, 
rdrdd. In this case transfer the origin to (a, and then change to 
polar coordinates (r, 6) so that 

X =oL +r cos 6, y = P+r sin 6. 

The limits of d are 0 and 2u and of r are 0 and c ; therefore if F-^{r, 0) 
is the value of F(a:, y) in terms of r and Q. 

J’Jr, e)j-drd0=J‘’rdrpJ’i(r, B)d6. 

Since the limits are constants the order of integration is easily 
changed. 

It will be a good exercise to work out the value of the integral by 
both methods when 

F(x, y) =x22/V{c2 ~{x- a)2 -(y - 

and to verify that the value is the same for both. It should be noted 
that r 2 ir 

{A sin^wQ cos 0 + H cos^^^ sin 0)d0 
Jo 

is zero when m and n are positive integers or zero ; much needless 
labour is saved by attending to a simple matter like this. 


126a. Another Proof. Let 8 and 5 be the upper and lower 
sums given by equation (1) of § 124 for the function F{x, y), 
the field of integration being the rectangle B ; the upper 
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integral L and the lower integral I of F{x, y) over R exist and 
satisfy the inequalities 

( 1 ) 

The only restriction on F{x, y) is that it is single-valued and 
bounded in the rectangle R. 

It will be first proved that 

I F{x, y)dy | dx\ F{x, y)dy ^ Z (2) 

J a J a' J a J a' 

A little consideration will show that the various steps in the 
proof that involve upper and lower integrals are legitimate. 

Darboux’s Theorem, § 122, shows that, given s as usual, it 
is possible to choose d so that when the diagonal of each mesh 
is less than d we shall have 




.(3) 


If X is fixed, say a; = f ^ where ^ g the function 
y) of y has an upper integral, q>{^r) say, and 

<P{^t) = r y)dy^ S ^r> s K 

a* s 

Again, q?{x) is a function of x which has an upper integral 
over (a, b) and, if is the upper bound of ^(x) in {x,., 

q){x)dx^ 2 2 e. 

^ a r r, 8 

But s is arbitrarily small and therefore 

(p(x) dx=\ dx \ F(x, y) dy ^ L, 

J a J a J CL* 

Let it be noted that the inequalities for the lower integral 
corresponding to those in (3) for the upper integral are 

z - e < S = 2 5 KK-^l, 
r,s 

and it may be proved in the same way that 


Z 


^ r da; r I{x, y)dy. 

J a J a* 


Thus the relations (2) are established. 

Suppose now that F{x, y) has a double integral over R ; 
in this case L — l and the repeated integrals in (2) will therefore 
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also be equal to each other and to the double integral of -F(a;, y). 
Hence if _ ^ 

fV(a;, y)dy=[ F{x, y)dy, (4) 

J a' V a' 

= [ F{x, y)dy, 

J a' 

f F{x, y)(dxdy)=f dx fV(a:, y)dy=\dx\ F{x, y)dy, 

J E Ja J a' J a J a' 


and therefore 
we have 


that is. 


f F{x, y){dxdy)=\ dx f F(x, y)dy. 

Jr ja J a' 


.(5) 


If, however, the two integrals in (4) are not equal the 
repeated integral 

\dx[ F(x, y)dy (6) 

J a V of 


is equal to the integral of F{Xy y) over B whether the upper or 
the lower integral with respect to y be taken ; equation (5) 
will therefore hold even in this case provided (5) is interpreted 
ty (6). 

A similar investigation shows that equation (5) holds when 
the order of integration is changed. The general theorem 
when the field of integration is not a rectangle is dealt with 
as before. 

Note. The student should, before reading the following 
articles, work through the Examples 1-6 of § 130. 


127. Conditions for Repeated Integrals. There is one exten- 
sion of the conditions prescribed in Article 126 that may 
be noticed. If one of the curves of discontinuity were a 
straight line parallel to a coordinate axis the double integral 
would stUl exist but there is a peculiarity as shown by the 
following simple example. 

Ex. For the rectangle R given by x—0,x = l, 2/=0, y — l, let 
F(x, 2/) = 1 except when cc = f , and let 2/) = + 1 for irrational values 
of y but F{^, y)= - I for rational values of y. 

From the rectangle R cut out the rectangle given by 
x=l+e', y=:0, y = l. 
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where s and e' are positive and arbitrarily small, and let R' be the area 
that is left. The donble integral of F{x, y) over i?' is (1 - fi - e') so that 
the integral over B is, by definition, equal to unity. 

Again 

[ F(x, y){dxdy)—\ dx\\.dy + \ dx\ \dy~\~e,~B' 

Jo Jo Jj+e' Jo 

f F{x, y){dx dy) = [ dy\ 1 da; + ( 1 da; = 1 - s - 

]r' Jo Jo Jo Jj+e' 

and therefore when s and a' tend to zero we find in this case 
y)dxdy=^dx\^ F{x, 2/)d2/=| dyj F{x, y)dx. 

The point to be noted is that [ F(x, y)dy does not exist for the value 

Jo 

J of a; ; if/(i») denote this integral /(a;) is discontinuous for x~^. When 
a; =1 the upper integral of F{x, y) \b +1, the lower integral is - 1 and 
their difference measures the discontinuity of /(a;) when a; =|-. 

In general, if the lines are lines of 

discontinuity, and if f{x) is given by 

f{x) = [ F{x, y)dy, 

J a' 

f(x) will be discontinuous at Cg, ... , (see § 119, Ex. 2, 
interchanging x and y), but f{x) will still be integrable since 
the number of discontinuities is finite. A similar remark holds 
when there is a finite number of lines of discontinuity parallel 
to the iT-axis. 

It may be stated that one of the repeated integrals may exist 
or even that both may exist and be equal and yet the double 
integral not exist. (See Hobson’s Functions of a Beal Variable, 
1st Ed. p. 428.) The existence of one or of both of the repeated 
integrals is no warrant for assuming the existence of the double 
integral. 

128. Volume. Area of a Curved Surface. The equation of 
a surface, the axes of coordinates being rectangular, is in general 
of the form cp{x, y, z)=0, and a line parallel to the z-axis may 
meet the surface in more points than one ; a part of the surface 
which is met by a line parallel to the ^-axis in not more than 
one point will be represented by an equation of the form 
z = F(x, y) where F{x, y) is single-valued and continuous. 
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Suppose now tliat F{x^ y) is single-valued, continuous and 
positive (or at least not negative) when the point {x, y) is in 
an area A hounded by a closed curve C and lying in the plane 
2 = 0. A cylinder which has the curve C as its section by the 
plane 2 = 0 and its generators parallel to the 2-axis will intersect 
the surface z=:F{x, y) in a curve O' of which G is the projection 
on the xy plane ; let V be the volume that is intercepted by the 
cylinder between its base A and the portion of the surface 
bounded by the curve The measure of the volume F will 
now be defined. 

Let the volume F be divided by two sets of planes parallel 
to the yz and zx planes respectively into elementary volumes 
that may be called columns ; the area A will at the same time 
be divided into meshes that are, except possibly near the 
boimdary, rectangular. If o* is a typical mesh and if F{x^, y^) 
and F{x^, y^ are the least and greatest values of F{x, y) when 
(x, y) is a point in or, the colunm which has a for base will lie 
between two cuboids (that is, rectangular parallelepipeds) 
which have as their measure the products F{x-j^ y-j)a and 
F{x2i 2/2)^* Hence the volume F will lie between two sets of 
cuboids whose measures are S and s where 

S =S F{x^, y^) a, 5 =11 F{x-^, y-^) or, 
and the summation extends over all the meshes of A. 

Now F{x, y) is continuous in A and therefore S and s have 
a common limit when the number of meshes tends to infinity 
and at the same time the diagonal of each mesh tends to zero ; 
this limit is the double integral of F{x^ y) over A and is taken 
as the definition of the measure of the volume F or, when the 
measure of the volume is obviously meant, simply the definition 
of F. Hence 

V=^^F{x,y)da-^^^F{x,y)dxdy ( 1 ) 

Further, since the integral is independent of the shape of the 
meshes so long as the diagonal of each mesh tends to zero, the 
element of area da is itself arbitrary in shape. 

Again, if there are two surfaces or two parts of the same 
surface that are each met by a line parallel to the 2-axis in only 
one point, their equations will be of the form z-=F{x, y) and 
z = F^{x, 2/), so that if F^{Xj y) is greater than or equal to F{x^ y) 
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the volume intercepted by the cylinder between the surfaces 
will be 

[ F-^{x,y)da-\ F{x,y)da= \ [F^{x,y) ^ F{x,y)]da. 

JA JA JA 

The form of the result shows that the formula holds even 
when F{x, y) is negative as would be the case, for example, 
if the surface were the sphere -\-y^ + z^=a^ and 

Fi(x, y) = {a^ -x^- y^)^ and F{x, y)^ - {cu^ - - y^)^- 

If the curve G is EFGH, Fig. 7, p. 317, then 
n rm n' m 

F = dx\ F{x, y)dy=\ dy\ F{x, y)dx. 

When G may be cut by a line parallel to an axis in more points 
than two, it may be divided into a finite number of curves each 
of which will be cut by a line parallel to an axis in not more than 
two potats and the volume would be given by the sum of the 
integrals over the partial areas. 

Ex. 1. The volume intercepted between the plan© x+y+z=a and 
the paraboloid 2az =x^ +y^ is given by the integral 

IL -^^~^"^dxdy=:4cna^ 

where A is the area bounded by the circle z=0, x^ +y^ + 2a{x +y) =2a^. 

Here Fj^{x, y) =a - x - y and E{x, y)=(x^ ■j-y^)l2a and these surfaces 
intersect in a curve whose projection on the xy plan© is the circle. For 
the evaluation of the integral see § 130, Ex. 6. 

Area of a Gurved Surface. If S is the part of the surface 
z — F{x, y) that lies within the curve G' it is natural to assume 
that it has an “ area,” but as the surface is not in general a 
plane surface some definition is needed of the measure of such 
an area. This definition will now be given. 

If p = dzjdx = dFjdx and q = dzjdy = dFjdy, and if y is the acute 
angle between the s-axis and the normal to the surface at 

cos 7 = I (29*4-2^+ 1)"^ I ; 

hence, if p and q are continuous, and therefore finite, when the 
point {x, y, 0) is in the area A, the normal will not be parallel 
to the xy plane and therefore no tangent plane at any point of 
S will be perpendicular to that plane. It is assumed that f 
and q are continuous. 
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The column (in the previous construction) which has the 
mesh O' for its base will cut the tangent plane at any point 

■P(^j V) ^be surface 

that is inside the column 
in a quadrilateral 
(Fig. 8). The area, o' 
say, of this quadrilateral 
is osecy because o is the 
projection of o' on the xy 
plane. The sum of all 
the quadrilaterals for the 
meshes of A is 

Ssec y . a + l)o. 

Now V(p^ + ^^ + l) is a 
continuous function of x 
^ and y and therefore when the number of meshes tends to infinity, 
the diagonal of each mesh tending at the same time to zero, 
this sum has a limit, namely the integral 

J J{p^ + q^+l)da. 

This integral is defined to be the measure of the surface 8 or, 
as before, the definition of 8 when it is the measure that is 
clearly meant. Hence 



In the next article it is shown that this measure of the area 
is independent of any particular choice of the coordinate axes. 
See also Exercises XVI, 33. 

From equation (2) it follows that d8=da sec y, so that, if 
68 is the measure of a smalL area of the surface at P, , 





d8 

=:^COSy = l. 


Hence, in finding d8 we may substitute a' for 68 — ^that is, we 
may suppose the area 68 to be the quadrilateral ^ 1 ^ 2^34 ^bat lies 
in the tangent plane at P and the arcs that bound the area 68 
to be the sides of the quadrilateral. When cr is a rectangle a' 
may be taken to be a parallelogram of which cr is the projection ; 
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the area cr may, however, be of any shape, as was noted in 
dealing with the integral (1). 

If the surface is a cylinder, 2 ^=/(a;), it is obvious that dS=dzds 
where ds is an element of the curve, z = 0, y=f(x). 

Ex. 2. Apply the integral (2) to prove that if A, B, G are the points 
in which the plane xja+ylb +zlc = l 

cuts the coordinate axes the area of the triangle ABC is 

+cW +a^b^). 

Here p = - cja, q = - cjb, and therefore 

S +^ + ^^dxdy, taken over the triangle GAB 

= i>s/ib^c^ +^ 262 ). 

The integral thus gives the usual value, so that the two methods of 
measuring the area agree in this case. 

Ex. 3. The area of the surface of the paraboloid az =x^ +y^ that lies 
between the planes z=0 and z=a is ^7t(5s/5 ~l)a^. 

The projection on the xy plane of the curve in which the plane z=a 
cuts the paraboloid is the circle (A) given by 2 : =0, +y^ =a^ ; therefore 

Now transform to polar coordinates. (See also § 129, Ex. 5.) 

129. Curves on a Surface. Element of Surface. Let the 
coordinates x, y, 2 : of a point P in space, the axes being rect- 
angular, be defined by the equations 

x=f{u,v), y=g{u,v), z=li{u,v) (1) 

where /, h and their first derivatives with respect to u and v 
are single-valued, continuous functions when u and v vary 
independently within some given range. If the Jacobian 

^ ^ expressed as continuous 

functions of x and y and, when these functions are substituted 
for u and v in 'h{u, v), an equation, z = F{x, y) say, is obtained 
so that the equations (1) define a surface. It will be assumed 
for the present that the above Jacobian is not zero. 

When V is constant, say and u varies, the equations (1) 
define a curve, C{vq) say, which lies on the surface and, similarly, 
when u is constant, u=Uq, and v varies, they define another 
curve C{u^) on the surface ; the values and determine a 
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point Pq on the surface which may he called ‘‘ the point (Uq, Vq) ” 
— ^that is, the point on the surface in which the curves C{uq) 
and G(Vq), that is, u=:^Uq and v=Vq, intersect."*^ 

The direction cosines of the tangent at the point {u, v) to the 
curve G{v), that is, ?; = constant, are, by § 115, Cor. 3, pro- 
portional to the derivatives fu, gu> those of the tangent 

to the curve C(u) are proportional to the derivatives/^, 
so that, by the usual formulae of three dimensional coordinate 
geometry, if I, m, n are the direction cosines of the normal to 
the STirface at {u, v), 

I _m _n _ ±1 

where 


— g^^ e/2 — ^ujv fvhvi 

F^fu ~^gu P — fufv "^gug^ 


*^3 — fug V gufv 
G =/| 



If 6 is the angle between the tangents at (u, v) to G{u) and 
J(EG).cosd=F, J{FG). Bin d=J{EG-F^) (3) 


and it is easy to prove that at the point {u, v) 

dz __ dz__ /g 

dx~ ~ ' dy~^ 


(4) 


Again, an equation between u and v will define a curve 
G which lies on the surface. If P is a point (r, y, z) or v) 
which lies on G and if 5 is the length of the arc AP, measured 
from any fixed point A on G, then (§ 115, Cor, 1) 

ds^=dx^ +dy^ +dz^. 

Now dx=fydu +f^dv, dy^^g^du+g^dv, dz—hydu +h^dv, 
and therefore ds^ = E du^ + 2P dudv-^-G dv^ (5) 

If s-^ and §2 the lengths of the arcs of G{v) and G{u) then 
dv=:0 for C{v) and du — Q for G{u) so that 


ds-^ = JE du, ds 2 = JG dv 


(6) 


where JE and JG are to be taken as ^positive. The direction 
cosines of the tangent to G{v) are dxjds-^, dyjds^, dz/ds^^ ; but 


dx __ dx du 
ds-^ du ds-^ 


--WE, 


dy^ 

ds^' 


-■gulJP. 




* See Bell’s Coordinate Geometry of Three Dimensions (2iid Ed.), pp. 348-352, 
with the references in the Footnote on p. 352. 
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with similar expressions for the direction cosines of the tangent 
to G{u), so that as before J{EO) cos 0 = ^. 

Suppose now that the curvilinear quadrilateral in Fig. 8 is 
that which is determined by the curves 0(u), C(v), C{u -hdu), 
C{v -i-dv) ; the quadrilateral in tangent plane may, 

as has been seen in § 128, be substituted for dS and considered 
as a parallelogram with sides and ^^ 2 , so that the element of 
area dS is given by 

dS=dsids 2 sin 6 —J{EQ) du dv sin 6 ~J{EG - F^)du dv ...(7) 

where j{EO-F^) is positive. The area 8 is given by the 
integral 

S=^^J{EG-F^)d%d.v (8) 

Suppose next that the Jacobian Jg or {f^gv - Qulv) is identically 
zero. The functions f{u, v) and g{u, v) are therefore not 
independent so that / and g, or x and y, are connected by a 
relation, (p{z, y)=0 say. In this case the surface is a cylinder 
with generators parallel to the 2 ;-axis ; it may be given in 
general by the equations 

y^Qiiu), z=^h{u, v), 

where and are functions of u alone. 

Here F G=}h\. If we take simply z—v then F = 0 
and ^ = 1 . 

If a second Jacobian, say, were also zero so that an 
equation z)=0 would hold in addition to <p{x, y) =0, the 
equations (1) would represent a curve and not a surface. 

Change of axes. If the coordinate axes are changed to 
another set of rectangular axes with a new origin (a, 6, c), the 
usual equations of transformation give, C being the new 
coordinates, 

aj =a , y , s=c+Z 3 ^+.^.. 

The known relations between the direction-cosines Z^, . . . , tig give 
ds'^=dx^ ^dy^ -i-dz^—d^^ +drj^ -i-d^^, 

so that the values of E, F, G are not changed and therefore the 
value of 8, given by the integral (8), is not changed. Thus 
the measure of the area is independent of the coordinate axes, 
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as it should be. The functioris E, F, 0 are independent of any 
particular choice of coordinate axes, so that the value given by 
(8) depends solely on the surface. 

Change of parameters. If the parameters u, v are changed 
to by the transformation 


v^), v = J 


d(u, v) 


■ 0 , 


and if F^, G-^ are the new values of E, F, O, it is not hard to 
show that - J’?) =J(EG -F^).IJ\, 

and therefore (by § 134, Problem I), 

dv =1 ^^{EyO-^ - Fl)dv,j^ dv^. 

Hence S is independent of the particular parametei;s u, v, as 
well as of any particular set of coordinate axes. 


Ex. 1. The curves C{u) and C(v) are orthogonal if F = 0. 

For cos 0 = 0 and therefor© 6 = 7i/2 when F = 0. In this case dS takes 
the simple form sJ{BG) dudv. 


Ex. 2. For a sphere of radius E we may put 

a? =P sin 0 cos 9?, y =B sin 0 sin 9?, z=It cos 0 
and dS=R^smd ddd(p 

Here 0, <p take the place of u, v and 

E=R^, F = 0, G:=R^sm^e; sJ{EG) =R^ shx B. 

Ex. 3. For a surface of revolution about the si-axis w© may put 
X—UQ.QQV, y=u^mv, z=F(u) 
and dS=sl{l-{-[F'(u)f}ududv. 


Ex. 4. If the curve given by the polar equation r =f{d) makes a 
complete revolution about the initial line 

dS =sj{lf{d)y+lf{d)f}r Sind ddd(p. 

Here we may take 

X =/(0) cos 0, y =/(0) sin 0 cos 9?, z =/(0) sin 0 sin 9?. 


Ex. 5. 

and 

Then 


For the paraboloid of § 128, Example 3, we may put 
X =u cos V, y =u sin v, z =u^ja 
E - (4i^2 4. a2)/a2, F = 0, G =u^. 

;S' = |(5VS-l)a2. 


so that 
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Ex. 6. If 2 := 0 so that the surface is a plane surface, show that the 
area enclosed by a plane curve G is given by 


In this case 


y) 

d(u, v) 


EG 


d{u, v) 


dudv. 

See § 134, Problem I, Cor. 


130. Worked Examples. Some examples will now be worked 
out to illustrate certain elements in the evaluation of double 
integrals. 

When a double integral is given the first consideration is to 
determine the field of integration, and the student is strongly 
recommended to sketch, roughly it may be, the area over 
which the integration extends. There is no necessity for a 
detailed drawing, but the essential elements of the figure 
should be noted. 

Ex. 1. Evaluate \^xy dxdy, the field being the positive quadrant 
(that is, the quadrant in which both x and y are positive) of the circle 

A figure shows at once that the integral is 


'CL rV(a2-a'2) ra rV{a^-x^) ra 

I dx xydy— xdx\ ydy=^\ 

>0 Jo Jo Jo Jo 


x{a^ ~x^) 




Ex. 2. Evaluate j J ydxdy oyer the part of the plane bounded by the • 

line y=x and the parabola y =4:X -x^. 

The line and the parabola intersect at the points (0, 0) and (3, 3) ; 
the field of integration is that segment of the parabola that lies above 
the line, and if the ordinate MP at the point P(a;, y) on the parabola 
meets the line at Q the limits for the integration with respect to y are 
MQ =x and MP = 4:X -x^ while the limits for the £c-integration are 
0 and 3. Thus 

^ydxdy = \^dx\^^ ydy =^ = 10'^. 


Ex. 3. Integrate (x^ over the circle x^ + 2 /® =a^. 

In this case rectangular coordinates are laborious and it is simpler to 
suppose that the area is divided by the use of polar coordinates r, 6. 
The element of area is then {E.T. p. 338) rdrdO and the integrand is ; 
the angle 6 will vary from 0 to 2jc and r from 0 to a. The integral is 

^dQ^r^dr==^. 

Ex. 4. Integrate P(£C, y) over the positive quadrant of the ellipse 
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Tius exampie is taken to illustrate the method of changing 
the variables of integration in a double integral ; at each stage 
the diagram should be drawn. The integral is 

^dx ?^F{x, y)dy, 2/1 =~ v'C"" - 

Jo Jo ^ 

Now let y =6?], dy=h drj. The limits for tj are 0 and = ~ s/(a^ ~ 

so that ^^F{x, y)dy =h^dx hy)dri. 

Jo Jo Jo Jo 

Let the order of integration be changed. The limit rji is an ordinate 
(in the first quadrant) of the ellipse 0^7]^= —x^. When the order of 

integration is changed the limits for x will be a; =0 and x=x^ - 772) 

while the limits for rj will be rj = 0 and ?/ = 1. Thus the integral becomes 

h[ dri { ^F{x, hri)drj, 

Jo Jo 

If now x=a^, dx=adi and the limits for i are 0 and li=\/(l -7^2) 
so that the integral becomes 

abl^dr, bri)dS, li=V(l -V^)- 

Jo Jo 

The field of integration is now the positive quadrant of the circle 
= This transformation is often useful, as in the next example. 


Bx, 5. Evaluatejj integration 

being the positive quadrant of the ellipse x^jd^ -hy^jh^ = 1. 

d^ dr] over pos. quad, of circle = l 

Tlf 7C 1 \ , 

=2[i-2r- 

To evaluate the integral in 77, use polar coordinates ; the integral 
becomes, if the factor ab be omitted, 


■V(l -r^)rdr 

lo *y(i+?-^) 


’2 TT r ^^2 


if 


• Ex. 6. Evaluate -%a(x -hy) - {x^ +y^)} dxdy, the field of inte- 
gration being the circle x^ +y^ +2a(x +y) =2a^. 

Transfer to (-a, -a) as origin by putting x+a—^, 2/+a=?7; the 
integral becomes 

||(4a2 -rf)d^dr] over the circle I® +77^ =4a2. 

Now change to polar coordinates ; the result is %7ia^. 
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Ex. 7. The volume common to the sphere and the 

cylinder = ay is | (Stt -4)a®. 

The volume required is double the volume that lies above the plane 
2=0 and is therefore if z =s/(a^ -x^ -y^)^ 

2\^zdxdy^ taken over the circle +y^ =ay. 

Transform to polar coordinates and integrate over half the circle, 
that is from 0 = 0 to 0 = nj2 ; the volume is therefore 

i ir/2 msin^ 

dB sJ{oL^ -r^)r dr =t(3?r - 4:)a^. 

0 Jo 

Ex. 8. The volume common to the surfaces y^ + z^=4cax and 
aj 2 :=:2ax is f (3k + 8)a^. 

The volume is given by the integral 
(•2a (-yi 

4\ dx\ ~y'^)dy, 2/1 =\/( 2 aic -cc^x 

Jo Jo 

Now, X is constant when integration is made with respect to y ; we 
may change from y to B where 2 / • sin 5 and then the integral 
becomes 

4j da; I 4aa;cos^0d0, sina = ^'(^|-^^ 

If for X is put 2a cos cp the result comes at once. 

The fact that one of the variables is constant when integration is 
made with respect to the other should not be forgotten when change of 
one of the variables is being made. 

Ex. 9. When the integrand is the product of a function (p{x) of x 
alone and a function 'ipiy) of y alone and the limits a, h for the a;-integra- 
tion and a', 6' for the 2 /-nitegration are constant, show that 

11 =((1 X ( y>{y)dyy 

The following examples refer to the change in the order of 
integration ; a diagram of the field of integration is useful, and 
the student should make one, however rough. 


Ex. 10. (* dx P F{x, y)dy — ^ dy F(x, y)dx (i) 

Ja ]a Ja ]y 

r dx P F{x, y)dy = ^ dy F(x, y)dx (ii) 

}a ja: }a ja 
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The field in case (i) is the triangle ABC (Fig. 9), and in case (ii) the 
triangle AGD; AD, BC are the lines x^a,x=h and AB, DC the lines 
y =za, y=b while AC is x =^y. 



Taking the triangle ABC as the area of integration we have 
rb fa; fb r^Q 

dx\ F(x,y)dy = \ dx\ F{x,y)dy = \ dy \ F{x,y)dx 
]a ja Ja jmp ja Jifu 

rb rb 

The other equation is proved in the same way. The special cases in 
which a = 0 are frequently required and are sometirnes called Dirichlefs 
Formulae, 


Ex. 11. Prove that if n = 0 


{y -x)”+'^fix)dx. 

Apply (ii) of Example 10 ; th\zs the double integral is equal to 


ra ra-z ra ra-p 

(da F(x,y)d 4 ) = \ dy\ F(x, y)dx. 
-'0 Jo Jo Jo 


n + 1 


■f(x)dx. 


Ex. 12. Prove 


The field is the triangle bounded by a? = 0, y=0 and x+y=a. 


Ex. 13. Prove that 


\^dx 

Jo 


'3a -ic 

F{x, y)dy = 
la 


[a fVCay) f3a , CZa-p 

■\ dy \ E(x, y)dx + \ dy \ E(x, y)dx. 

JO Jq J<* Jo 

(Todhunter, Int. Gal. p. 212.) 


The field is the area bounded by the straight lines a;=0, y=Za-x 
and the parabola y=x^l4za. The parabola and the line y = 3a—x 
intersect at A {2a, a) and the field is the area OAB where OB = Za, 
the lines MN, CA, PQ are parallel to the a;-axis and OC = a (Fig. 10). 
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In this case the area OAB must be divided into the partial areas 
OAG and GAB ; the arc OA and the line AB give MN ^2^ {ay) when 

B 

P 

C 
IVl 

o’! 2a 

PIG. 10. 

OM—y and PQ~Za-y when OP=y. The double integral becomes, 
when the rr-integration is taken first 

! 0C CMA FOB CjP<2 

dy F(x, y)dx + \ dy \ P{x, y)daf 
0 Jo Joe? Jo 

ra , C2s/(av) CBa r3a-y 

= dy \ F{x,y)dx + \ dy \ F{x, y)dx. 

Jo Jo Ja Jo 

Ex. 14. Show that if 0 < a < 6 

I* I y)dx+^^dy Fix, y)dx. 

a? T F 

The field is the sector bounded by the hyperbola xy—o^ and the 
straight lines y ~x and a; = 6 ; it must be divided into two partial areas 
as in Example 13. 

131. Green’s Theorem, Let F{x, y) and G{x, y) be two 
single-valued functions of x and y which, with the partial 
derivatives dFjdy and dGjdx, are continuous when the point 
{x, y) is inside or on the boundary G of an area A. Green’s 
Theorem gives the following relation between a double integral 
over A and a curvilinear integral along G 

w 

where the integral along G is taken in the positive direction.* 

* The relation (1) is a particular case of Green’s general Theorem for 
expressing an integral taken through a volume by an integral over the surface 
that bounds the volume. See § 138. 

G.A.O. 



z 
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Suppose first that no straight line parallel to either axis can 
cut 0 in more than two points and take the notation of Fig. 7, 
p. 317 ; then - 

y)dy-\y{NR, y)dy 

where NS — %(«/) and NB = y>iiy). Hence 

\[^dxdy=\ G{x,y)dy-\ 0{x, y) dy =\o dy (2) 

Jj A J £F<J J NNG J C 

Again, 

■where MQ-q>^{x) and MP-cp-J^x) ; therefore 

[\~dxdy=\ F{x, y)dx-[ F{x, y)dx=r. F dx (3) 

JJA^y J MGF J ff£F J 0 

From (2) and (3) equation (1) follows. The particular cases 
(2) and (3) should be noted. It is obvious that the curve C 
may consist in whole or in part of rectilinear segments ; for 
example, C might consist of the arc FGH and the segments 
EA, AB, BF, Along AB, y is constant and the contribution 
to the integral (2) from A Bis zero ; similarly the contributions 
to the integral (3) from EA and BF are zero. 

Next, if 0 can be cut by a 
line parallel to an axis in more 
than two points, as in Fig. 11, 
(a), the area may be divided 
by the lines FQ, BS, TU into 
partial areas whose boundaries 
satisfy the condition first im- 
posed on G. The double integral 
over the whole area is the sum 
of the double integrals over the 
partial areas, while the curvilin- 
ear integrals along the auxiliary 
lines cancel since along each line 
the integral is taken twice in 
opposite directions. The area 
might be the ring-shaped region between two closed curves 
(Fig. 11, (6)). 


u 




§ 131] GBEElSr’S THEOBBM 337 

Ex. 1. If dQjdx = dFjdy for every point {x, y)m.A and if a. and ^ are 
any two points in A, prove that the integral 

1 (Fdx+Qdy) 

has the same value for every path from a. to provided the path lies 
in A. 

Let a.yp and oc(5^ be any two curves joining cl and p that lie in A and 
have no points in common except a. and p. Green’s Theorem holds 
for the area A' bounded by the curve ocy^dcL (or O') ; but the double 
integral over A' is zero since dGIdx — dFjdy at every point in A' and 
therefore the integral along C' is zero. ISTow 

\ (Fdx -\-Gdy) = [ (Fdx -\-Gdy) -[ (Fdx+Gdy) 

-C' 'ay/3 1 S/3 

so that the two curvilinear integrals are equal. 

Ex. 2. If the curvilinear integral in Ex. 1 is independent of the 
path CLp when cl and p are any two points in A and the path lies in A, 
show that dOldx — dFjdy for every point (x, y) hi A. 

If .d' is the area bounded by any closed curve C' that lies in A then 


I (Fdx + Gdy) = 0, so that dx dy = 0. 

Now if the continuous function {G^, - Fy) is not zero at P, any point 
in A, there is a region A' surrounding P in which {G^—Fy) has the same 
sign as at P and the integral over A' could not be zero. 


Ex. 3. If dGfdx = dFjdy for every point (x, y) in. A then Fdx+Gdy 
is a complete differential {E.T. § 94). 

Let P(|, tj) be any point m A. It is always possible to choose 
another point M {a, 6) in so that the path MNP, where N is the point 
(I, 6), lies in A. Let/{|^, rj) be defined by the equation 

/(I, ? 7 )=( {Fdx + Gdy) + const., 

= F{x, h)dx + 0(^, y)dy + const. 

Ja J& 

Kow ^ = F(i, 6) + jj = 6)+(; 

so that ^ = F(S, 6) + F(S, r,) - F(i, b) = F{S, r,). 

Also ^ = 

Hence F(S, ri)di + G(S, ri)dri=^dS +^dr,=df(^, rj), 

or, X and y being put for i and 77 respectively, 

F(x, y)dx+G(x, y)dy=df{x, y). 
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EXERCISES XV. 

1. The volume common to the cylinders 

x^+y^—a^; x^-irz^=a^ 

and the surface of one cylinder that lies inside the other is Sa^. 

2. A sphere of radius a is pierced by a circular cylinder of radius 
h{b< a), the axis of the cylinder passing through the centre of the 
sphere. Prove that the volume of the sphere that lies inside the 
cylinder is ^7t{a^ - (a^ - 6^)-} and, that the surface of the sphere inside 
the cylinder is 4t7ta{a - (a^ - 


3. The sphere +y^+z^=a^ is pierced by the cylinder +y^ =ay ; 
the area of the spherical surface inside the cylinder is 2 (jt -2)a^. 

4. An arc AJ5 of a circle of radius r subtends the angle 6 at the centre 
0 of the circle ; show that the volume of the sector of the sphere 
formed by the revolution about OA of the sector OAB of the circle is 

^r®(l - cos 6). 

Deduce the expression {E.T.-p. 346) for the polar element of volume 
of a surface of revolution about the initial line. 

5. One loop of the curve r^cos^ 0 =a2cos 20 makes a complete 
revolution about the initial line ; the volume of the solid generated is 

- 37r)a®. 

6 . The area of the surface of the sphere*a;2 + 2 /^ +2® = 1 that lies inside 
the cylinder 2x^x^ +y^) =Z{x^ -y^) is 

2 n - 4a/ 2 . {V3 log ( V3 + ^/ 2 ) - 2 log ( 1 + ^2)} . 

7. The volume and the surface of that part of the cylinder 

x^\a^ + z^lc^ = 1, 

which lies between the planes y = ^ and y==ma;(m >0) are and 

1 -e2 


2 1 2 4 - ^ ^ ^ log j" respectively. 


8. ABC is a spherical triangle and the angle ABC is 7 r /2 ; if the radius 
of the sphere is unity, show that the area of the triangle ABC is 
A+G where A and C are the numbers of radians in the andes 
BAO and BCA. 

9. The sphere x^ +y^ -i-z^ is pierced by the cylinder 

(a;2 +2/2)2 . 

prove that the volume of the sphere inside the cylinder is 
8/^ 5 4V2\ 3 
3V4'^3 3 

and that the area of the spherical surface inside the cylinder is 

j + l-./2)a^ 
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10. The part of the volume of a sphere of radius a that lies inside a 
right circular cone of semi- vertical angle a. whose vertex is on the sphere 
and whose axis is a diameter of the sphere is f jt(1 - cos^a.)a®. 

11. 0 is the centre of the ellipse x^ja^ +y^lh^ = 1 and P, Q are two 
points on the ellipse whose eccentric angles are ol, (oc.</5) respectively. 
A cylinder with OPQ as base and with generators parallel to the z-axis 
intersects the paraboloid x^ja+y^fb =2z ; prove that the area of the 
surface of the paraboloid inside the cylinder is 

U2sf2-l){p-a,)ab. 

12. The area of the paraboloid x^ja+y^Jb = 2z inside the cylinder 

x^ja^ +y^lb^ is |7r{(l - l}db. 

13. * The area of the surface of the sphere +y^ +z^ =2cz, c>0, 
inside the cone =x^ tan^oc -{-y^ tan^j5 is 4:Tco^ cosol cos 

Take the coordinates cr =c sin 0 cos cp, y=csm6 sin 9?, z =c + c cos 6 ; 
the element of spherical surface is c® sin 6 ddd<p and the values of 6 and (p 
at the intersection of sphere and cone are connected by the equation 
(1 +COS 6) =(1 -cos d){ cos^97 tan^ot, +sm.^<pt8iii^ 

ar6a=c=01 -cos e)d<p +eos^y taa^f + 

14. If in Example 13 the cone is replaced by the paraboloid 

az = x^ tan^ oL+y^ tan^ p 
the area is 27tac cot cl cot 

15. The area of the surface az—xy that lies inside the cylinder 
+2/2)2 ~2a^xy is J^(20 - 37E)a2. 

16. If p is the perpendicular from the centre of the ellipsoid 

ic2/a2 +2/2/62 +z^lc^ = 1, a2 > 62 > c2, 

on the tangent plane at the point P{x, y, z) and dS the element of area 
at the point, prove that, p being positive. 


(i) J pdS ~4:naho ; 

the integration being in both cases over the whole surface. 

Deduce from (i) the volume of the ellipsoid. 

17. The surface of the ellipsoid of Example 16 is given by the integral 



62 -c2 
6 ^ 



1 



fs} ^dxdy, 


the integration being over the ellipse x^ja^ +y^Jb^ = I, 

Evaluate the integral for the spheroids given by (i) 6= a, (ii) 0=6 
{E.T. p. 310). See also Examples 21, 22. 


* Examples 13 and 14 are modified forms of examples given by SchlSmilch, 
Vhungshuch, ii. pp. 281, 282. 



340 ADVAI^CED CALCXTLUS [CH. 

18. The coordinates of the point {x, y, z) on the ellipsoid of Example 
16 are given as 

a; = a sin 0 cos 9 ?, ^=&sin0sin97, 2 :=ccos 0 ; 
show that dS may be expressed in the form 

dS = sin^0 cos^ 9 ? + cW sin^0 sin®^? + cos®0} - sin d dQ d(p, 

and that the whole area of the surface is obtained by integrating with 
respect to d and cp from 0 to je and from 0 to 27 e respectively. 

Evaluate for the cases h—a and c =6. 

19. If r, 0, 9 ? are the spherical polar coordinates of a point P on a 
surface and y the acute angle between the radius vector OP and the 
normal to the surface at P, prove that the element of surface may be 
expressed by the equation 

dS secy sin 0 d 0 d 9 ?. 

[Let dS' be the element of surface of a sphere with centre at the 
origin 0 and unit radius, and let a cone with 0 as vertex and dS' as 
base cut the given surface in the element dS ; then dScosy=r^dS' 
so that 

dS =r^ secy dS'' =r^ secy sin Odd dcp,] 

20. Eind, by applying the form of dS given in Example 19, the total 
area of the surface given by the equation 

(aj2 4.2 j2j2 +h^y^ 

and show that it is equal to the total surface of an ellipsoid whose 
semi-axes are bcja, ca/b and abjc respectively. 

21. In the notation of Example 16, if 6 is the angle between the normal 
at P and the s-axis, cos 6 —pzlc^ ; show that if B is constant P lies on 
the curve C in which the surface 

cos^6{x^la^ -^y^lb* +z^fc^) 

intersects the ellipsoid. Suppose z > 0 and 0 ~ 0 < jr/2 ; let be the 
area of the surface bounded by G (and containing the point (0, 0, c) ) 
and a the area bounded by the projection C' of C on the plane z=0. 
Show that the surface dS lying between the curves C and that 
correspond to the values 6 and 6 +dB is equal to dcr sec 6 where da is 
the area between the projections G' and C{ of O and and that 

a = 7iab{l -cos20)/v'{(l -ef cos20)(l -e| cos^^)} 
where ef ={a^ - c^)(a^ and e| =(b^ ^ c^)lb^. 

[Obviously the equation of C' is 

(1 -el cos2e)^ + (l -e|oos20)^ = l -cos“0, 
and the expression for cr is the area of this ellipse.] 
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22. Til© area S within the curve G (Ex. 21) is given by the integral 

f a sin d dd 




\ da 

a 

j cos 0 

~ cos 6 


cos^ 6 


the initial value of 0 being zero. 

[To evaluate the integral, let 

cos 6 = sin 9 ?, e|/ef = A® < 1 , 9 ? = sin‘"^ei when 0=0 

then it may be shown that Sljcab is equal to 
[(1 -ef) — e|cos^ 9 ?] shiy 

eiCOS9?s/(l — /b2sm^9?) 

^j-sin-iea ^ 


N/(l--ef)V(l-ei)- 




r + 6 - 


't 


sin~^ei 

s/( 1 — d<p. 


V (1 — -fc^sinV) 

The transformation is somewhat laborious, but it forms a good 
exercise. The whole area of the surface is found by putting 9 ? =0 and 
doubling the result.] 

23. Apply the method of Example 22 to Example 12. 



CHAPTEE XI 

MULTIPLE LSTTEGRALS. SUREACE INTEGRALS 

132. Multiple Integrals. Suppose that a single-valued, 
bounded function F{x, y, z) of three independent variables is 
defined for all points (x, y, z) in a volume F, the surface of the 
volume being included in the region of definition ; the volume 
may be, for example, a tetrahedron or a cuboid (that is, a 
rectangular parallelepiped), or an ellipsoid. 

If the volume be divided in any way into n elementary 
volumes ... and if Jf , m and Af y, are the upper 

and lower bounds respectively of F{x, y, z) in V and we 
may form the sums 

n n 

8 = S = Yjm^Vr ( 1 ) 

= 1 

as was done for functions of one and two variables ; as before, 
S and s will be called the upper and lower sums for the function 
F{x, y, z) and the particular division [v-^, v^, ••• , of F. After 
the discussion of the corresponding sums for the cases of 
functions of one and two variables there can be no difficulty 
in establishing similar conclusions for this case, and we will 
therefore simply state, without further proof, the fundamental 
results and then give the definitions of the integrals. 

It is assumed as before that all curves are rectifiable and 
that all plane areas bounded by curves are quadrable ; the 
measure of a volume is defined in § 128. 

By the diagonal of an element of volume is meant 
the upper limit of the distance between two points on the 
surface that bounds the element ; clearly Vr<df. When 
dr-^O the element will tend to zero in all its dimensions. 

The sum S has a lower limit L and the sum s an upper limit I 

342 
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to which they tend when n tends to infinity in such a way that 
the diagonal of each element of volume tends to zero. 

The limits L and I are called the upper and lower triple 
integrals respectively of F{x, y, z) over the volume (or region, 
or field) F, and are denoted by the S3mibols 

L=^F{x, y, z)dv, l—^^ F{x, y, z)dv, .(2) 


When L=l the common limit of 8 and $ is called the triple 
integral of F(x, y, z) over the volume F and is denoted by the 


s3mibol 


y, z)dv. 


.( 3 ) 


The symbol dv represents the elementary volume and is 
called, with reference to the integral, “ the element of volume.” 

The mode of dividing F into elementary volumes is arbitrary, 
so long as the elementary volume tends to zero in all its 
dimensions when its diagonal tends to zero. If F were a 
cuboid given by the equations a; =%, x = h-^^, y^a^^, y=h^,z=a^, 
z=h^, the intervals (%, and might be 

divided into m, n and jp sub -intervals respectively and planes 
drawn through the points of division parallel to the coordinate 
planes. The typical elementary volume would then be 
where —ajy, 

numbers x^., y^, Zt being representative numbers in the intervals 
(ui, 6i), (a^, 62)5 (^3> ^3)- If Vs^ C<) is any point in the 
elementary volume (hj-Jcglt) the triple integral over F would be 
defined as the limit of the sum 

r = 0 , 1, 2, ..., (m-l) 

s rj„ 1’ 2, , (w- 1) (4) 

i = 0, 1, 2, 

when m, n and ^9 tend to infinity in such a way that the diagonal 
J{Tir + ^\ + l\) of each elementary volume tends to zero. The 
corresponding notation for the triple integral would be 

J F{x,y,z){dxdy dz) JJJ F{x,y, z){dxdy dz) ( 5 ) 

the element of volume being now {dx dy dz ) . The three symbols 
J of integration become appropriate when the evaluation of 


the triple integral is made by three repeated integrations ; it 
is usual then to omit the brackets round dx dy dz. 
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hitegmble Functions. The condition that F{x, y, z) should 
be integrable over V is found as before ; L will be equal to I if 
there is a division of V for which 8 ~s less than s (see § 122 , 
Note), OT li 8 ~s tends to zero when the diagonal of each 
elementary volume tends to zero. 

If F{x, y, z) is continuous in V it may be shown as before, 
by using the property of uniform continuity, that F{x, y, z) 
is integrable over F. If F{x, y, z) is discontinuous in V it will 
be integrable over V if its discontinuities are finite in number 
or if, when infinite in number, they all lie on a finite number 
of surfaces, which can therefore be enclosed in a finite number 
of volumes whose total volume can be made arbitrarily small. 

The reduction to repeated integrals is effected by the same 
method as in § 126. Take the case given by (4) for the cuboid. 
In the sum keep all the numbers except those that refer to the 
division of (ag, 63 ) constant and let 8^ be the sum 


:p- I 

8x> 

whenp->oo this sum tends to a limit, (piir. Vs) where 


Vs ) — I Vsi 


because F(i^, rjs, z) is either continuous or has only a finite 
number of discontinuities. The sum Vs)^r^s iiow be 

treated in the same way and we find 


F{x,y,z)dxdydz={ dx [ dy [ F{x,y,z)dz. ...(6) 

jJjv J ax J <*2 iflts 


The order in which m, n, p are made to tend to infinity 
makes no difference to the value of the triple integral and 
therefore the six repeated integrals, of which that in equation 
( 6 ) is one, are all equal ; in other words the order of integration, 
when the limits are all constants, is indifferent, just as for the 
case of two variables. The repeated integrals will exist even 
though there be a finite number of planes of discontinuity 
parallel to the coordinate axes though the separate integrals 
may not exist (see § 127). 

If F is not a cuboid the reduction to repeated integrals may 
be effected in the same way as for a double integral by enclosing 
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F in a cuboid and taking F^{x, y, z) = F{x, y, z) for points in 
F, but F-^{x, y, z)=0 for points in the cuboid that are not in V, 
(See § 126.) See also E.T, pp. 338, 339. 

If F(x, y, z, w) is defined for a four-dimensional region R, 
say for the points {x, y, z, w) where 

and a^^w^b^, 

the quadruple integral 

F{x, y, z, w)(dx dy dz dw) 

J R 

would be defined as the common limit of sums 8 and s where 


s=^mrWr 

r=l T=l 

and Mr, lower limits of the function 

F{x, y, z, w) in the elementary region TF^, and the integral 
would be reducible to four repeated integrals 

f F{x,y,ZyW)dxdydzdw={^dx f dy dz F{x,y,z,w)dw, 
Jr J (lx J ((‘Z J eta J (I4, 

In the same way quintuple, sextuple, ... , ?^-ple integrals may 
be defined. 


Ex. 1. jjj throughoiit the volmne bounded by the 

planes x-0, y=0, 3 = 0 , x +y +z = l. 

See Fig. 78 (E.T. p. 339) and let OA —OB—OG = 1 . The integral is 


1 'l~x n-x-y 
dx \ dy 
0 -o -0 


{x+y +z-^lf 


= Jlog 2 - 1 ^. 


Ex. 2. li +y^ +z^ calculate the integral of r® when the field of 
integration is the volume inside the sphere x^ + 2 /^+ 3 ^ =a^. 

In this case it is most convenient to take the polar element of volume 
sin 6 drdBdcp (E.T. p. 346). The integral is 

I rHr J sin B dg? a®. 

Examples 6-14 {E.T. pp. 348, 349) furnish easy cases of double and 
triple integrals. 


133. Change of Variables. The method will first be con- 
sidered for special cases that will illustrate the general process 
and emphasize important details. 

The first point that must be grasped is that in the case of a 
double integral, for example, when the variables x and y are 
changed to u and v by the substitutions x=f{u, v), y=g(u, v) 
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and u is to take the place of x and v the place of y, the change 
from y to v is made on the supposition that x is constant ; the 
variable u may be supposed to be eliminated between the 
equations x—f{u, v), y~g{u, v) so as to give an equation 
y = (p(x, v). If u is not eliminated the relation between dy 
and dv would be obtained by differentiating the equations 
x=f^ y=gi treating x as constant and eliminating du from 
the equations 

0=:^du +^dv, dy = p^du -\--^dv. 
du dv ^ du dv 

Next when v has taken the place of y the order of integration 
must be changed ; the value of dx is then obtained from the 
equation between x, u and v, the variable v being now treated 
as a constant. 

Care must be taken to assign the limits of the new integrals 
properly, and in any given example the use of a diagram is 
strongly recommended. 

1 a (•«-« 

dx\ F{Xfy) dy by the substitutions 

x+y=UiX=uv. ® 

"We can at once express y in terms of x and u and since the first 
integration is with respect to y we replace yhy ui thus we find 

i a ca ca ra 

dx \ F{x, u -x)du— 1 dx \ F-y{x, u)du (i) 

0 

where F-i{x, u) is the value of F{Xy y) in terms of x and u. 

The next step is to change the order of integration ; we get 

ra ru 

I = \du \ F-yi^x, u) dx (ii) 

■Jo -Jo 

Finally from the equation x=^uvwe have dx ~udv and the limits for v 
are 0 and 1 so that 

l = [du\ F-^(uv, u)vdv = [ dtt [ F^(Uj v)%idv 
Jo Jo Jo Jo 

where F^^u, v) is the value of F(x, y) in terms of u and v. 

The integral has therefore been expressed as an integral with constant 
limits. 

Ex. 2. By means of the substitution in Example 1, show that 
\dx -cc = -v)'^-Hv 

‘0 Jq Jo 

where m, n, p are each not less than unity (so that the integrand may 
be bounded). Prove that the value of the integral is 
V(m)V{n)V{p)IT(m +n +p). 
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Ca Ca~x Ca~x~i/ 

Ex. Z, Transform the integral I = \ dx \ dy\ F{x,y,z)dz by 

‘0 -’o “'o 

the substitution x + y •\-z=u, x + y —uv, x~ umo . 

First, z=u - X - y and change from z to u then 


fa ra~x fa 

I = \ dx\ dy\ F-^{x, y, u)du, 
‘0 “0 ^y+x 


(i) 


where F^ix, y, u) is the value of F(x, y, z) in terms of x, y, u. 

The next step is to change the order of integration. The integral 
[a-x fa 

dy y, u)du 

•'o '^y+x 

is taken over the triangle bounded by =0, u—a, u=y+x{x constant) ; 
a diagram will show at once that the limits for y are 0 and u-x and for 
u are x and a. Hence 


i d fa ^u-x ra Ca 

dx du F-^(x, y, u)dy = \ dx (p{XyU)du, 


where 


•'o 


say 


i, m)=[“ 


F'lCa;, y, u)dy. 


The change of order in this value of I is given by Ex. 10, § 130, so that 
Ca Cu cu^x 

1 = 1 du\ dx\ F^ix, y,u)dy (ii) 

•^n ‘'n 


Now take the equation y—wo-x^ keep u and x in (ii) constant and 
then dy=udv so that we find 

l=j^c?'wj dx^^F^(Xf V, u)udv (iii) 

"u 

where F^(x, v, u) is the value of F(x, y, z) in terms of x, v. 

Again, the order of integration with respect to x and v has to be 
changed ; by Ex. 10, § 130, slightly modified, the integral becomes 


i a rX ruv 

du \ dv\ F^(Xf V, u)udx (iv) 

0 ‘'0 *0 

Finally, let x =zuvv) and then dx —uvdw^ so that 

1 — [du[dv[ F^(w, V, u)u^v dw (v) 

.’o Jo JO 


where F^{w, v, u) is the value of F(x, y, z) in. terms of w, v, w. 
The new integral has constant limits. 


Ex. 4. In Example 3 let 

a = 1 and F{x, y, z) 1 ~ a; - y - zf-^^ 

where m, n, p, r are each not less than unity so that F{x, y, z) may be 
bounded ; then prove that the value of the integral is 

r(m)r(n)r(p)r(r)/r(m+n 4-p +r). 
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Ex. 5. Prove that the integral 

rl rl - - -J’l “^2 ■“ •i’s 

1 diXA d'X2\ ^2> ^3» ^4/ 

.'O *0 -0 *0 

can be expressed as a quadruple integral with the limits 0 and 1 for 
each of the new variables. Extend the result to an 7i-ple integral. 


ra rx 

Ex. 6. If J = dx\ F{x, y)dy and a;(l +u) =v, y =xu, prove that 

idv, 


•0 

I-. 


[•1 ra(l+tf) 

■\du\ Fziy'yV) 


•'0 -’0 




where i^ 2 ('^b '^) value of F{x, y) in terms of u, v. 

Here the equation y=xu8jt once suggests that u should take the place 
of y and then we find 


ra rl rl ra 

J = dx F{x, xu)xdu~\ du\ F{x, xu)xdx. 

■'o *0 *0 ‘0 

The change of order is easy since the limits are constants. We 
then take the equation x(l +u) ; since u is constant for the x-inte- 

gration dx = (l +u)~^dv and the result comes at once. 


Another method may be adopted for integrals of the type of 
Examples 3 and 4 ; we take a = l and transform the integral 
in Example 3. 

Ex. 7. First, let s =(1 -x -y)f ; therefore 

f F(x, y, z)dz~(l »x - 2 /)[ F[x, y, (1 -x 
^'o Jo 

=(1 - x-y)(p{x, y), say, 
because the integral is a function of x and y alone. 

Next, let 2 / = (1 ~x)rj so that 1 ~x - y = {1 -x)(l -t]) ; then 

rl-:c rl 

(1 ~~x-y)(p(x, y)dy = {l -xf \ (1 -r})(p[x, (1 -x)rj].d7] 

Jo Jo 



Lastly, let x = |, for symmetry, and we find that the given integral 
becomes 

l\l -rj)dr)fF[i, (1 (I -m-r})Cn 
Jo Jo Jo 

= [T[V[f. a-i)v, (1 -l)(l -v)didr,dC. 

►'oJoJo 

The transformation is given by 

=0=?, y=ii -m -ri)C. 

The method obviously applies to Example (4) and the general integral 
of the same type. Note that 


8 (a:, y, z) 

8(f. V> 0 
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134. General Method. In the method of the preceding 
article the new variables are introduced in succession, and when 
the first new variable has been introduced a change in the 
order of integration is necessary before the second new variable 
can be brought in. In the general method that will now be 
explained the same procedure will be adopted, but no attempt 
will be made to specify the limits of the individual integrals 
either before or after the transformation has been made. The 
equations that connect the old variables x, y,z, with the 
new u, v^w, will transform the old field of integration into 
a new field, and when the integral over the given field has been 
transformed into one over the new field the actual specification 
of the limits of the integral in both forms of it is left for deter- 
mination in each particular case. The following observations 
may be useful. 

Let I be the integral of F{x, y, z) over a region A and suppose 
that it is expressed as a repeated integral, say 

r& r</>2(j') cux^y) 

'=\ dx\ dy\ F{x, y, z) dz. 

The integral will be said to be in standard form if the upper 
limit of each of the repeated integrals is algebraically greater 
than the lower limit. The student might write down the 
values of the functions 9 ?^, 933 , Wu ^2 ^ region bounded by 

a simple surface (such as an ellipsoid) which is cut in not more 
than two points by a line parallel to any coordinate axis ; 
there is no real limitation in supposing that the region can 
always be divided into partial regions that satisfy this condition 
and the integral over the whole region is the sum of the 
integrals over the partial regions. In any particular case this 
division is usually made (see, for example, § 130, Examples 13, 
14 ). 

It will be assumed that every integral is expressed in standard 
form and that the change of order of integration can be effected 
though the actual limits of the integrals will not be specified. 
The importance of the assumption of the standard form will 
be seen in the discussion of Problem I. 

Again it will be assumed that the old variables are expressed 
in terms of the new by functions which are not only continuous 
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but have continuous partial derivatives of the first and second 
orders and that the correspondence is ‘‘ one-to-one ” — ^that is, 
that to each point, {x, y, z) say, within and not on the boundary 
of the old region there corresponds one and only one point, 
{u, Vf w) say, within and not on the boundary of the new region 
into which the old region is transformed by the equations of 
transformation. 

Problem /. Two variables. The field is a region A and the 
integral is I where 

/ = JJ F{x, y) dx dy = J dx J F{x, y) dy dy J F{x, y) dx. 

Let the transformation be given by the equations 

v), y=g{u, v) (1) 


and let J be the Jacobian 


J=J{Lg) = 



Vu, Vv 


If J is not zero and does not change sign the correspondence 
is one-to-one (§ 56, Theorem III, Ex.). 

(i) Substitute for y in terms of v. In this operation x is 
constant and u may be considered to be a parameter ; theoreti- 
cally u might be eliminated between equations (1) and y 
expressed as a function of x and v but, though this elimination 
is sometimes useful, it is in general impracticable. Of course, 
if a: is constant and v varies, u must also vary, but this variation 
is taken into account in finding dy. Take the differentials of the 
functions in equations (1) ; then 


0 =fudu +f^dv, dy = gjiu -f gj.v 
and therefore, solving for dy, 

Ju Ju 


Now the integral / is in standard form and therefore the 
upper limit, y^ say, of the ^-integral is algebraically greater 
than the lower limit y^ and dy is positive ; let the values of v 
given by the transformation be when those of y are 

Vii y% respectively. 

If J//„ is positive v will increase when y increases and there- 
fore On the other hand, if J If^ is negative v will decrease 
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as y increases and therefore v^<v -^ ; the upper limit of the 
v-integral when in standard form will now he and this 
interchange of the limits is made by changing the sign of the 
t;-integral, or the sign of the integrand, so that (J I fu)dv becomes 
( -J If u)dv. In both cases therefore 

dv, I^^dx^F^iix, v) 


dv 


where F^(x, v)=F{x, y ) — ^that is, F^{x,v) is the value of 
F{x, y) in terms of x and v. 

In general, therefore, however many variables of each set 
there may be, when the transformation gives dy~(p . dv, where 
(p is 2b function of v and other variables, the form to be sub- 
stituted for dy is not (p dv but | <p | dv. This form will now be 
used, without further remark, in all cases. 

(ii) The next step is to change the order of integration, and 
this change is assumed to be made so that 

^ =z^dv^F-J^x, v)^ j dx. 

(ui) Finally, substitute for x ia terms of u, keeping v constant; 
then dx=\fu\du so that 


v) \J\dv,= 

where F^{u, v)=F{x, y). 

If were identically zero the above process would fail because 
of the value it gives for dy. But in this case cannot be 
identically zero because, if it were, J would be zero and x 
would be constant. Consequently we can begin by substituting 
for y in terms of u. We may, however, begin by substituting 
for X in terms of v and then dx=\f^\dv, and the integral 
becomes 

I =J dyj Fiiy, dv^ Fj^iy, v)\f^\dy. 


I 


F2(u, v)\J\dudv 



Next, dy=\g^\du so that 

I=^dv^Fz{u,v)\f^\\g^\du=^^ F^{u, v)\J\dudv, 
the same value as before, because |J| = 

2 a. 
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Cor. The element of area dA in terms of the coordinates 
-M, is dA=^\J\dudv, 

as may be seen by supposing F{x, y) = l. . 

Ex. 1. If X =r cos 0, y =r sin 6 then | Jj =r so that 

11 -Fi(r, d)rdrdd, F^{r, Q) =F(x, y). 

This example shows that J may be zero at isolated points, provided 
it does not change sign. 

Ex. 2. If X —a^, y =br]i a > 0, 6 > 0, then J=ab > 0 so that 
y)dxdy=ah y)d^dr}. 

If the field A is the ellipse x^ja^ +y^lb^-l the field A' is the circle 
+ 7 ]^ = l ; if the field ^ is a sector of the ellipse the field A' is the 
corresponding sector of the circle. 

Problem II. Three variables. Let the transformation be 

x=f{u, V, w), y=^g{u, v, w), z=h{u, v, w) ( 2 ) 

The Jacobian J = must be different from zero and 

d{u, V, w) 

always of the same sign ; the correspondence will .len be 
one-to-one. 

The work may be carried out in this case with less fulness 
of detail. 


(i) Substitute for ^ in terms of w. The differential dz is found 
by taking the differentials in equations (2), x and y being 
constant ; then 


0=f^du+... , 

so that, if 7 ^: 0, 
Hence 


O^g^du-^ , dz=h^du-\-h^dv-{-h^dw, 


dz=^ dw, J^ = 


d{f, g) 

d{u, v) 


y> “’) y> w)=f(x, y, z). 

(ii) Change the order of integration and substitute for y in 
terms of ; dy is found from the equations x =/ and y=g, when 
X and w are kept constant. Hence 

0 =:/^ du +f^ dv, dy =g^du + g^ dv, 
dy = {Jzlfu)dv, 


so that 
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(iii) Change the order of integration and substitute for x 
in terms of u ; then dx =f^ du and 


F^(u, V, F^{u, v, w)\J\dudvdw 


where v, w) is the value of F{x, y, z) in terms of u, v, w. 

If Jg is identically zero there must be at least one of the first 
minors of J, say d(g^ F)ld{v, w), that is not identically zero, 
otherwise J would be zero. The differential dx, when y and z 
are constant, is given by {J jJ^du where is the above minor; 
begin therefore by substituting for x in terms of u. In all 
cases the form of the resultant integral is the same. 

Cor. The element of volume in terms of the coordinates 
u, V, w is 

dV = I J I dudvdw, 

as may be seen by supposing F{x, y, 2 ) = 1. See also Exercises 
XVI, 34. 

Ex. 3. If a; =r sin 6 cos 97 , y —r sin 0 sin 97 , z —r cos 0 then J —r^ sin 0 
and 

IJI y, z) dx dy dz =| jj F^{r, 0 , (p) sin 0 dr dd dq?. 

See remark on Ex. 1. 


Ex. 4:, lix~a^, y=hri, z=c^, a>0, 6 > 0, c>0, J=abc 
and 1 1 j F{x, y,z)dx dy dz = ahc | F(a^, brj, cf ) di dr] d(. 

(Compare Ex. 2.) 

Problem III. Implicit Functions. If the old and the new 
variables are connected by equations of the form 

(p{x,y,z,u,v,w)=zO, y)ix,...,w)=0, =0, 

express the Jacobian J by means of the relation, § 55, (3), 

^( 9^7 W^%) .J 

d{u, v,w) ^ ^ d{x, y, z) 

The transformed value of the integral may therefore be 
expressed by using the solution in Problem II, when x, y, z 
have been determined as functions of u, v,w; this is possible 
smce obviously the Jacobians are supposed to be different 
from zero. 

Problem IV. n variables. If there are n variables 
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Xj, ^2, connected with the new variables 2/2. ••• , 2 /n by 
the equations 

2/2? •** » r = l, 2 , ... , 9^, 

the solution will obviously be 


jf-j F{x-^,x^,... ,x„)dxjdxz--.dx„=jj...j Fj^iJldy^dy^, ... dy„ 
where F^ is the value of F{Xj^, x^,..., x^) in terms oiy^,y2, ... , y^ 

j ^(^ 1 ? ^ 2 ? • • • 3 ^n) 


If the variables are given as in Problem III by equations of 
the form 

9 ^r(^lJ ' * * 5 2/l3 * * * 3 2/ti) ^3 ^ lj2, ...jT?;, 

proceed as in Problem III. 

Ex, 5. If the variables x, y, z are changed to rj, ( hj & properly 
chosen orthogonal transformation, show that 


F{ax +by +cz)dxdy dz ~\^^^F(ki)di dr}d( (1) 

where k ~\{a^ -\-h^ +c^)^\ and the region of integration in each case is a 
sphere of radius unity with centre at the origin of coordinates. 

The new and the old variables are connected (Bell, Coordinate 
Geometry of Three Dimensions, Chap. IV) by equations of the form 


I = Z^aj + m^y + n<^z, f = Zgo; + m^y + n^z 


where 


|:2 


and the coefficients ... satisfy certain conditions — the conditions 

of orthogonality. (See Bell, Z.c., Equations (A), (B), (C), (D) of § 53, 
2nd Ed.) 

Now let a —kl-^, h =km^, o^kn^^; this choice is possible provided 
k'^ + li^ +c^ and k will be taken to be positive. 

Again, 


V. 0 
S(ic, y, z) 


Zj, 72-]^ 

^2> ^2» ^2 
^3» ^3» ^3 


Since 1 =1 and ax+hy +cz=k^ the equation (I) follows at once 

and the region of integration in the new integral is the sphere given 
by 1^2 +.^2 _^^ 2 _ 

The theorem may obviously be extended to the case of n variables 
a?!, x^y ...,x^ when the transformation to the new variables I 23 ••• 
is orthogonal — that is, when the coefficients of the transformation satisfy 
equations corresponding to the equations (A) ... (B) mentioned above 
so that +a;2=f|+f2 + ... +f2. 
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The function F{a-^x^+a 2 X ^-^ ... would become F{kij) where 
Jc is \{al+al + +a^)^\ ; the J acobian 1 J | = 1 and the new variables 

are such that 0~|f +^i + ... +1^1= 1, it being understood that the 
old variables are such that 0 ^ ajf +cr| + ... ^ 1. 

The student should work some of the earlier examples in 
Exercises XVI before reading further in the text. 

135. Surface Integrals. On a surface given by the equation 
(p[x, y,z) = Q let there be a portion 8, bounded by a closed 
curve (7, which is such that it cannot be cut by any line parallel 
to the coordinate axes in more than one point ; the relation 
between the coordinates of any point on 8 may therefore be 
expressed in any one of the forms 

y) (1) 

where /, g, h are single-valued, continuous functions of their 
variables. 

Let (?!, G^ be the projections of G on the coordinate 
planes of yz, zx, xy respectively and 8 ^, 82 , 8 ^ the areas enclosed 
by these curves. 

If F{x, y, z) is single-valued and continuous when {x, y, z) is 
any point in 8 the function depends only on two variables 
because one of them may be eliminated by using the equations 

(1) . Suppose that 2 : is eliminated so that F{x, y, z) becomes 
F{x, y, h{x, y)} or F^{x, y). The area 8 ^ in the xy plane is the 
projection of 8 and the definition is now made : 

Definition. The double integral of F^{x, y) over 8^, that is, 

^^^F^{x,y)dxdy, (2) 

is a surface integral of F{x, y, z) over the surface 8 . 

Similar definitions hold when the variables x or y are elimi- 
nated and the double integral is taken over 8 -y in the plane of yz 
or over 82 in the plane of zx so that there are three types of 
surface integrals when x, y, z are the variables. 

If I, m, n are the direction cosines of the normal to the 
surface 8 at (x, y, z), and if the element d 8 projects into the 
element dxdy then, if n is positive, dxdy=nd 8 and the integral 

(2) may be written 

JJ F{x, y, z)nd 8 ; (3) 

but questions of sign arise when n is negative and the relations 
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between the forms (2) and (3) must be investigated. In some 
of the most important applications the double integral (2) has 
to be transformed into a curvilinear integral round and the 
relation between the positive directions of integration along C 
and along needs elucidation. The following example illus- 
trates the nature of the difficulties (or ambiguities) that occur. 

Suppose that the partial derivatives Fy and F^ are continuous 
when {x, y, z) is any point on S ; by Green’s Theorem (§ 131, 

(4) 

provided the curvilinear integral is taken in the positive 
direction round 

Now dFgjx, y) ^ dF{x, y, z) dF(x, y,, z) dz 
dy dy dz dy 

since x is constant. The value of dzjdy may be obtained 
from the equation of the surface 8, namely, z=Jh{x, y) or its 
equivalent q){x, y,z)=0 \ thus, 

or — = -23!= _!2 , 
dy'^ dz dy dy <pz n ^ 

because the direction cosines of the normal are proportional 
to (py, cp^ respectively. Hence 

But, by the definition of a curvilinear integral, 

2'3(a;,y)da:= F{x,y,z)dx, 

J Cz J C 

and tZrr 2 / = projection of dS =:nd8, if w is positive ; therefore 

\F{x,y,z)dx=\\^ {m^-^-n^£)d8 (6) 

The proof of the equation (6) is, however, unsatisfactory; 
equation (4) assumes that the direction of integration along 
G^ is positive, and we have no guarantee whatever that when 
{x, y, z) moves along G the projection of the point on the xy 
plane moves along G^ in the positive direction. [Further, if 
n were negative, the sign of the double integral in (6) would 
apparently need to be changed. The whole matter therefore 
must be considered more carefuUy. 
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136. Surface ; positive and negative Sides. A small area o', 
bounded by a curve y, is taken on a surface given by the 
equation (p{x, y, z)=0 and a', y' are the projections of o', y 
on a coordinate plane, say the plane of xy. 

Take any point P in o' and let NPN' (Fig. 12) be the normal 
to the surface at P. The half -lines ” PN and PN' are drawn 
in opposite directions from the surface a ; one of these direc- 
tions, say that of PN, is chosen as the positive direction of the 
normal at P, and PN may be 
called the positive normal, PN' 
the negative normal. That side 
of the surface g which faces the ^ /p jj 
positive direction of the normal 
at P will be called the positive 7 

side (or face) of the surface <t, 
the other side of a which faces 

the direction PN' being the negative side of the surface. If 
a surface is closed — the surface of a sphere, for example — 
the area a on the side chosen as positive may be supposed to 
spread out till it covers the whole surface and the whole of that 
side will be positive ; it is not possible to pass from the positive 
to the negative side without penetrating the surface. If the 
surface is not closed, such as a spherical cap, it has a bounding 
edge and it is not possible to pass from one side to the other 
without crossing the edge. 

The coordinate planes have also two sides. The direction 
of the positive normal to a coordinate plane is the positive 
direction of the coordinate axis that is perpendicular to the 
plane, and the positive side of the plane is that which faces in 
this direction. 


Convention as to sign. The positive direction along the 
curve y, that bounds the area a, is that which is determined by 
the right-handed screw relation ; when the screw advances in 
the direction PN it twists in the positive direction of rotation 
round PN (the arrows in the diagram show the relation). This 
convention agrees with that already adopted for plane curves. 
Further, the area a is always assumed to lie on the positive 
side of the surface and to be positive — that is, measured by a 
positive number. 
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Now suppose that a cannot be cut by a line parallel to the 
z-a,xis in more than one point and that n, where n is the cosine 
of the angle between the positive direction of the ^-axis and the 
positive direction of the normal at any point P in a, does not 
change sign as P varies in o so that it is in general either always 
positive or always negative. 

The area a' which is the projection of a on the xy plane will 
always be assumed to lie on the 'positive side of the plane. If 
Q' is the point on y' which is the projection of the point Q on y, 
it will now be shown that when Q describes y in the positive 
direction Q' will describe y' in the positive or in the negative 
direction according as n is positive or negative. 

A small area at any point P on cr projects into an area 
on the xy plane whose measure is (approximately) na^ and is 
therefore positive or negative according as n is positive or 
negative ; this relation holds for the complete area a' since 
n does not change sign. Now Icr'l is given by the double 
integral 

ff dxdy, taken over the area bounded by •/'. 


When the double integral is transformed into a curvilinear 
integral round y' the number that measures the area cr' will 
be positive or negative according as the direction of integration 
is positive or negative ; in other words, Q' describes y' in the 
positive or in the negative direction according as n is positive 
or negative. 

The same considerations apply when the projection is made 
on the other coordinate planes, the projections of the area a 
being always supposed to lie on the positive side of a coordinate 
plane. The change from one coordinate plane to another is 
made by the symmetrical change of x, y, z; to pass from the 
xy to the yz plane, put y for x and z for y, etc. 


137. Stokes’s Theorem. Consider equations (4), (5) and (6) 
of § 135. If n is positive no change is needed ; when the 
direction of integration round G is positive, as it is always 
assumed to be, so is that round If, however, n is negative, 
Q' passes round in the negative direction. But in Green’s 
Theorem the direction round must be positive, and therefore 
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in equation (4) the sign of the curvilinear integral must be 
changed so that the equation becomes 

where now the integration round is in the positive direction. 
We thus find in this case 




The equation (5) thus becomes 

Now, however, dxdy= ~nd8 so that we get 


(4') 

(S') 


\^F{x,y,z)dx^\\^ (n,^-n^)d8 ( 6 ) 

which is the same equation as before. 

Suppose now that G{x, y, z) and H{x^ y, z) are single- valued 
and continuous and have continuous partial derivatives 
G^ and Hy when {x, y, z) is any point on B ; it may be 
proved in the same way, or it may be deduced by symmetry 
from equation (6), that 


(7) 

\s{x,y,z)dz=\\^{l^-^-n,?^)dS, ( 8 ) 

and therefore, by addition of (6), (7), (8), 


I 


( Fdx + Ody + Hdz) 


ff (,fdH dG\ , fdF dH\ (dQ dF\\ 

dxJ^^idx dy))^^- 

Equation (9) is Stokes’s Theorem for transforming a curvi- 
linear integral round a curve C into a surface integral over a 
surface on which C lies. 

In equation (9) the surface (p{x, y, 2 ;) = 0 appears only through 
the numbers Z, m, n which are the direction cosines of a normal 
to 9 ? = 0 ; any other surface therefore which satisfied the 
conditions to which 99 = 0 has been subjected might be taken 
as that on which the curve G lies. 
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It has been assumed that the surface is not met by any line 
parallel to the coordinate axes in more than one point ; but 
this condition is obviously unnecessary if the surface can be 
divided into a finite number of partial surfaces each of which 
satisfies the condition just stated. The curvilinear integrals 
along any curve that is introduced would, as in the case of 
Green’s Theorem, § 131, cancel and the sum of the surface 
integrals over the partial surfaces would be the integral over 
the given surface. 

Again, it is not necessary that the derivatives cpy^ (p^ 
should be everywhere continuous, provided they are in general 
continuous. For example, the surface might be a tetrahedron ; 
along the edges the derivatives (p^., <py, cp^ are double-valued, but 
they are continuous in each plane of the tetrahedron. 

138. Green’s General Theorem. Let u, v, w be single-valued 
functions of x, y, % which, with the derivatives dujdx, dvjdy, 
dwidz, are continuous throughout the volume W bounded by 
a surface S, and let Z, m, n be the direction cosines of the normal 
PP' at a point P{x, y, z) on 8, where PP' is the inward normal, 
that is, the half line from P to a point P' near P and inside W. 
The following relation holds : 

+ ^ + -\lil^ + ^^ + nw)dS ...( 1 ) 

where dS is the element of the surface 8 at (x, y, z). 

Let Fig. 13 represent a section of the surface by a plane 



Eia 13. 

parallel to the zx plane. The parallel to the a:-axis through 
point (0, y, z) will meet the surface in 2 or 4 or 6 or, in general, 
in an even number of points, say P^, Pg, Pg, P^. 
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Now let MPi=x^, MP^=X 2 , MP^=x^, MP^~x^ ; then 

JjJ + “(^2> y> 

“ y, z) + u{x 4 ^, y, z)} dy dz, 

A cuboid with base dy dz and with lateral surfaces parallel to 
the a;-axis will cut out of the surface S the elements dS^, dS^, 
dS^, d8^ at Pi, Pg, Pi, P 4 respectively. If the direction 
cosines of the inward normals at P^, Pg, P 3 , P^ are distinguished 
by the suffixes 1, 2, 3, 4 respectively, then 
dy dz = 

because dy dz is positive and the angle between JfP 4 and the 
normal is acute at P^ and P 3 , obtuse at Pg, P 4 . Hence, when 
expressed in terms of dS, the element of the double integral is 
of the form -• lu(x^ y, z) d8^ so that 




The other two triple integrals in ( 1 ) may obviously be 
treated in the same way as the first triple integral, and the 
equation ( 1 ) follows. 


Now let 

and let 
then 


u = U 


IE 

dx ' 


v = U 


dV 


dy 

V2F-^ + ^+^- 
~dx^^ dy^ ^ dz^ ’ 


Wz 


dz = 


IJl' 


d_OdV,_ 

dx dx 


Wd_V 

dy dy dz dz 


dx dy dz + jJJ Z7V* Vdx dy dz 


,dV dV dV 

OX dy dz 


-II 


U-;^d8 
dv 


.( 2 ) 


.(3) 


where {E.T. p. 219, (3)) dVjdv Iq the derivative of F in the 
direction of the inward normal. 

Equations ( 2 ) and (3) give Green’s Theorem. The form ( 1 ) 
was given independently by Ostrogradsky in a memoir read 
before the St. Petersburg Academy in the same year (1828) 
as that in which Green’s Essay was published. For a short 
note on the history of Green’s and similar theorems see Pro- 
ceedings of the Edinburgh MathemMical 8ociety^ voL 8 , pp. 2-5. 



362 ADVANCED CALCDLDS [CH. XI. 

In (3) let V=U; then 

<‘1 


In ( 3 ) interchange U and F and subtract the members of the 
equation thus obtained from the corresponding members 
of (3) ; thus 

]^\\UVW-V^^u]dxdydz^ F^)d^. ...(5) 

In equations ( 1 ) ... (5) the sign ( - ) before the surface integral 
wiU be changed to ( + ) if the outward normal is chosen instead of 
the inward. 

139. Transformation of V^V. Suppose that in equation ( 2 ) 
of § 138 the function U is zero on the surface S that bounds the 
space W ; the equation will then become 

, 1 ) 

Now let X, y, z be changed to u, v, w where 

x=f{u,v,w), y=g{u,v,w), z=h(u,v,w), 
and the surfaces u = const. , v = const. , w = const, are orthogonal. 
If ds is the segment joining the points 

(x, y, z) and (x +dx, y +dy, z +dz) 
ds^=Tidx^='L {fu^u+f^dv+f^dwY, 

or ds^='L (/ 2 -\-gl-\- h^dv? = gldu^ + qldv'^ + qldw'^ 

u, %w 

where Ql=fl+gl+hl, Ql=Sl + gl + Jil, Ql=fS, + gl + hl'\ 
because /„/^ + Sr„gr.„ + = 0 , /J„ + ...= 0 , /„/„ + ...= o/ 
since the surfaces are orthogonal. 

If ds^^ ds 2 , ds^ are the elementary segments of the normals 
to u, V, w respectively, 

ds^ = Qjdu, ds^^Q^v, dsQ^q^dv 

where ^ 2 j ^3 positive, and the new element of volume is 
ds^ds^ds^ = Q 2 ^3 du dv dw. 

(Note that where J is the Jacobian of x, y, z 
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with respect to u, v, w; this may be seen by forming the 
square of J.) 

From the equations 

dx =fydu +f^dv +f^dw, dy = g^du + . . . dz = h^du + . . . 
we find 

Qldu —fydx + gy^dy + h^dz, qldv =fydx + . . . qldw =fj^dx + . . . 
so that 

——fji 

dx" Ql' dy qf’ dz qf' dx~ q^' dx~ ql‘ 


Hence 


so that 


^JLJJLLi. 

dx du ql 


dUfy dUfy, dU 




^ rinr. Pi'T du du q% dv dv dw dw 
by using equations (2). 

Thus the integral on the left of (1) becomes 

SiQ^ezdudvdw 

JJjFr/l Q2 q^ dwdwf ^ ^ 

where IF' represents the new field of integration. 

Now 

Q^QsdUdV_ d (jjfgiQsdVVi JJ d (QsQsdV] 
du du dul \ du/ f du\ 9m / ‘ 

If the transformation of § 138 is now applied, u, v, w simply 
taking the place of a;, y, 2 , the surface integral into which the 
first term on the right of the equation is transformed will be 
zero since U is zero on the bounding surface. Hence the 
integral (3) is equal to 

which is thus the form taken by the integral on the left of (1), 
U, V being now expressed in terms of u, v, w. 

The integral on the right of (1) is transformed into 

"III \y'^^'^~\QiQ%Qzdudvdw (5) 


dw\ q^ 
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The only restriction to which U is subjected is that it be 
continuous and Tanish on the bounding surface and therefore 
since the integrands of the integrals (4) and (5) are continuous, 
it is necessary that the coefficient of U in each integral be the 
same. Hence VW becomes 


1 f a fQ^q^dV\ ^ d fQ^q^dV\ ^ d (Q^g,dV\] 

Ql Q2 ^3 dwJ f ‘ “* 


The above transformation is due to Jacobi. If x=f(u, v), 
t/=g{u, v) and z—w (so that z is only formally changed ; com- 
pare E.T. p. 237, equation (8)) ; we have 


f^ = 0=g^^ h^z=0=:h^, A^==1=^3, dWldw^ = dWldz^ 


and V2F=— 


dW 
dz^ 


where dWjdz^ is zero if V is independent of z, 

140. Worked Examples. The following examples give some 
illustrations of the theorems of Green and Stokes. 


Ex. 1. If Hy=Gz, Fg=H^, = for every point (x, y, z) in & 
volume 7, bounded by a closed surface S, and if cl and p are any two 
points in V, prove that the integral 

f {Fdx+Gdy+Hdz) 

J a/3 

has the same value for every path cl ft, provided the path lies in V. 

As in § 131, Ex. 1, take two paths oLyp and ocSp lying in V and having 
no common points except oc and If C denote the curve a.y/9^a, the 
cxirvilinear integral round O is zero by § 137, (9), and therefore the 
integrals along ay/? and olS^ are equal. 

Ex. 2. If the curvilinear integral in Ex. 1 is independent of the 
path a/? where a and ^ are any two points in V and the path lies in F, 
show that Hy=G^, F^ G^=Fy. 

Proceed as in § 131, Ex. 2. 

Ex. 3. If Hy=:Gg, F^=H^, Og^=Fy for every point (x, y, z) in F, 
prove that F dx +Gdy +Hdz is n complete differential. 

Let P(|^, ri, f) be any point in F. We can choose the points L(a, h, c), 
6, c), N(l, rj, c) so that the path LMNP (or p) lies in F. Now let 
(if Vf C) defined by the integral 

/(if Vf D = f (F dx + Gdy +II dz) + const. 

JP 

~L c)dx + G(i, y, c)dy +|^ rj, z)dz + const. 
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Differentiate with respect to $ and note that 

dG{$, y,c)_dF{i ,y, c) 77, z)_ z) 

dy ^ di ^ dz ' 

ence 

^=ni> i>, c) +[ns, V, c) - b, c)] +[ j’cf. n, 0 - m v. <=)] 

=F(i,v, 0- 

Similarly dfldr]- 0 {^, y, f), 77, f) so that 

n. i)d^+G{^, 77, Odn +m, 77, OdC^^dfii, 77, a 
and for y, C V* ^ respectively. 

Fx. 4. If u, V, w satisfy the conditions of § 138 and if if is a surface 
inside W bounded by a closed curve O, under what conditions will the 
surface integral 

Jj (lu+mv +nw)dS (i) 

depend solely on the curve G and not on the particular surface K on 
which C lies ? 

The numbers I, m, n are the direction cosines of the negative normal 
at a point P on the surface if (§ 136) and the integration is taken over 
the positive face of if. Kow let yS' be a closed surface formed by two 
surfaces if i and Jf « that lie in W and pass through C but contain no other 
common points than those on G ; denote by the volume enclosed 
by /S'. 

If the integral (i) depends only on G then 

II {lu+ mv + nw) dS — 1| (lu + mv + nw)dS 
and therefore, if Jf ^ is on the positive face of S, 


1 1 {lu +mv +nw) dS = 0 ; 

because in the integral over the part K 2 of S the normal at a point P 
on is an inward normal. to S, that is, is a positive normal to if 2 so that 

» {lu +mv +nw)dS — \ {lu+mv +nw)dS {lu +mv +nw)dS. 

8 .'A'l JiTa 

Hence by § 138, equation (1), 

|^ + -^)da;d 2 /d 2 : = 11^ {lu +mv +nw)dS =0. 

Now the surface S is arbitrary since if 3 ^ and if 2 are any surfaces, and 
therefore the triple integral cannot be zero unless its integrand, which 
is a continuous function, is zero. Hence the condition 


du dv 


(ii) 


must be satisfied at every point in TF if the integral (i) is to depend 


solely on G and not on if ; that is, condition (ii) is necessary. 
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That conditioix (ii) is also sufficient may be shown by finding, if it is 
satisfied, the line integral round C that is equal to the surface integral (i). 
By Stokes’s Theorem we have to find F, G, H so that 
dH dG dF dH dG dF 

dy dz dz dx dx dy 

Now if are values of F, G, H respectively that satisfy (iii 

so will the functions 


F = F^-- 




dy) 




.(iv) 


■acr’ ^ — "" ay’ 
where ^ is a single- valued function of x, y, z which has continuous first 
and second derivatives ; because 


dH ^G_^ dH-^ d^y) \ a^y \ _ 

dy dz~\dy'^ dydz) V 02 dydz) ^ ^ 
The functions j^i, H^ may be taken to be 


Cz fz 

^1= vdz+<pi(x, y), Gjl= -\ udz+y)2(^> ^1=0 

.c jc 


where c is a constant and q)^, (p^ are functions of x and 
equations give 


dy dz dz 


dH^ 

dx 


=v and 


y- 


These 


dG^ 

dx 


dF^ 

dy 



?2l 

dy 


: + 


dx 


by equation (ii). Hence 


dy 


dGj^ ai^i . 


■w{x, y, c) -f 


a^a a^i 

dx dy ' 


'-w{x, y, z) 


if 


dx 


a^i 

dy 


=w(x, y, c). 


.(vi) 


Let one of the functions 9?^, q>2 be chosen arbitrarily ; the other is then 
determined by the equation (vi) and the functions F^, G^, H^ satisfy 
equations (iii). Hence the functions F, G, H given by (iv) are such that 

JL +nw)dS =1 {Fdx + Gdy +Hdz). 

Solid Angle, Definition, The solid angle subtended at a 
point A in space by a surface S, bounded by a closed curve G, 
is measured by the area intercepted on the sphere with centre 
A and unit radius by the cone with vertex A and the surface S 
as base ; the measure is positive or negative according as the 
positive or negative face of the surface is seen from A. 

If the surface S is closed (like an ellipsoid), the solid angle 
will be measured by the complete surface of the unit sphere 
when A is inside S but will be zero when A is outside S, These 
two results may be obtained from the expression (i) of Ex. 5 
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as limiting cases ; tke definition assumes that S is not a closed 
surface but is bounded by a closed curve. 

Ex, 5. Expression for a solid angle. 

Let A be (a, b, c), P any point (x, y, z) in the small area dS and 6 the 
angle between the positive normal PN to dS and the direction PA 
from P to A. Let dco be the area intercepted on the sphere with 
centre A and unit radius by the cone with vertex A and base dS ; the 
area of the section of the cone by the plane through P perpendicular 
to PA is (approximately) dS lcos0| in numerical value where dS is 
positive. But, if lP^l=r, we have, by geometry, Icos 01 

and therefore, in sign and magnitude, r^dm = dS cos 6 so that 

B COS0 

w 

If If m, n are the direction cosines of PN, we have 
cos 6 ={l{a -x) +m(6 ~~y) +n(c -z)}lr 
since the direction cosines of PA are (a -x)lr, {b ~y)!r, (c -z)jr, so that 
0 , ! l{a-^) + m(h-y)+n(c-z) ^ 

If w = (a -x)ir^, v = {h -y)lr^, w={c -z)lr^, it is easy to verify that 
du dw 

dx~^ dy dz ~ ’ 

so that (Ex. 4) co is independent of the surface ^ and depends only on 
the bounding curve. 

EXERCISES XVI. 

1. Change the order of integration in the integral 


dy F{x, y)dx. 
0 Jo 


2. When the field of integration is the triangle given by y=0, y 
and a; = 1, show that 


dy 1 . _i / cib 

. . 2 nI"c \cV(a^+b^+c^)J • 


dx j ~ tan“i 

0 Jo (a; 2 + 2 /^ 4-02)^ ^ 


4. Wh.en the field of integration is the circle x^ =2ay, show that 
-xi^)dxdy =^(37r + 8)a®. 

•^5. The integral of (a? sin ot. - 2 / cos ol)®, taken over the ellipse 
+y^lb^ = 1, is equal to 

^7tab{a‘^ sin^a. + b^ cos^o.). ^ 

If the integral is taken over the rectangle given by x=a, a; = -a 
and y=b, y = its value is 

^ab{a^ sin^oL +52 cos^ol). 

2 B 


a.A.o. 
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6. If l-[\ ,, taken over the circle x^+y^=a^, find I 

and show that 

J 7. Ill {ax^ + hy^ + cz^) dx dy dZy taken through the sphere x^ +z^=R^ 

is T^3T(a+6 +c)JS^ 

8. Ill z dx dy dz—^d^ cot cl cot p 

where V is the volume bounded by the cone =x^ taxi^cL + y^ tscn.^ p 
and the planes z=0, z—c. 

9. If F' is that part of the volume V of Example 8 for which a;, y, and 2 
are positive, show that 

xyz dx dydz^-^ c® cot^o. cot^ p. 

10. If p is the perpendicular from (x, y, z) on the diameter of the 
ellipsoid x^la^ -hy^lb^ +z^lc^ — 1 which is inclined to the axes at the 
angles a, py y, prove that 

j % d 2 = “ ahc{a^ sin^o. + 6^ sin^ P+c^ sin^ y ) 

where the integration is taken through the ellipsoid. 


11. The value of 


z^dxdydZy taken through the volume common 


to the sphere +y^ +z^ =a^ and the cylinder +y^ =ax, is 


A-f ^ 

15V 2 



12. The mean value of {ax -\-by +cz)^^, where n is a positive integer, 
over the surface of the sphere x^ +y^ +z^ = 1 is 
(a 2 + 62 +cT/( 2 n + l) 

and the mean value over the volume of the sphere is 
3(a2 +62 +c^)»l{2n + l)(2n + 3). 

13* f +a;)»^-i(l -x -y)”-^dx 

Jo Jo 

= iV{l)T{m)nn)(T{l +m+n)y mi, m^l, n^l. 


14. If m, n, p are each not less than unity, 

{a - £c)^"^ dec f (a; - y)^~'^ dy {y - z)^-^f(z) dz 
Jo Jo Jo 


r(m)r(n)r(p) 

r(m+n+p) 


1 ^ {a-z)^+^+P~'^f{z)dz. 


*Lm,n are taken to be each not less than 1, so that the integrand may be 
a bounded function of x and y. When the improper integral has been defined 
it will be seen that the result holds if lym,n are each positive. A similar 
remark is applicable in the case of other examples. 
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15. If 0, prove that the integral 

f(-Ax + By)dxdy, 

taken over the ellipse x^ja^ = 1, is equal to 

B{i, m + 1) a6 J ^ ( 1 - x^)^+if(7cx) dx, Jc = (A^a^ + 

TtT W 

16. d(p^ i^(l *-sin0cos9?)sin6cf0=~P 
Jo Jo 


/sin ®0 cos^g? sin^Osin^® cos^O 
dq>\ To — ^ + Ta — - + —:^ 


17. dcp 

Jo 


18. (i) If c> a, show that the integral 


sin Odd = 4:jiabc. 


H (c-x)dxdy 
(c-xf+y^ * 

taken over the ellipse x'^ja^ +2/^/6® = 1, is equal to 

(ii) li a>h>0y show, that the integral 
f ff (a --z)dxdy dz 


JJJ{a ;2 _ 2 ;) 2 }' 5 ' 

taken throughout the volume bounded by the cylinder £C* -f-t/* =c® and 
the planes z=hy z~ -h, is equal to 

jr{[c® + (a - - [c^ + {a + 2h}. 

19. Prove that when the double integral in x and y is taken over the 
positive quadrant of the circle x^ +1/® = !, 

rr dxdy _7i; 

Jj V(1“^^“2/^)“2* 

and deduce that, if a;=sin 0\/(l ~ sin*gp), 2/=sin g?V(l - sin*6), where 

m^ + n^=l and O^0~7r/2, 0^g7~7r/2, 

TT TT 

.... fg fS (m^C 08 ^<p +n^oos^ 6 )d 0 d(p n 
Jo Jo V(1 sin2g?)-v/(l --n® 2 ‘ 

Give a geometrical interpretation of the integral (i). 

[The integral (i) is not a proper integral. See, however, p. 380.] 


20 . liF{m)=y^ Vil-m^sm^d) ’ -EM =]^ Vd -m=>sm= 0 )de. 
and +n“ = 1, deduce, by the help of Example 19, that 


F(m)B{n) +F{n)F(m) - F{m) F(n) =| . 
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21. If ic=rsiii 0'\/(l“^®sin^^), y^^rsm 95^(1 2=rcos 0 cos 9? 

where, as in Example 19, = 1, prove that {x, y, z) is a point on a 

sphere of radius r and change the variables in the integral [^dxdydz^ 

taken over that octant of the sphere x^ +y^ +z^ = l for which x, y, z are 
all positive, to the variables r, 0, 9?. 

Deduce the value of the integral in Example 19, (ii). 

22. Prove that 

i 2ir 

d(p I F{a sin 0 cos 97 +h sin 0 sin (p +c cos 0) sin Qdd 
=271^ ^F(1cx)dx, h:=(a^ + +c^)^. 

By differentiating with respect to a, 6, c other integrals may be 
derived ; thus, differentiating as to c and putting /(a?) for F'{x) we find 

d(p ^ f (a sin 0 cos 97 + 6 sin 0 sin 93 + c cos 0) cos 0 sin 0 d0 

23. From the sphere x^ +y^+z^ a segment is cut off by the plane 
z=h>0; P is any point on the curved surface S, Q any point in the 
volume V of the smaller segment and O the point (0, 0, c), where 
0 a. Prove 

(i) !7i=JJ^y^=^{(c“-2cA+a2)i-c+o}; 

= ~{{c^ - 2ch + +<1»} - |(2c2 - 6ch + Zh^ + 3a*). 

If the segment is made by the plane z= - k, where k >0, show that 
the values of Ui and U2 are obtained by writing - k for h. 


24. TiF{x,y,z)=x^-^y^'^'^z^-^f^(^ + ^| J + | , where a, 6, c are 

positive and the indices are such that P(a;, y, z) is continuous, show 
that the integral of F{x, y^ z), taken through the part of the volume 
bounded by the surface 

(r/ap+(2//6)ff + (2/cr = l 
in which x, y, z are all positive, is equal to 




1 

f{x+y+z)dz. 


The example may easily be extended to the case of n variables. The 
integral may be transformed to one with constant limits (§ 133, 
Examples 3, 7). If/(^i)=(l - uY', the integral can be expressed in terms 
of Gamma Functions. 
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25. Elliptic Coordinates,^ 


The equation /(^) =0, where 






h^<c\ 


-62 

is satisfied by three real values A2, where 

P>c2>^2>62>v2 

and the three surfaces A = const., jtt= const., v= const, are confocal 
conicoids which pass through the point {x, y, z) and intersect ortho- 
gonally. The values oi Xj y, z are given by 

A2;.2^2 ^ (A2-62)(^2„52)(„2„2,2) ^ C^){v^ - C^) 

“ 


62(62 -c2) » “ c\c^- h^) 

When A, v are fixed, the point (a;, y, z) will be uniquely deter m i n ed 
if, for example, v, -b^) and are allowed to take either 

positive or negative values while A, p and the other square roots are 
kept positive. The numbers A, n, v are called the elliptic coordinates 
of the point {x, y,z). 


(i) liJ = 
|J1=- 


s(A, /z, vY 


prove that 

(A2-^2)(A2-y2)(^2_y2) 


V{(A^ -■62)(A2 -c2)(^2 _ ^2)(2,2 _y2)(c2 . 

(ii) If ds is the distance between the points 

(A, p, v) and (A-fdA, p +dp, v+dv), 


■v^)} ' 


show that 


=dx^+dy^+dz^ 

_(P 

"(A2 


62)(P-c2)“^ '^(V-v^){c^-v^) 


(iii) If dsi, ds 2 and ds^ are the respective values of ds when A, p and v 
alone vary, prove that 

ds^ =AdXf ds^ — Bdp, ds^ =Odv, 


where 




“ \ (A=-6*)(a®-c2) J ’ 

\ {p^ -~h^)(c^ - P^) } 


r (A2-T;2)(^2_^2) ^| 
\ ( 62 - 1 ; 2 )(c 2 _^ 2 ) } 


(6® -v^){o^ 
Deduce from (iii) the value of | Jl. 


26. If p is the length of the perpendicular from the centre of the 
ellipsoid A = const, on the tangent plane at (A, p^ v), prove that 

p2=A2(A2 _52)(P -c2)/(A2 -^2)(P „y2) 

and deduce, by expressing the volume of the positive octant of the 
ellipsoid as the integral J jjpdsgdsg over the surface, that 
r<5 r& {p^-v^)dv 7t 

]h ^ Jo V{(y^ - 62 )(o 2 - p^){b^ ~^2)(c2 - 2 * 

* See Bell’s Coordinate Geometry oj Three Dimensions, Chapter X, for the 
properties of Confocal Conicoids. 
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27. Prove the following results : 


(i) \J\dv=^ - b^)(Xl - e^)} ; 

(ii) \l dv =1 c2(c^ - 6^ ; 


‘‘.'ov'{(A‘^-&^)(c^-(M*)(6“-’’®)(c='-J'®)} 6'^^ 2(6+c)A+6c}. 

28. Express in terms of the elliptic coordinates A, fj., v. If 


fc r& 

(iii) dA 

.b Jn 


|=a^ 


dX 




f) =a" 


dfi 


■" 


, 02 F 






V{ib^ -v^){c<‘ -v^)}’ 
} 


show that 

V»F=x((/t“ 

where K =^a*l{X‘^ - ft^){X^ - v^){fi^ - v^). 

29. E is the ellipse x^la^ = 1 Q'^d the equations 

cc^/coshV +2/^/sinh% =c^ x^jcos^v - y^lsin^v =c^ 
give respectively ellipses and hyperbolas confocal with E. 

If p is the perpendicula.r from (0, 0) to the tangent at {x, y) on the 
ellipse Uy show that x and y may be expressed in the forms 
x=c cosh u cos V, y =c sinh u sin v 

and then prove 

(i) J =c2 (cosh% sin% +sinh2t^ cos^i;), p^J =c^ cosh2^4 sinh^t^; 

o{u, V) 


(ii) j =^|a6(o2 + h^) - (a^ - cosh~^ 


V{a^-b^)r 

30. If a? = ^ cos (fj y — Q sin p, z =z and if {7 =g^F, prove that 

® ^ ^~ae*'^e“> 3 ^^+ 0 z 2 + 4 e^' 

b sinh X b sin co 


and if 




z — - 


and 


cosh X +COS o) ’ ^ cosh X + cos co 

31. If £Ci=rcos0i, a;2=^sui0icos02, =rsm ^^sin 0acos ^3 
a?4 ~r sin 6^ sin 62 sin 63, show that 

S{r, Ou 02, 03 ) 0ism02. 

and extend to the case of two sets of n variables ajj, a^a, ..., a;^ and 
r, 0j, ... , dn-.i- Prove that 

(i) xf +xl+... +x^=r^; 

(ii) 


d{x^,X2j ^ 3 > 


e(n 01 . 02 . •. 7 LT) 02)”-nsm e,)"-» ... (sm0„_.). 
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32. If 

and 

and 


=r sin 6 cos <p, X2 =r sin 6 sin 97, Xq =r cos 6 cos y 
x^=r cos 6 siay; then =r^ 


djx^, a7g, a;3, x^) 
dir, 6, <p, y}) 


=r®cos 0sin0. 


33. If the rectangular axes of x, y, z are changed to another set of 
rectangular axes 7], f with a new origin (a^, Ug), show that 

The formulae of transformation are 


X, y, z =a^ +1^^ +mfr] +ntC ^ 2, 3. 


li p = dzjdx, q = dzjdy and P = 9^/8^, Q = d(ldr}, it is not hard to prove 


that 

(i) ^/(p^ +g* + 1) = I nif> -nj I . +Q‘ + 1) ; 

8 ( 7 , ' $ I 


The measure P of a surface is therefore independent of any particular 
set of coordinate axes. 


34. If x=fiu, V, w), y=g(u, v, w), z=h(u, v, w) and if P, A, B, C 
are the points determined by the parameters 

. [u, V, w), {u -\-du, V, w), (u, V +dv, w), (u, v, w +dw) 
respectively, prove that the volume of the tetrahedron PABC is 
^\J\dudv dw where J is the Jacobian of f, g, h with respect to u, v, 
w and du, dv, dw are positive. 

The volume of the parallelepiped of which PA, PB, PC are con- 
terminous edges is \J\dudv dw. Deduce the transformation of 
Problem II, § 134. (Compare Exercises VI, 14.) 

^ 35. The value of || (Ix^ +my^ +nz^)dS, taken over the surface of the 

sphere (x - a)^ +iy- by +iz~ cf = 

is ^n(a+h+c)R^, the direction cosines I, m, n being those of the 
outward normal to the sphere. 

Verify the result by transforming the integral into a triple integral, 
taken through the sphere. 


36. C is the curve given by the equations 


prove that 


+y^ +z^ -2ax -2ay = 0, x+y = 2a; 


[ydx +zdy ■\-xdz) — ~ 2^/2 . 


the path beginning at the point (2a, 0, 0) and lying at first below the 
plane of xy. Transform the curvilinear integral into a surface integral 
over the plane area enclosed by C, 
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37. Verify Example 19, Exercises XTV, by applying Stokes’s Theorem 
to transform the curvilinear integral into a surface integral over the 
relative portion of the surface of the sphere. 

38. On the perpendicular from the centre 0 of the circle +y^=a'^ to 
the plane of the circle a point P is taken ; if OP =z >0, show that the 
solid angle co subtended at P by the circle is 

If 2 < 0, what is the value of g> ? 


39. Prove that, if the symbols have the same meaning as in Example 5, 
§ 140, the integral (i) that measures co is, when S is a> closed surface, 
4:n or 0 according as A is inside or outside the surface, the inward 
normal being considered the positive normal. 

If J. is outside S, a line through A will meet S at an even number of 
points. Pi, P2, P3, P4 say (compare Fig. 18) ; a cone with vertex A 
and small vertical angle, having AP-^ ... P4 as axis, will intercept areas 
(SiS^i, . . . , at Pi, , P4. If these areas be projected on the unit sphere 
with centre A, the area intercepted on the sphere by the cone being 
dm, then 

dm— dSi cos 6ilAPl= - dJS ^ cos 6JAPI 

= SS^ cos 6^1 API— - dS^^ cos BJAPf, 

so that the sum of the four elements dS cos OjAP^ is zero. For the 
whole surface it follows that the sum is zero so that m is zero. 

If A is inside it is plain that the sum is simply the area of the unit 
sphere, that is, 4:n, 


40. If as in § 140, Example 5, 




l{a -x) +m(6 -y) +n(c -z) 


show that 


dm 

da 


dS, 

d fc -z\ 




If E =0, Q S = , show that 


(Gdy+Hdz) 

where C is the curve that bounds S. 

Prove in the same way that 

— =[ -c()dz ~(g -c)dx 

dh jc7 r* ’ 

r (y - b)dx -{x - a)dy 
dc Jc r® ' 
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CHAPTEE XII 

IMPROPER INTEGRALS 

141. Improper Integrals. The definition of an integral in 
Chapter IX expressly assumes that the integrand is bounded 
and the range of integration finite. It is possible, however, 
to extend the definition so that the integral will stiU have a 
value when the integrand is not bounded or the range is not 
finite ,* the integral, as thus extended, is called an Improper 
(or Generalised or Infinite) Integral while, for the sake of 
distinction, the integral of Chapter IX is called a Proper (or 
Finite) Integral.* 

The following preliminary definition is given as it simplifies 
the expression of conditions in many cases. 

Singular Point. A point c in an interval (a, b) is called a 
singular point of the interval for a function P(x) if F{x) is 
not bounded in the interval (c - d, c + d') where 3 and <5' are 
arbitrarily small positive numbers ; (3 = 0 when c = a and 3' = 0 
when c = b. It is often convenient to say that |i?’(a;)|=Qo 
for x = c, but this expression means simply that c is a singular 
point. 

It will be assumed throughout that the number of singular 
points in any interval is finite and therefore, when the range of 
integration is infinite, that all the singular points can be 
included in a finite interval. This restriction on the number is 

* The term “ infinite integral ” is in some respects more suggestive than 
“improper integral/’ especially because of analogies with “infinite series” ; 
but it seems to be too great a strain on language to describe an integral as 
infinite when the infinity attaches not to the range but to the integrand. 
None of the terms is really satisfactory, but that of “improper integral” is 
in such general use that it seems best to retain it. 
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not necessary for the existence of the improper integral, but 
the consideration of an infinite number of singular points is 
beyond our limits. 

Note. The sketch of the improper integral in the Elementary 
Treatise (Chapter XXI) is based on the supposition that the 
integrand is in general continuous, but the method is equally 
applicable when the integrand satisfies the conditions for a 
proper integral. The improper integral of a function over any 
range will be defined as the limit of a proper integral over a 
part of that range ; a necessary condition for the existence of an 
improper integral is therefore that both the corresponding proper 
integral and its limit should exist. It will save much tedious 
repetition to assume once for aU that the proper integral and 
the limit both exist, and this assumption — which should be 
steadily kept in mind — will be adopted ; explicit reference 
will be made to the proper integral and to the limit only when 
there seems to be special reason for it. 

142. Definitions. A set of definitions will now be given. 
Take first the case of a finite range (a, 6), where 6 > a, and let 
d, 3' be two arbitrarily small positive numbers. 

Range Finite. If a is the only singular point in (a, b) the 
improper integral of ^"( 0 ;) over (a, b) is defined by the equation 

[ F{x)dx= [ F{x)dx, (1) 

while if b is the only singular point in (a, b) 
n r ch~s 

F{x)dx= F{x)dx (2) 

a a 

The integral is often said “to converge at a ” (or at b); 
again, such an expression as “the integral over (a, b) is con- 
vergent ’’ is often used as equivalent to the statement that 
the improper integral over (a, b) exists. Similar language, 
borrowed from the theory of infinite series, is used throughout 
and will require no further explanation. 

If c, where a<c<6, is the only singular point in {a, b) the 
improper integral over (a, b) is defined by the equation 

[ F(x)dx=: jC [ F{x)dx+ £ T F{x)dx, 


(3) 
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provided each of the limits exists ; in other words, the limit 
must not depend on any relation between <5 and S'. 

This proviso is important, as the following simple case shows : 


f 


^ dx . S 

=log 

x -0 ^ c-a 


•f 

Jc+5' 


dx , h - c 


Neither of the limits for (5~>0 or ^'->0 exists, so that the im- 
proper integral of ll{x-c) over (a, 6) does not exist. If, 
however, we suppose d' = d the limit for is the definite 
number log [(6 -c)/(c - a)], and this limit was called by Cauchy 
the Principal Value of the integral, in accordance with the 
definition : 

Principal Value. If the integral of F{x) as defined by 
equation (3) has a definite value when 6' = <3, but not when 
S and S' tend independently to zero, that value is called the 
Principal Value of the integral. 

This so-called Principal Value is clearly of a very special 
kind, and we shall make little or no use of it, (For notation, 
see below,) 

The definitions (1), (2), (3) may be supplemented by the 
following. 

If a and b (but no other point in {a, b) ) are singular points, 
take any point c such that a<c<b ; the integral of F(x) over 
(a, b) is defined by the equation 


[ F(x) dx^ J^{ F{x) dx+ jC\ F{x) dx, (4) 

provided (as in (3)) that each limit exists. 

If there are m singular points c^, Cg, . . . , in (a, b) where 
a ^ Cl, Cl < Og, 6, and if each of the integrals 


[* ^ F{x) dx, f F(x) dx , . .. f F(x) dx, f F(x) dx 

exists in the sense of equation (4), then 

^ F{x)dx=^ F{x)dx + '^^ *F{x)dx + [ F{x)dx ...(5) 
la' la ^ 


where the first integral on the right disappears if Ci=a and the 
lastifc^=6. 

The case of an infinite range of integration wiU now be 
considered. 
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Range Infinite. Suppose f> a. The definition is now 

V F{x)dx= £\ F{x)dx (6) 

I— >-oo"^a 

while if I' is positive and - f ' < a 

P F{x)dx= £(“ F(x)dx (7) 

J _ 00 I'— ^OD*' — f ' 

If each of the limits in equations ( 6 ) and (7) exists when i 
and f ' tend independently to infinity, then, by definition, 

f F{x) dx = { F{x) dx+[ F{x) dx (8) 

J— 00 J—CO V Q, 

Let 9 >(l) = r F(x)dx. If when f-s-oo the integral 95 ( 1 ) 
J a 

becomes and remains greater than any positive number N 
(or less than any negative number -N) the integral ( 6 ) is 
divergent. It may happen, however, that when |->oo the 
integral neither converges nor diverges ; may tend to no 
limit and yet be bounded. 

For example, if F(x)=smx, 99 (f) = cos <z - cos | and 
1 99(f) I ^ 2 for every f. 

In this case the integral is said to oscillate (finitely). If 
9 ?(f) neither converges nor diverges to +00 or to - qo and is 
not bounded when f— ^cx 3 , the integral is sometimes said to 
‘‘ oscillate infinitely.” 

It may happen that the limits in equations ( 6 ) and (7) do not 
exist when f and f' tend independently to infinity, and yet 
that the limit 

£ P F{x) dx 

is a definite number ; in this case the integral is called, as for 
a finite interval, the Principal Value of the integral. The 
notations 


* f F{x) dx and P f F{x) ( 
J a J — 00 


are sometimes used to denote the Principal Values. 

If the integral of F(x) over a given interval is convergent, 
F(x) is said to be integrable over the interval. 

Absolute Convergence. If the integrals of F{x) and |F(ic)| 
over a given interval are both convergent, the integral of F{x) 
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is said to converge absolutely over the interval ; or F{x) is said 
to be absolutely integrahle over the interval. 

For an important contrast between Proper and Improper Inte- 
grals in respect of absolnte convergence, see § 145, Theorem B. 


143. General Conditions for Convergence. In stating the 
conditions for convergence it is clearly sufficient to consider 
the convergence at one singular point of an interval (a, 6 ) and 
at 00 ; if c is the singular point, a<c<b, the condition for 
integrability at c must hold whether x tend to c from below 
or from above, and it will therefore secure brevity without 
loss of generality to take the singular point to be at an end of 
the interval. It has to be remembered that we always assume 
that the proper integral of which the improper is the limit has 
a definite value — ^that is, that it exists. 

Let a be the only singular point of F{x) in the interval 
(a, 6 ), and let 

(p{^)=^^F{x)dx, a<i<b. 

The condition that (p{i) should tend to a limit when is 
that, given the arbitrarily small positive number s, there shall 
be a positive number d such that 

\(p{a-^ " 95 (^ 2 ) I <£ if a<%<a 2 ^a+d. 

(p{a-^)-(p{a^) = { F{x)dx, 

J ax 

and therefore the condition that the integral of F{x) should 
converge at a, or that F{x) should be integrable at a, is that 
I 

F(x)dx <s i£ a<a^<a 2 ^a + 6 .(1) 

I ^ <*1 

or, what is equivalent, that 


jC 

ax 


dx=0 if a<a^<a2> 


If b were the only singular point in an interval {a, h) the 
condition would be 


I J *F{x) dx <€ ii b - b^<b 2 <b, 

f F{x)dx —0 if 6 i<62<6. 


.( 2 ) 


or 
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In the same way for convergence at oo there must be, 
given s as usual, a positive number N such that 


or 


<s if ob^N, 

f F[x)dx=^^ if oh. 

h 


.( 3 ) 


The integrand always of the same sign. Suppose, for example, 
that F(x) is not negative for any value of x in the range. In 
this case the proper integral must be positive (or, at least, can- 
not be negative) and therefore must tend either to a (finite) 
limit or to + oo , so that the corresponding improper integral 
must either converge or diverge and cannot oscillate. 

A change of variable, the change being made in the proper 
integral of which the improper is the limit, will sometimes 
transform an improper into a proper integral. For example, 
if f{x) is continuous for 0 ^ a; ^ nj2, and if 0 ^ a<l the change 
from X toy where :r = sin y gives 


and therefore 


fix) dx 

\oVa^) 


fsiar^a 

= f{wa.y)dy, 


J y) y^ ^y- 

Again, an integral over a finite range may be changed into 
one over an infinite range and vice versa. Thus, if a: = and 
0<d<l , X 

/i\ f 

J^logyc«a,=Jo ye-^dy, 

and if one of the integrals converges so does the other. 

Change of values of the integrand. As in the case of the 
proper integral, § 110, Theorem II, it is obvious that for the 
values of F{x), when these values are finite, there may be 
substituted at any finite number of points in the range any other 
finite values without changing the value of the integral. 

Singular Integral. For brevity, the integrals in (1), (2), (3) 
will sometimes be called the singular integrals at the singular 
points a, 6, 00 ; if a<c<b there will be two singular integrals 
for the point c, and these may be called the left and the right 
singular integrals. 
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144. Special Test. The following test for convergence covers 
a large class of integrals. 

I. Convergence at a Singular Point. Let a be the only 
singular point of an interval (a, 6), and suppose there is a 
neighbourhood (a, a +d) oi a for which {x --aYF{x)=^(p{x). 

(i) If 0<:?z<l and if cp{x) is bounded, say \g){x)\<K, F{x) 
is absolutely integrable at a ; 

(ii) if 1 and if cp{x) is always of the same sign (never zero) 
in {a, a +(5), say cp{x)>K{>0 or (p(x)< - K^c^O , where is a 
constant, F{x) is not integrable at a. 

(i) 0<?i<l, a<a-^<a^^a-\-d and \(p{x)\ <K ; 

f"® Kdx 


I Cdi 

F{x)dx ^ - 

1 J ai J ai J d' 


{x - aY 


K 

L -n 




Both and tend to zero when a^- a; 

therefore both F{x) and \F{x)\ are integrable at a. 

(ii) Suppose 1 and that F{x) is positive and cp{x) positive, 
not zero, (p[x)^K{>0 ; then 


m 

J d 


dx> 


Kj^dx __ K-^ { 

* di^ ~ ^ 


1 1 1 

-aY n-l [(uj^ - aY~^ («2 ~ ' 

=^1 log {(^ 2 - »)/(%- a)}, n = l. 
Clearly the integral does not tend to a limit when a^^a, 
therefore F{x) is not integrable at a. 
if (p{x)< -K^<0. 

If b were the singular point we should put {b 
for the range b - 6^ b-^<b 2 <b. 


n>l 


and 


A similar proof holds 
xYF{x) —<p{x) 


Ex. I . Of the integrals 

^ siu 


1 


(i) 


-a) dx 

7 r3/2“~» 

{x ~a) 


(ii) 


sm - 
Vic - 


-)dx 

ctJ 

1/2 


(iii) 

Ja 


& COS (a; ■ 


(x - a) 


a)dx 
/ 2 ~ » 


{x-af 

the first and the second are convergent while the third is not. For (i), 
note that {x -a)^F{x)-^l when x-^a ; if n were taken to be 3/2 the 
integral might seem to be divergent but then 9(a) would be zero and 
the conditions for I (ii) would be violated. 


II. Convergence at 00 . Suppose that x^F{x) = (p{x) when 
x^b, an arbitrarily large positive number. 

(i) If ?i>l and \(p{x)\<K, a constant, F{x) converges 
absolutely at 00 ; 
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(ii) a I and if <p(x) is always of the same sign (not zero), 
say g){x)>Kj>0 or (p(x)< - -£'i<0, where is a constant, the 
integral of F{x) does not converge at oo. 

(i) If n>l, c>b and \ q){x)\<K, 


I j V(x:) ia; I g J V(a:) I dtrc < |‘ 


'<>Kdx K 


n-1 c”-i/ 

Hence, since ^^>l, (6^-^ - c^"”) ->0 when 6->qo, and therefore 
both F{x) and |j^(^)[ are integrable at oo. 

(ii) Suppose n^l and (p{x) positive, (p(x)>K^>0; then 
F{x) is positive and 


J* F{x)dx>^ 


K^dx 






^ 1 -n ' 

=Zilog(c/6), n = l. 

The integral therefore cannot converge at oo . A similar 
proof holds if (p{x)< 


77T mi - a. , r°osina:rfa; , since cZa? , 

Ex. z. The integrals J ^ Jq — are both convergent. 

For the first integral n—ZI% and cp{x) =sin x. For the second integral 
there is convergence at 0 by I (i) above, but the convergence at oo 
cannot be tested by the above rule. However, 


c since 
.6 cc^/2 


1 

'6V*Ji 




sin X dx ; 


c sin X j ^2 
- dx ; 


but in this case the convergence is not absolute, as may be proved by the 
method given iu the ^7.T. p. 445, Ex. 1. 


145. General Theorems. The improper integral has been 
defined as the limit of a proper integral, and it is therefore 
necessary to inquire whether certain General Theorems, proved 
for the proper integral in §§ 109, 111, 112, are valid for the 
improper integral. The definitions 1 and 2 of § 111 may simply 
be assumed for the improper integral, and Theorems I, II 
and VII of § 109 are valid for the improper integral as being 
either definitions or simple consequences of the definitions. 
Theorem III, however (and as dependent upon it Theorems IV 
and V), and also Theorem VI, require modification. 

Theorem A. If (p(x) and yj(cr) are absolutely integrable over 
an interval so is their product unless the functions have the same 
singular point, in which case the product may or may not be 
integrable. 
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(i) Interval (a, b). Let 6 be a singular point for y}{x) but 
not for (p{x) and suppose \q)(x)\<K if b-d^x^b; then, e 
and 6 having the usual meaning, if 6 - 6 ^ b^<b 2 <b, 

r&a rbz 

1 (p{x)'ip{x) I dx<K \y){x) I dx<s 

Jbi Jbi 


because \'ipix)\ is integrable at b and therefore <3 can be chosen 
so that the inequality is satisfied. From Theorem B below it 
follows that (p{x)'ip{x) is absolutely integrable over any finite 
interval. 

It may again be noted that the integrals used in the proof 
are proper integrals so that the various inequality theorems 
may be used. 

Cor. If q){x) is bounded and integrable and absolutely 
integrable so is cp{x)'ip{x), because in this case | 9 ?(a;)| is bounded 
and integrable. 

(ii) Interval (a, co). The convergence at oo alone needs 
investigation since the convergence over any finite interval is 
settled by case (i). 

Obviously neither the integral of ] (p{x) | nor that of | y}{x) | can 
converge at oo unless | (p{x)\ and \'(p{x)\ are bounded when x'^h, 
an arbitrarily large positive number. Suppose \cp{x)\<K' 
when x^b ; then if ob 


\y)(x)\ dx-^0 when 6->oo, 

because \'ip{x) | is integrable at oo . Hence \q){x)y){x) | is integrable, 
and, from Theorem B, (p{x)y){x) is absolutely integrable over 
(a, 00 ). 

Ex. 1. Let the interval be (0, 1). If (p(x) = ( 1 - x)~^p ip(x) = ( 1 - 
both (p(x) and ip{x) are positive and integrable but their product is not ; 
if xp{x) = (1 the product of <p{x) and ip{x) is integrable. 


An extension of this theorem is given below, Theorems E 
and F. 

Theorem B. If the integral of |F(a;)| converges at a singular 
point or at oo so does that of F{x), but the integral of F{x) mag 
converge while that of |-F(a;)| does not converge. 

2o 


<=> 4 . 0 . 
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Let the integral of |^(a;)| converge at b ; with the notation 
of Theorem A we have 

I P'jfa;) <fa; I ^ [ \F{x)\dx-^(i if b^^-^b, 

1 J &1 1 •' 

since |^(ic)| is integrable at h. Similarly, if c>6, 

j J F{x) J \F{x) \ dx~^0 if b~^oo. 

The first part of the theorem is therefore proved. 

It follows that if both F{x) and \F(x)\ are integrable 

I r die I ^ f I F(x) \dx, If F(x) die I g f | F{x) | dx, 

\j a ' J a '«la IJa 

An example of the truth of the second part has been given 
in the Elementary Treatise, p. 445, when the range of integration 
is infinite ; the following illustrates the case of a finite range. 

Ex. 2- Let F{x) be defined for the range (0, 1) as follows, r being 
any positive integer : 

E(x) =( - iy“V if (r + 1 )“^ < x< T~^. 

The poiat 0 is a singular point. Now 

-1 -iog2, 

f ^ A 1 

but ^ I 2 y when n-^oo , 

In the case of a proper integral, |j^(aj)| is always integrable when 
F[x) is, but for an improper integral this statement is not correct, 
F{x) may be integrable when | F{x) | is not. 

Theorem C. An improF^r integral is a continuous function 
of its limits. 

If X and x-^h are both within the range of integration, we 
have in the notation of § 112 

piC pjB-fft 

(p{x) = F{t)dt, (p{x h-A) - (p{x) = F{t)dt. 

ja Jx 

When x is not a singular point, 6 can be chosen so that the 
interval (a? - a; +<5) contains no singular point, and therefore 
when the fxmction F{t) is bounded and g?{x +h)-^(p{x) 

when h->0, because the proof of § 112 is applicable. On the 
other hand, if a; is a singular point (p{x) has a definite value 
because, by hypothesis, the improper integral exists ; next, 
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q?(x +h)->(p{x) when A— >0 by the definition of the convergence 
of the integral at x. 

We can now prove a theorem that is of constant application. 
Theobem D. If F{x) is infegrable over (a, b) and if there is a 
function f{x) such that (i) f{x) is continuous for a^x^b and 
{n) F{x)—f'{x) except at a singular point, then 

f F{x)dx=f{b) --fia). 

J a 

Let c, where a<c<b, be the only singular point ; then, 
d, 6 ' being as before, 

CF{x)dx= jC\ f'(,x)dx+ jTf f{x)dx 
Ja S->-oJa 5' -5-0 Jc+5' 

= jC{f(c - s) -f(a)}+ jC{f{b) -f{c+ d')} 

S-5-0 

—f{^) since /(ir) is continuous at c. 


If the range is (a, oo ) we have, if c>6, 

r F{x)dx=:( f{x)dx+ £ \f'{x)dx, 

J a J Cl c~^Qo mJ & 

where we now suppose the conditions to hold for an arbitrarily 
large interval (a, c). Thus 

f F(x) dx = -f{a) + £ f{c) = -fia) + K 

J a c—^oo 


ii f(c)-^X when c-^ CO . 

The conditions of Theorem A for the integrability of a 
product are supplemented by the following Theorems, often 
called Abel’s Theorem and Dirichlet’s Theorem respectively. 

Theobem E, or, Abel’s Theorem. If (p(x) is bounded and 
monotonic and if f{x) is integrable, whether the range of integra- 
tion is (i) finite {a, b) or (ii) infinite (a, oo), their product is 
integrable. 

(i) q){x) is integrable since it is bounded and monotonic. 
If 6 is a singular point for ^{x) and if 6 - ^ ^ b-^<b2<b, we have 
by the Second Theorem of Mean Value for proper integrals 

f (p(x) y)(x) dx = 99(61 + 0) r y}(x) dx + 99(62 - 0) f y}{x) dx 

hi J&i 
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EacL. of tlie integrals on the right tends to zero when 
since 'ip(x) is integrahle at b while 93(61+0) and 97(62 -0) are 
finite ; the integral of the product is therefore convergent at 6, 
so that the product is integrahle over any finite range. 

(ii) Take 6 so large that all the singular points of yj{x) lie 
within (a, 6) ; then, if c>6 and 6 ^ f ^ c, 

J 97(0:) y)(x) dx = 93(6 +0)^ 'ip(x) dx + cp{c - 0)J 'ip{x) dx ; 

as before, it follows that the product is integrahle over (6, 00) 
and therefore hy (i) over (a, c3o). 

Cor. The product is absolutely integrahle if 97(0;) is so. 

Theobem F, or, Dirichlet’s Theorem. If (p{x) is monotonic 
and tends to zero when x^co, and if the integral of ip{x) converges 
over an arbitrarily large interval {a, b) but oscillates {finitely) at 00, 
the integral 

(p{x)y){x)dx 

J a 

is convergent. 

By Theorem E the product (p{x)'(p{x) is integrahle over (a, 6). 
If 06 and 6 ^ f ^ c we have 


^^^(p{x)'ip{x)dx = cp{b-\- 0 )^ 'ip{x)dx^<K \(p{b + 0 )\ 

since the integral of '(p{x) oscillates finitely. But 9?(6 + 0)->0 
when 6-^00 and K is finite so that the integral of the product 
converges at 00. 


Theorems E and F give useful tests for the convergence of 
an integral. Abel’s Theorem shows that a convergent integral 
remains convergent when the integrand is multiplied hy a 
hounded monotonic factor, while Dirichlet’s shows that an 
oscillating integral may he made convergent hy multiplying 
the integrand hy a monotonic factor which tends to zero 
when X tends to infinity. 


Ex. 3. Discuss Dirichlet’s Theorem for a finite interval (a, h). 

The student should now have little dijQficulty in extending the 
Fundamental Ineq^uality Theorem and the two Theorems of 
Mean Value to improper integrals ; a sketch of the proofs will 
therefore be sufficient. 
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If a is the only singular point ia (a, 6) and if F{x) is integrable 
over (a, b) and not negative, then, cKcij, 

f F{x)dx'^Q>, f F{x)dx= F{x)dx^0. 

Similarly, if F{x) is integrable over (a, oo), the integral is 
not negative. 

The First Theorem of Mean Value follows at once. In the 
notation of § 111 put <p{x){y){x) - g} and then (p{x){G - y){x)} 
for F{x) ; these products are integrable by Theorem A, and 
the method {F,T, § 124) applies. 

For the Second Theorem of Mean Value, with the notation 
of § 111, ip(x) being integrable over (a, h) so is cp{x)y}{x) by 
Abel’s Theorem. Now suppose that c, where a < c < 6, is the 
only singularity of y){x) in (a, h) and enclose c in the interval 
(c - (5, c + 6) where d is positive and arbitrarily small ; since 
the integrals of 'ip{x) and (p{x) yj{x) exist, the interval (c - <5, c + <5) 
instead of (c - (5, c + ^') may be taken. Choose ipi{x) so that 
fiix) =y){x) if a^x^c — d ot c + d^x^b, 
but =0 if c - (5 < iT < c+ 

Let / = <p{x) y)(x) dx, = (p{x) '^^{x) dx^ 

J a Ja 

and /(») = f /i(*) = f f-i.{t)dt. 

J a J a 

All these integrals exist and fi{x)~>f(x) when 

for, by the definition of 

»i_g _]_5 

=»?s> l/(a:)-/i(a:)l^ ip{t)dt =rji, 

C-fi 

and, since the integrals converge at c, both and rj^ tend to 
zero when d tends to zero. 

The Mean Value Theorem holds for the integral since 
'(Pi{x) is finite ; therefore if g-^ and 0-^ are the minimum and 
maximum value oif^{x) for a^x^b we have 

A ~ +0)^0, G^(p(a + 0) - ^ 0. 

Hence, since gx-^g and Gx'-^G when (5 ->0, we find 

gr9p((x + 0)^f cp{x)'ip{x)dx-^G(p{a’\'0). 

J a 

The theorem, being now proved when there is one singularity. 
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can be extended to the case of a second singularity c' by the 
method just used and then, in succession, to the case of m 
singularities. A similar method is obviously applicable when 
the range of integration is infinite (a, cx) ). The usual form 

f cp{x)'ip{x)dx = cp{a + 0) f y){x)dx 
J a J a 

is deduced as before, b being finite or + oo . 

Transformations of the Imjproper Integral, In practice it is 
advisable to carry out a change in the variable of integration 
by operating on the proper integral and passing to the limit; 
if the precautions required for operating on the proper integral 
are observed there will be, as a rule, little difificulty in com- 
pleting the transformation, so that little or nothing is to be 
gained by elaborating any special rules for the improper 
integral. 

A similar observation is applicable to the rule of integration 
by parts. The student’s common sense ” may be left with 
some range of operations on which to exercise itself. 

Bx. 4. m > 0, n > 0. 

If 0 < m < 1 and 0 < n < 1, the integral 

B{m, n) =[ x'^Hl -x)^~'^dx 

Jo 

is an improper integral. Let X and fj. he small positive numbers ; the 
integral 

rl-/A 

1^ x^\l-x)^-^dx 

is a proper integral, and if cc == 1/(1+ the integral becomes 

1-1 

1-/4 

The lunit of this integral when A“»-0 and is the convergent integral 

r 

Jo (1+2/)^” 

so that B(m, n) = ( x^-^H 1 - x)'^-^dx = C 

Jo Jo (1 +2/)”"'^”* 

146. Worked Examples. Additional Tests. The Special 
Test, given in § 144, and the Tests of Abel and Dirichlet, 
given in § 145, are sufficient for determining the convergence 
of large classes of integrals, but, as in the analogous theory of 
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the convergence of series, there is no set of Tests that cover 
all oases. In this article examples will be worked to illustrate 
the use of the Tests mentioned, and some additional methods 
of considering the convergence of improper integrals will 
be indicated. The student is reminded of the assumptions 
stated in § 141, Note, 


Such limits as J^x'^logx, ?i>0and x^e-^ {E,T,^. %%) 


are often required, and elementary transformations of a very 
simple kind are frequently effective. For example, if 0<a<^, 
let sin X be put in the form (sin xjx)x, taking the value of 
(sin x/x) for a; = 0 to be 1 ; then 



sin xdx=^^ log dx + J^log x dx 


(a) 


Now J log xdx=x log x-x, 

and therefore the integral of log sin x converges at 0, because 
each of the two integrals on the right of equation (a) tends to 0 
when 

Again, if 0<a;<l, a;-^log (l+a;) = l -1-0;+... so that the 
integral of log (1 + a;) converges at 0; the singularity in 
this case is “ removable,’' as in that of (sin x/x), by defining the 
function for the value a; = 0 to be the limit for a:~>0. (See 
E.T. p. 418 ; also § 29 above.) 

See also the remarks about change of variable in § 143. 


Ex, 1, The integral B{m,n)=\ (1 - x)^~^ dx is convergent 

Jo 

(absolutely) if, and only if, m > 0 and n > 0. 

So far as the question of convergence is concerned we may take the 
integrand to be x'^-^ near the lower limit and (1 near the upper 

limit ; because near these limits the integrand is of the forms A 
and ( 1 - respectively where A and B differ but little from unity 
and the convergence is not affected by the particular values of A and B 
so long as these are jSnite. The Test of § 144 then gives the relations 
m > 0 and n > 0. 

"f 

Ex. 2. The integral ! dx, where fj^x) and fjix) are poly- 

J n\^) 

nomials of degrees m and n respectively, is (absolutely) convergent if 
n^m + 2, (i) provided a is greater than the greatest root of f^{x)=0, 
(ii) for every value of a, including - oo , if the equation /^(a;) =0 has no 
real roots ; it diverges if n < m + 2 for every value of a. 
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0 if £c ->oo . 


Ex. 3. Of the following integrals, 
r** Ax^ + Bic + C , Adx dx 

i^{x-~a){h-x)}^^^ Jo(a;-a)V(6 -£c)’ Jo l/{{x-l){x-2)^} 
the first and third converge while the second diverges. Show that the 
first is reducible to a proper integral by the substitution 

X =a cos^B +6 sin^0. 


Ex. 4. The integral (sin x)‘^’~^ (cos dx converges if, and only 
if, m > 0, n > 0. 

Here (sin =(sin . x'^^ so that, near the lower limit the 

integrand may be taken as ; similarly, near the upper limit the 

( yj \n— 1 

-g -a?J . Apply § 144. 


If 0<OL< and sin x=^yi we have 

f/3 , rsin2^ ^-1 

(sin a;)^' vcos I (l-y)^ dy \ 

Jo J sin^a. 

let 0L-> 0 andjS-^ ^ ; the given integral is by Ex. i. 

TT 

( 2 ^“^d/X 

(sin a; )” n<m+l 

and I" dx converges if ?^< 1. 

Note that the first integrand =a;’”"^(a:/sm a;)”, 
roo 3.35-1 dx 

Ex. 6. The integral j — - converges if, and only if, 0 < ^ < 1. 
Apply the method of Examples 1 and 2. 

Ex. 7. The integral converges if 0<n<rl, a:^0, 

67^0, but if 0< n< 2, a:^0, 6=0. 

By Birichlet’s Test the integral converges at 00 if n > 0 ; for con- 
vergence at 0 apply § 144. 


Ex. 8. The integral (ai® +x log (1 -i-a;) ^ converges if — 1 < ja < 1 


Ex. 9. Prove that 


= - xr^ 

0 1 -a; 


dx—% 


‘ia ;P-i~a;- ^ 

1 -X 


dxii 0< jp <1. 


The value of the integrand for a; = 1 may be taken as ( 1 — 2p). 
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Ex. 10. Prove that, if 0 is the only singular point for F{x) in (0, a), 

(i) ^ F{x)dx~^ F{a ~x)dx ; 

Jo Jo 

then, as in E.T. p. 332, Example 6, show that 
- 

(ii) log sin a; (frc == --log 2. 

For (i), if 0 < (5 < a, Fix) dx = ^F(a - y) dy ; then let 0. 
js Jo 

Ex. 11. Show that |^logr(a;)tZa? is convergent and then, by using 
the relation (§ 96, (4)) r(ic)r(l ~x)=7cfsha. nx and the results in Ex. 10, 


prove that 


log r(flj) da? = J log (2jt). 


Since r(a;) =r(a: + l)/a? and logr(a?) =logr(a; + 1) -loga? the integral 
converges at 0 ; then, as in E.T. p. 332, Example 6, 

logr(a?)da? = (Jlogr(l -x)dx^i riog[r(a?)r(l ~x)]dx, 

Jo JO Jo 

and therefore log r(a?) dx=l log [ 7c/sin :7ra?] da;, etc. 

log r (t) dt, a; ^ 0, prove that dujdx — log a? and deduce 
=a;loga; -a? 4-|log(2aT). 


ra; + l 

iu = 

}x 


Ex. 12. If 
that 

li x<a<x -\-l, u — 
du 


and therefore 


( ^ log r(^) dt - r log r(i) dtf 
Ja }a 

^^=logr(a? + l) -logr(a;) =loga;. 


Now integrate and apply Ex. 11 to determine the constant of inte- 
gration. 

Ex. 13. The integral j^cosa; log a; da? converges but the integral 


cos a; log a? da; oscillates when |^oo. 


A simple but useful Test, called from analogy witb a test 
for series {E.T. p. 380) the Comparison Test, is derived as 
follows : 

Let 9’(f) = f F(x)dx, = f{x)dx, 

where h is an arbitrarily large (positive) number. If F{x) is 
positive for x'^b the function (p{^) is positive, monotonic and 
increasing, so that if 9 ?(|) is bounded, say 9 ?(f ) < A, a positive 
constant, for f > 6 it tends to a limit and the integral of F{x) 
converges absolutely at oo, while if (p{^) is not bounded for 
^>b the integral of F{x) diverges at oo . 
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Again, if F{x)<f{x) iov x^b if{x)>0), and if tlie integral 
of f(x) converges at oo , so that y)(i) is bounded for f > 6, then 
93 (f) <'V^(f)j and therefore the integral of F{x) converges 
(absolutely) at 00 if that of f{x) does so. Similarly, when 
F(x)>f(x) for x'^b, it is seen that if the integral of f{x) 
diverges at 00 so does that of F{x), 

A similar test for convergence at the ends a and b of an 
interval {a, b) may be derived by considering the integrals 

(Pi{^)=^^F{x)dx, 9 ) 2 ( 1 ) =£i’(a;)d!a;. 

The Comparison Test applies only to absolute convergepce. 

Ex, 14. The integral 1 

Jo ??- > u. 

(i) Convergence at 00 . If A; > 0 and p is any positive integer 

Qhx > (Jcx)^lp\ ; < Kjx^ 

where p is so chosen that p ~n >1 and ^ is a constant {k~^pl). In the 
comparison test letf{x) =Klx^ and, by § 144, the integral converges at 00 
for every value of n. 

If yfc=0, the integral converges at 00 if n is negative (not zero), while 
if ^ < 0 the integral obviously diverges at 00 . 

(ii) Convergence at 0. By § 144 the integral converges at the lower 
limit if, and only if, n >0. 

Thus the integral converges if ^ > 0 and n > 0 and diverges in all 
other cases. 

Erom this example a useful Comparison Function is derived. 
Put n +1 for ^ and let f(x)=Ae-^x'^, A>0; the integral of 
f(x) converges at 00 , if ^ > 0, for every n but diverges at 00 ^ if 
^<0, for every n. li k = 0 the test of § 144 may be used. 

Ex. 15. If f{x) =Ax~^^(log x)^, A>0, x>b (arbitrarily large), the 
integral of f{x) converges at 00 , if ^; > 0, for every n but diverges at 00 , 
if ^ < 0, for every n. 

Let log x=t ; then 

When 00 so does T and the result follows from the comparison 
function Ae-^* Thus, by the change of variable, another comparison 
function is obtained. 

Ex. 16. If f(x) =Aa33fc-i[log (l/^c)]^ ^ > 0, 0< 1, the integral of 

f(x) converges at 0, if /; > 0, for every n, but diverges at 0, if ifc < 0, for 
every n; if h = 0, the integral converges at 0, if, and only if, n< - 1. 
The integral converges at 1 if, and only if, n> - 1. 
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Let £c =6“^ ; then if 0 < a, < jS < 1, 
^f{x)dx = 


b ^=log(l/i5), a >5. 

When ^->0, h-^ cc and the result for A; 5 0 follows, as before, for con- 
vergence at 0. If ^ = 0 the test of § 144 applies for convergence at 0; 
the same test applies for convergence at 1 for every value of h. 

rcc 

Ex, 17. The integral e-”“'a;^-i(loga;)^da; converges (absolutely) if 
n > 0 and m any positive integer. 

If 0<a;< 1, the integrand is less than -loga;)”^, numerically, 
while for large values of x the integrand is less than 

Now apply the results of Example 16 for convergence at 0. 


Ex. 18. If a > 1, the integral 
diverges if m~ 1. 


dx 


ax{logxy‘ 


converges if w > 1 but 


Ex. 19. Let lx, l^x, Px, ... denote log a;, log(loga?), log [log (log a;)], .... 
Show that, when x is large enough to make I'^x positive, the integral of 
f{x) where 

f(x) = ll[x .lx .Px ... I'^-^x . {I'^xy] 
converges at oo if lb > 1, but diverges at oo if lb ^ 1. 

Let X — e^i so that lx =x^, Px =lx^, . . . l^x =l^-^x^ ; then if c> &, 




dx.^ 


Ci=logc 

. Ix.^ . l^Xj_ . . . ’ 6^ =log b. 


Next let x^ =e^ 2 , then rcg =e^s and so on ; the integral is thus reduced 


to 


°/(a:)<to=( 

Jo Ji 




= l^c 


Now apply § 144. 

Ex. 20. (i) If and 6^ are both different from zero the integral 

o 


*a 
. 0 


converges (absolutely) for every value of n. 
roo_„nl 


.... [^x'^logxdx .j. _ 


Deduce that, if a > 0, 

^^x^ log X dx 


o(a2 + a;2)n+i t ^n+x ^ 


/ n+ 1 n+l \ 

[ 2 ’ 2 ;• 


When the range of integration is not bounded it is often useful 
to express the integral as a series; the following examples 
illustrate the method. 


Ex. 21. The integral 
ditionally. 


'\/x 


da; =2 sin (a;^) dec converges con- 
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If njr ^ (71 + 1)71, divide the mterval (0, iato the partial intervals 

(0, n), (tt, 271) ... [(71-1)77:, titt], (ti-tt, |). Now 


therefore 


where 






|r^~w7r( _ 1 )^ sin 7/ 


dy 


-s/inn+y) ' ^{nn)' 

'When l^^oo, 0 and the series 2% is a convergent alternating 
series so that the integral converges, but not absolutely. 

The integral is equal to (7r/2)^ {E.T. p. 471). 

foo 

Ex. 22, If a^O and /9>0, the integral J ^ converges 

absolutely if ^ > 2(ol + 1) but diverges if ^ ^ 2(cl + 1). 

The integrand is never negative, so that the integral cannot oscillate. 
Now if n is zero or a positive integer and nn^x ~ (n + l)7t, 

( 7 ^ 7 t)^ ^ X°' ^ (n 4- 1)^7T^ 

TT(7r+I]^7rFsm^ = 1 +x^sm.^x 1 + (n7T)^sin^a: * 

But if A and B are positive 


Adx ^ [2 J. cosec^a? dx _ nA 

Jo 1 + B sin^ic Jo cot^x-h 1 + jB ^/(l + B) ’ 

and therefore, from the inequalities, 

jin+l)ir x^'dx ^(n + l)^7Z^+^ 

^ •v/{ 1 + (« + 1 jw 1 + «? sin^a!*^ V ( 1+ 

Each of the series and 2t;^ converges (absolutely) ii ^ > 2 {cl + 1) 
but diverges if ^~2{ol + 1) because and behave like 2l/7^i^~®. 
Hence the integral behaves as stated. 


Ex. 23. As particular cases of Example 22, prove that the integrals 
dx j p xdx 

J 0 1 + ic%in^ic J 0 1 + a7®sin^a? 

are convergent. 

Prove by a similar method that the integrals 


•OO 
. 0 


xdx 
1 + a;® I sin x [ 


and 


i: 


xdx 

1 + cc^lsinajl 


are respectively convergent and divergent. These are particular cases 


of the integral 


•oc 

JoT 


x^dx 


0 1 +aj®|sina; 


j,a >0, ^5 >0, 


(See Hardy, Messenger of Mathematics ^ XXXI, Note VIII) which 
converges if a. > + 1 and diverges if + 1. [The series of Notes 

contains much instructive analysis.] 
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Ex, 24. Show by dividing the range into partial intervals, as in 
E,T. p. 449, that 

(i) j>x(sin.)f = gi.,(sin.)^. 

if Fi{u) is an odd function of tt, and 

(ii) = 

if F 2 {u) is an even function of u, it being understood that the integrals 
converge. 

IfO<d^a;^^,an expression for cosec^a; in terms of partial fractions 
is given in Exercises XII, Ex. 3, (iii) by substituting x for nx ; namely 

^—= 1 + y r ^ 1 ^ 1 

sin^a; x^ ^iL{n7i+x)^ {n7t-x)^J 


Of the methods applicable to particular types of integrals 
one of the most interesting is a method of treating Frullani’s 
Integral {F,T, p. 480, Ex. 22). An important article by 
Hardy, A Generalisation of FrullanVs Integral, Messenger of 
Mathematics, XXXIV, pp. 11-18, p. 102, should he consulted; 
also Bromwich, Inf, Ser, 2nd Ed. p. 479. 

Ex, 25. Frullam’s Integral. ( ^ ~ dx, ^ ^ . 

Jo a? o>0 

Suppose that (p{x) is integrable over an arbitrarily large interval 
(A, yu) where X>0 and that the integral of q){x) either converges or 
oscillates finitely at oo ; by Abel’s or Dirichlet’s Test (p{x)lx and 
therefore also, since a and b are positive, q?(ax)lx and <p{Jbx)lx are 
integrable over (A, oo ). 

Now, putting t in turn for ax and hx, we find 

dx = (" d:. = (" 2^ dt, 

Jx X jxa ^ jx a? ]\b t 

and therefore 


"^ (pjax) -<p(hx) ^^_ 
. x. a: 


Jxa t 


?^d^. 

,a X 


(i) Suppose that (p{x)^N, a definite number, when x^O. The 
numbers a and b are positive and finite so that A can be chosen so small 
that \^{Xx) -N\ will be arbitrarily small for the range a^x'^zb ; the 
limit for A->-0 may therefore be found by putting N for q}(h:) in the 


integral. Hence 


<Pi^LlSMdx= f\'’^dxJ’’^dx=Nlog^. 
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(ii) Suppose that (p{x)->M^ a definite number, when ; in this 

case the integral of cp{x) diverges at oo unless ikf =0 and the preceding 
work Tjequires modification. But, if (p(x) is integrable over the arbitrary- 
interval (A, fi), we have 

M M = ^ dt - ^dt 

X X Jxa t ^ * Jmcs t 

f'" q}(2x) -<p(fix) 

]k X ]a X 

Hence, if (p{x)^N when x-^0 and <p(x)^M when x-^ oo , we find by- 
letting A->- 0 and fi-> co that 

f(<Kc)-<p{b^ = (JV - Jtf) f ^ — = (J/ - Jf ) log - . 

^ X }a X O/. 


JX 

so that 


Ex, 26. If a > 0, 6 > 0, > 0, deduce from Ex. 25 : 


A- 

(i) 

Jo 

(iii) [ 


-a® __ 


dx 

Jo ^ 

* cos ax - cos hx 


=log^: (ii)j“ 

^daj=log^; 

a 

Q-ax _Q-bx _{h 




~dx =log n; 


dx—h - a - a log- 


Ex. 27. If o, 6, c, h are positive, and if the constants A^B,Oy ... K 
satisfy the equations 

(i) 2J. =J. + H+ ...+E^=0; (ii) 2^a=J.a+ 56+ ... =0, 
prove that 

fOO 

j^{2.46-«*}^=2J.aloga 

where + Ber^^ + . . . + Ke~^^ 

and '2Aa log a =Aa log a + 56 log 6 + ... + Ek log k. 

Conditions (i) and (ii) show that the integral converges at a; =0. The 
result may be proved by integration by parts. ' Denote the integrand 
by F(x) ; then, 0< X< fi, 

). +j, — s 

By equations (i) and (ii), the integrated part tends to 0 when 0; 
also it tends to 0 when oo since a, 6, ... ifc are positive. Again, by 
equation (ii), 

- 2Ao 6“®*= '2Aa 6~® -- '2Aa e”®® = 2Aa(e~® - e""“®), 
and now, if 0 and oo , the result follows by Ex. 26 (ii). 

Ex. 28. Suppose that <p(x) and (p'{x) are continuous and integrable 
over an arbitrarily large interval (X, /x), A > 0, and that the integrals of 
g?{x) and (p'(x) either converge or oscillate finitely at oo , the functions 
<p(x) and g?'(x) being continuous and expressible by Maclaurin’s Theorem 
near x=0. 
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If "2 A =0 and 2Aa = 0, prove that 

f {2A<p(ax)) § = - <p'(0)2Aa log a. 

JO 

Proceed as in Ex. 27. Note that, since '2Aa—0, 

2Aa(p'{ax):= - 2Aal<p'{x) ~(p'{ax)]. 

For example, let cp{x) =cos x. 

For further developments consult the paper by Hardy in the 
Messenger. 


147. Complex Functions of a Eeal Variable. A detailed 
discussion of complex fimctions of a real variable is outside 
the scope of this book, but a few of the more important cases 
may be noted. 

Notation, When c=oi + i^, where ol and ^ are real, the real 
part a will often be denoted by B{c) and the coefficient ^ of the 
imaginary part by /(c) or 


•00 

Ex. 1. 

. a 


e~^^ dx = , a real, JR(c) > 0. 


Let c = 0 L ; then ] e~^‘^ j =e**®® and 




’dx=- 


so that this integral tends to zero when b-~> oo, siace a. = JS(c) > 0. 

[b e-ca 


But 


•6 
. a 


^dx = " 


r" r 

and therefore e~^^ dx— \ k 


^dx=~ 


The integral is therefore evaluated by the usual rule when JK(c) > 0. 


Ex, 2- 


“a dx _ dy-'^ 

. 0 1 ~n* 


It{n)< 1. 


Here a is necessarily real. Let n=a+^j5 ; then a;** =a;‘^6»^log^ and 
I a?” I —x^ so that 

dx\^ [^ dx 

and therefore, if a =E(n) < 1, this integral tends to zero when h and k 
tend to zero. The result then follows since the integral of x'^^ is 
-n). 


Ex. 3. r — — —log ^ c complex. 

]ax+c ^a+c’ ^ 

Of course a and b are real. The value of log {(6 +c)/(a +c)} is the 
principal value, and its amplitude Q is such that -?t<0^jt(§7O). 
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Ex. 4. [ dx=^-^ , B(c) > 0, n real and positive. 

Jo ^ 

Let c = a +i6, a > 0 ; by dejSnition 

i oo roo r^o 

g-caj^n-i _ Q-ax^n-x qqq l)xdx -i\ Q-o^x^n-l gjj]^ 

0 Jo Jo 

and therefore {E.T. p. 471, equations (6), (7) ) the integral is equal to 

r(n)(cos 710 sin nB) •r.,„v^ cos 0 sin 0 V_ r(7i) 

^ ^ \ r j 

since o=r cos 0, b =r sin 0, (cos 0 sin 0)/r =(a -'i6)/r2 = 1/c. 

The integral also converges if a=i2(c)=0 and 0<n<l (E.T. 
p. 471, (8) ), 

so that r ^ 0<rK 1,0 real, 

Jo W 

and the amplitude of ib is ^ or according as 6 > 0 or 6 < 0. 

Definition of r(a;) as an integral when x is complex, R{x) > 0. 
The definition of r(a;) as the limit of the product P„(^) (§ 95, 
(la) ), where 

P 

^ x(x -j-1) (x +2) ... (x +n) ’ 

will now be applied to show that the usual expression for T(x) 
as an integral holds for complex values of x if Ii(x) > 0. 


Ex. 5. f e~*t^-^dt= B {x)=T{x), R{x)>0. 

Jo 

Let x—i+h], i>0; then \ so that the integral 

converges at oo ; by Ex. 2 it also converges at 0 if ^ > 0. 

Now, if i2(£c) = ^ > 0 and n a positive integer, the integral 

Jo 

is convergent ; the value of the integral is easily found to be 
(n\)l{x{x + l)(a? + 2) ... {x +n)}, . 
and therefore, if s =t[n, 


Hence £ ["(i_l)Vid<= jC P„{x)=r{x) 

n-j-oo *^0 ^ ^ n~^oo 

It has to be proved that 

p r (^ - IT = r 

n~»-oo 0 ^ ^ ‘^0 
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1“ e-* dt 

and it is proved below that if 

\ 71/ n 

so that if B{x) = f > 0, 

Hence J* |e“* - j- 0 when oo , 


0^ 

Hence 


and therefore 

^0 

since | | 

Further, I 




It ~^0 when oo , 
dt ~^0 when ti -^cc . 


e~^ when ti -> ao 


since the integral is convergent. Thus 


I e-H^-^dt- jC (l --)" t’‘-^dt = 0, 

^ 0 w-->00 *^0 ^ ^ 

^00 

g_f ^x-i i2(a;) > 0. 

Jo 


To prove the inequalities used above we have by § 25, 
Ex. 3 (ii), 

e"n> 1 -1) if0<^<‘?^. 

n \ 71/ \ 71/ 

Also by § 25, Ex. 3 (i), > (1 +tln)^ ii 0<t<7i, so that 

. f. tY .r. tYi a t^Y^ 


and therefore by § 11, (2), with a; = 1 and y=zl- t^jn^ > 0, 

SO that 0<e“*-(l — ) < e”^. — if 0<t<n. 

\ n/ n 

When ^ = 0, it is obvious that the inequalities become equalities. 

For this method of proving these inequalities see Whittaker 
and Watson, Modern Analysis (2nd Ed.), p. 236. 

2d 


G.A.O. 
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148. Mscellaneous Examples. The following method of 
extending the range of a constant that occurs in an integral 
may be noted. 

i co 

where m and n are positive integers, 


]ox^^ + l 

m<n, and deduce that 

n 

Jo 1 +x “"sinp^ 

„ [^x^^dx , r 


, 0<^?< 1. 


f* x^'^dx 


and, since the last integral converges absolutely at oo and at - oo we 
may take | (§ 142, (7)) so that 


r x^'^dx _ f x^^ 'dx 

J-ooa;2« + l"^:^^)-|a;2n + r 

Express the integrand as a sum of partial fractions : 


2Ar(x-oos&r) 1 V'^sin0,sin(2m + l)e, 
+ 1 ^gX^-2a;oos6r+l'^n^^(z-cos6r)‘ + ’ 

where 6^ = (2r + l)nl2n. Now 

rf 2{x-oos6^)dx ,... ^^-210088, + 1 „ , . 

J -fa* -2a: cose, + 1 ®|* + 2|cose, + l~*’ ?->■«>» 

and therefore 

roo x'^^dx ' .. n (2m + l)jr 

-«5^ = n 2 /®(2»» + l)e, = -oos6oL^L , 


^ x^'^dx n (2m+l)7i 
oa;2« + r 2n ' 


Now change the variable by the substitution x^^ = y; then 
2 ot + 1 1 

’ 2 / 2« " \ (2m + l)n 

, , -=7r cosec ^ 

Jo 1+2/ 2n 

If we put p =(2m + l)/2n it is not hard to prove that the integral is a 
continuous function of p for .the range <5 ^ ^ 1 when d and t] are 
positive and arbitrarily small ; since cosec pjt is also continuous for the 
same range, the integral can now be deiined to be equal to cosec ^?: 7 r 
if p is any real number such that <5 g 1 - tj. (See § 26.) 

Ex. 2. 11 m, n, p are positive integers, m<p and n<p, and 
if {x^^ -x^^)l(x^^ - 1) be defined for a? — ± 1 as the limit of the fraction 
for X tending to ± 1, prove by the method of Ex. 1 that 


r 2n + l ^ 2m 4-1 

and deduce that if 0 < a < 1 and 0 < 6 < 1, 


' da? = 71 (cot an - cot bn). 
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The definition of an integral as the limit of a sum is not 
directly applicable when the integrand is not bounded or 
when the range of integration is infinite ; there are, however, 
classes of cases in which the limit of a sum may be expressed as 
an improper integral. 

Suppose first that the range (a, b) is finite and that a is the 
only singular point of F{x) in (a, b) ; in the notation of § 113 let 

n 

S„ = '^F{a+rh)h, nh=b-a. 


r~l 


SO that h->0 when n-^co . The following theorem may be stated. 
Theorem I. If F(x) is monotonic and has always the same 
sign in (a, b) and if the integral of F(x) over (a, b) converges^ then 

jC s„=jC± F{a +rh)h^ [ F{x)dx, 

h-^Qr=l 

Suppose F(x) to be positive so that F(x) + oo when 
a +0. (If l’(ir) is negative, let (p{x) — - F{x) and the reasoning 
holds for (p{x)^ and therefore for F{x) by changing sign in each 
member of the above equation.) Thus F{x) decreases as x 
increases. 

By the monotonic property of F{x) we have 

fa+rA 

F{x)dx'> F{a -\~rh)h, r = l, 2, ..,, 72 ., 

) a + {r ~'l)h 

and therefore, summing from r = l to r—n, since the integral 
of F{x) converges, 


r 


f F{x)dx>Sn .(i) 

J a 
ca -j~ (y ^ 

Again, F{a +rA)A> F{x)dx, r = l, 2, ... {n - 1), 

Ja+rh 


and therefore, summing from r=l to r 
term F{b)h to both sums. 




7^ - 1 and adding the 
F(x)dx+F(b)h (ii) 

CL-^'h 


Let 72 .->oo and the inequalities (i) and (ii) give the 

theorem. 

Cor, 1. It is obvious that a similar theorem holds when h 
is the only singular point of F{x) in (a, b) and F{x) i& monotonic 
and of the same sign in {a, h ) ; in this case 

8^ = ^ F{a^rh)h, 

f=a 
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Oor. 2. Furtlier, the monotonic property of F{x) is essential 
only in an interval (a, c), a<c<b, (or in an interval (c, 6) ) ; 
it is not hard to modify the proof to suit this case. Lastly, 
F(x) might, when F(x) is supposed as in the proof to be positive, 
be allowed to take negative values in an interval (c, b), a<c<b ; 
the theorem would hold for F{x) +0, where <7 is a constant 
such that F(x) +<7 is positive, and therefore would hold for 
F(x). 

ir 

Ex, 3. |^logsina;<?a;= --•^log2. 

In the identity 

n 1 / i\”rrV 

- 1 = (a; ~ 1) 1 1 a; - cos ^ sin 

%tiV n n J 

after dividing by a; - 1 let a; ->1 and take the modulus of each side of 
the equation ; then 


n = II { ^ sin 




since cos(m/2n)=sin[(n -r);r/2n]. Take the square root (which is 
positive) j therefore 

's/n . n . 2n . Zn .in - 1)3T 

^^-suiij-.snis- .sm^r-. ... sm ~ — ^ 

2 n-i 2n 2n 2n 2n 

Let h = 7zl2n, take the logarithm of each member and multiply by h ; 
thus 

and --^logS when h~>0 or n->oo. The integral is convergent 
and its value is therefore - ^ log 2. 

2t 

1 

Cor. |hog(smjKj:)<&=i|' log(siiia!)&!=||hog(sina;)(ix= -log2. 
Ex, 4. If 0<^<1 and when prove that 

\l iogxdie= ^h(l~e)^e'log(ben =5 log6 -6. 

p-j-1 r=^o 

Compare Exercises XIII, 2, (iii). 

Theorem II. If F(x) is monotonic in (a, oo ) and tends to 
zero when x tends to infinity ; if^ further, a is the only singular 
f oint of F(x), then 

CO roo 

^ ^ 2 F(a + nh) = F(x)dx, 

h-^O n=l J a 

provided that the integral converges. 



§148] INTEGBAL AS LIMIT OE SUM 403 

Since F{x) is monotonic and converges to zero it cannot 
change sign ; F{x) will be supposed to be positive. Now let 

Sn = 'ZF{a + r'h)h-, 

r=l 

then, h being kept constant, we have by equation (i) above and 
the monotonic property of F{x), 

Ca+nh /•«> 

< I F{x) dx<,\ F{x)dx—K^B,j^ 

J a J a 

the integral being convergent and equal to K, 

Thus 8n increases as n increases, but is less than the fixed 
number K ; therefore the series S, where 

S^hy^j F(a + nh), 

n=l 

is convergent. It is now easily seen, by the same method as 
used for the proof of Theorem I, that 

r°o 00 poo 

F{x)dx>h'^F'a + nh,)>\ F{x)dx. 

a n—1 a+h 

Let 0 and the theorem follows at once. 

roo. 

Ex, 5. Prove that \ xi^-^e~°^dx=T{ju), /i>0. 

JO 

00 00 
Let —hi ^ ^ 

n=l n=l 

Now let e~^=y so that y^\ when and ^/(l when 

2 /->l. The series S may be put in the form 

and, by § 98, Ex. 5, when y~>l. The integral is therefore equal 

to r(/^), for the integral is known to converge. 

The following test for the convergence of a series of 
positive terms was given by Maclaurin [Fluxions, § 350) though 
it is often called Cauchy’s Integral Test. 

Integral Test for Convergence of Series. If ^ ^ and 

if an = F{n) where F[x) is a positive, monotonic, decreasing 
function of x, defined for x'^1, the series and the integral 
I, where 

I=^"^F{x)dx, 
either both converge or both diverge. 
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A graph of F(x) will make the inequalities used below 
intuitive. 

Let = I„ = \ F{x)dx\ 

f-i ■'1 

then, from the monotonic property of F{x), it follows at once 

F{x)dx^a,. 

J r~l 

Sum from r = 2 to T=n therefore 

or, > 0. 

Hence {S^-In) is bounded and not negative. Further 
{8^ - 1^) decreases as n increases ; for 

{8j^ — In) — “* -^n+l) ” i^n+l ~ ^n) “ (^n+1 ~ ^n) 


f n+1 

F(x)dx-an+il 

n 


; 0 . 


Thus (8n - In) tends to a limit which is not negative and does 
not exceed ; therefore 8^ and either both tend to a limit 
or both tend to infinity. 

Even if 8^ and 1^ both tend to infinity the difference {8^ - /«) 
tends to a limit. 


Ux. 6. The series 2F(n) and 2e”E(e”) are either both convergent or 
both divergent, F{x) being a positive, monotonic, decreasing function 
of X, defined for 1. (Gaicchy^s Condensation Test, § 60, Ex. 1.) 

Let N be positive and arbitrarily large, log b^N, c.>b and x—e^', 

then r® flogc 

F{x)dx — \ e^F{e^)dy 
h Jiog& 

and therefore the two integrals are either both convergent or both 
divergent. 

Again, from the monotonic properties of F{x) and e“, 

e’'-'J’(e’')< e<^F(e=>)dx,-Y\e’'F(e’-)<r e’^F(e<‘)doc, 

Jf-1 

e>-+ij'(er) > e ^ e''F(e'^) > 

Jj" Jn 

Hence the series 2e'^F(e'^) converges or diverges according as the 
integral of e^F{e^) converges or diverges, therefore according as the 
integral of F(x) converges or diverges and therefore finally according 
as the series '2F{n) converges or diverges. 

Ex. 7. Euler’s Constant. If a^ = l/r, then F{x)—llx and 

8n ■--^n = l+i + J+*-+^ ~logn=Cny say. 

But {8n - In) tends to a limit, y say, which lies between 0 and a^, ( = 1 ) ; 
therefore when n-> oo , (Exercises II, 8.) 
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Prove that the integrals in Examples 1-6 are convergent. 

, r/l 

Jo Va; sinhic/ x 

3. j ^ > 0, n > 0, a positive integer. 


1 i\e--kx 


6^-1 X 2] X 


dx, h> 0. 


roo 

5. ydx if sinha;smh 2 / = l. 

Jo 

IT 

6 . \ (sin£i;)"^“^(logsina 3 )^cfa;, m> 0 ,p a positive integer. 

Jo 


7. The three integrals 


1 

0 \H- i 




are convergent and equal. 


dx=7ilog 2 . 


sinaxsin Sir , a+b 


m+ne~°'^\dx 


a > 6 > 0. 


where a > 0 , b >0, m>0, m+n>^. 

11 . I£a> 0 , 6>0 and n a positive integer, 

... r°° cos^^“^aic - cos2^~^6a; , _ 6 

W I, 5 d^=log-; 


cos^’^aa? - cos^”'6a; 


da;=( 1 


/, ( 2 n)! IV b 

n'jil 


12 . (i) 


“ COS ax - cos bx 


dx—-^{b-a)j a> 0 , 6 > 0 ; 


°° sin ax sin hx j at , -l r. 
■» dx=-^b, a>b>0. 

A a;2 2 ’ 


13. If (p{x) and q>'{x) satisfy the conditions of Ex. 28, § 146, and if 
a > 0 , t > 0 , show that 

j = 9 ?'(G){ 6 log b-a log a + a - 6 }. 
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14. If n is a positive integer. 

1.3.5....(2n-3)jt , 

oT^^^2.4.6....(2n--2)2- 


15. If F(x) is a positive, monotonic, decreasing function defined for 
« S 1 and if e<‘F{e^)IF{x) <K<\ when a; g <? S 1, prove that the integral 
of F{x) converges at co and that therefore the series 2F{n) converges. 

J’(®)da! = |' e''F(e<')dy< F{x)dx, c>b>G, 

(1 F{x)dx< Fix)dx~'^^ jF(a:)da!j 

=irQ F(x)dx -\^ jP(a;)(fo:J 
K 

so that F(x)dx < ^3;^ F(x)dx, a constant. 

Hence, since jP(a;) is positive, the integral of F{x) converges at 00 and 
therefore the series '2Fin) is convergent.] , 

16. If F{x) is as in Ex. 15, but e®E(e®)/E(aj) = 1 when x^O, show 
that the integral of F{x) diverges at 00 and that the series I!F(n) is 
divergent. 

The tests given by Ex. 15 and Ex. 16 are known as Ermakoff’s Tests 
for convergence and divergence. 

Examples 17-22 are from Polya and Szego, Aufgaben, I, pp. 40-42. 


17. If «. > 0, prove that 


Aj *,a 


1 , 


(u) 1 =0. 

n-^00 

r 

18. Show that if 0 < ^ < 1, A> S ' 1 +'^ 

fi=*l 

19. Provethat /'«|l+2 2j-^A=;i. 

t—>0 V W = 1 ■' 

20. Prove that, if 0 < « < 1, 
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21 . Prove that 


(i) [“ log (1 + x~<^) dx= V log [ 1 + (ra/i)-“-], a. > 1 ; 

•' ^ h->0 ji= 1 

(ii) + j log /(^) =:7r cosec (yr/cx.). 

22. Prove that, if 0 ^ 9? ^ yr, 

fOO 

I log ( 1 - 2 x~^ cos 29? + x-^)dx = 2yT sin 9?, 


by considering the integral as the limit 


h 2log (l ■ 

h ->0 


2 cos 29? 1 


[In the infinite product for sin xjx, let xlTz—ei^/h and take the square 
of the modulus of sin xjx and of the product ; this gives 

+® -2oos(-^oos9>)} 

2 cos 2 (p , 1 \ 
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IMPROPER INTEGRALS : REPEATED AND DOUBLE 
INTEGRALS, EIELD OF INTEGRATION FINITE 

149. Improper Double Integrals. When the integrand is 
not bounded or the field of integration not finite, the method 
employed for defining the improper integral of a function of 
one variable is again used. The double integral of a bounded 
function over a finite area is now called, when distinction is 
necessary, a proper double integral ; when the definition of the 
double integral is extended so as to provide for cases in which 
the integrand is not bounded or the field of integration not 
finite the integral is called an improper double integral. 

Closely connected, yet not identical, with the problem of the 
double integral is that of the repeated integral and, in general, 
the problem of integrating and differentiating under the sign of 
integration ; when the conditions of §§ 121, 126 no longer hold, 
the theorems need further examination. 

The subject is one of considerable difficulty ; an admirable 
treatment of it in its most general aspect will be found in 
Hobson’s Functions of a Real Variable, but that treatment is 
based on considerations that are outside the scope of this 
book. All that will be attempted here will be to give an account 
of the subject as far as it bears on the most frequently occurring 
types of integrals. 

When the integrand F{x, y) tends to infinity if the point 
{x, y) tends to one or more isolated points or to any point on 
one or more curves within or on the boundary of the field of 
integration A, these points and curves are called points and 
curves of infinite discontinuity. Let these points and curves 
be excluded from the area A by drawing appropriate curves to 
mark off the several points and curves of discontinuity from 
the rest of the area A : for example, the lines abc and def in 

408 
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Fig. 6 of § 124 where EF and OFH are lines of discontinuity, 
or, the rectangle of sides e, F {E,T. p. 447, Fig. 88), or the lines 
in Fig. 89 (^.T.p. 448). 

It will be always assumed that the number of isolated points 
and curves of infinite discontinuity is finite. 

Let A' denote the area left ha A when the areas enclosed by 
the auxiliary curves, that is, the curves drawn to enclose the 
points and lines of discontinuity, have been excluded ; we 
then have the definition : 

Definition. If the double integral of F{x, y) over A' tends 
to a limit when A' tends to A^ that limit is defined to be the 
improper double integral of F{x, y) over A. 

In the same way, if the double integral of F{x, y) over a 
finite area tends to a limit when that area tends to infinity — 
that is, to include a part (or even the whole) of the co-ordmate 
plane that is unlimited in extent — ^that limit is defined to be 
the improper double integral over that infinite area. For an 
example of a double integral over an infinite area see Ex. 3, 
p. 340, of the Elementary Treatise. 

In the cases we discuss the auxiliary curves are of a very 
simple kind, frequently straight lines ; the areas included by 
these auxiliary curves are usually specified in such a way that 
they tend to zero when certain numbers, d, d\r}, ... tend to zero. 

The following statement of a simple but typical problem may 
help the student to appreciate the nature of the difficulties 
and the particular steps in a proof that require attention. 

Problem. Let F{Xy y) —x'^~^y'^~y^(x, y) where m and n are each less 
than unity and /(a;, 2 /) is a continuous function of x and y, and suppose 
the field of integration to be the triangle T bounded by the lines 

x=0y y = 0, x+y=c >0 (T) 

The function F{x, y) is not bounded in T and therefore has no proper 
double integral over T ; let the field be contracted to the triangle T' 
bounded by the lines x = 3, !/ = 6', x +i/ =c (T') 

where <5 and S' are arbitrarily small positive numbers, and F(Xy y) will 
have a proper double integral over T'. This double integral can be 
expressed (§ 126) as a repeated integral, namely, 

I/)da:d 2 /=J° ^F(x,y)dy (1) 

It may be noted that there is no loss of generality in taking the 
triangle T' as the contracted area ; for, whatever be the curve or curves 
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drawn in the triangle T so as to exclude the two sides a? =0, 2 / =0, the 
curve or curves so drawn must, if the contracted area tends to T, at 
some stage lie wholly between the triangle T' and the triangle T ; and 
vice versa. A similar remark may be made in other cases. 

For brevity, let D denote the double integral and R the repeated 
integral in equation (1). The questions now arise : when <5 and 6' tend 
(independently) to zero, (i) does JD tend to a limit ? (ii) does E tend to 

the repeated integral rc rc~a 

\ dx\ Fix,y)dy7 (2) 

Jo Jo 

and (iii) if D tends to a limit, is that limit equal to the integral (2) ? 

Suppose it to have been proved that Z) tends to a limit, I say ; it 
does not follow from that fact alone that E tends to the integral (2)— 
that is, that I is equal to the integral (2). In calculating E the numbers 
6 and d' are kept till after the integrations with respect to y and x have 
been effected and only then are they made to tend to zero. On the 
other hand in the integral (2) <5' and 6 have been made to tend to zero 
before the integrations with respect to y and x, and proof is needed that 
this change of order makes no difference in the result (compare B.T. 
p. 472, foot of page). 

An important, and often difideult, step in the proof that the limit of 
E when 6 and (5' tend to zero is the integral (2) is to show that the limit 
of E is the same as the limit of the integral 

^ dx *'F(x, y)dy; (3) 

that is, that the limit of E is not altered if in the integral with respect 
to y the number S' is made zero before the integration with respect to x. 

It has next to be proved that when S and S' tend to zero the integral 
(3) tends to the integral (2) ; if the integral (2) is a definite number ifc 
follows that the limit of the double integral D is equal to that number. 
Even when it can be proved independently of the consideration of B 
that the limit of D exists it must always be proved, if the improper 
double integral is to be evaluated by the repeated integral (2), that 
that repeated integral is the limit of R. In practice the existence of 
the improper double integral is usually established by showing that B 
tends to the integral (2). 

Again, it is often important to know, quite apart from the question 
of the double integral, whether the two repeated integrals of F{x y) 
over the area T are equal — ^that is, whether a change in the order of 
integration makes no difference in the value of the repeated integral. 
The other repeated integral over T'y which may be called E'^ is 

S fc— 1/ 

dy^^ F{x, y)dx 

and in this case a step in the proof is to show that the limit is not 
changed by taking the lower limit of the integral with respect to x as 
zero, instead of S, before integrating with respect to y. 
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150. Absolute Convergence. The auxiliary curves that 
separate the points and lines of discontinuity from the rest of 
the area A are only restricted by the condition that the area 
enclosed by a curve which surrounds an isolated point must 
tend to zero in all its dimensions and that the area enclosed by a 
curve drawn round a line of discontinuity must tend to zero. 

One consequence of this method of defining the integral is 
that the improper integral of F{x, y) caimot exist — ^that is, 
the limit of the proper double integral cannot be a definite 
number — ^unless the proper double integral of \F(x,y)\ tends 
to a definite number. In other words, the improper double 
integral of F{x, y) will not exist unless that of \F{x, y)\ exists, 
so that improper double integrals are always absolutely con- 
vergent. It is possible so to define the improper double 
integral that it need not be absolutely convergent, but the 
properties of such integrals would be much more restricted 
than when the integral is defined as in § 149. For a discussion 
of the whole matter and a proof of the assertions just made the 
student is referred to Hobson’s treatise. The subject is merely 
mentioned to explain a statement that might puzzle the 
student, since no such restriction applies to simple integrals. 

The following simple example may be of interest. Let 0 be the 
origin of co-ordinates, A the point (a, a), where a > 0, on the line y =x, 
B the projection of A on the a;-axis, C the point (ma, 0), m > 1, and 
D the point (ma, a). If F{x, y) =cos yjx, the double integrals of F(x, y) 
over the triangle OB A and the quadrilateral OGBA exist and 

When a->oo the first integral tends to jr/2 but the second does not 
tend to a limit so that the double integral over the infinite sector of 
angle AOB does not exist. It is easy to verify that the integral of 
\F(x, y)\ over the triangle and over the quadrilateral is divergent. 

151. Uniform Convergence. The discussion now to be given 
of repeated integrals is, like that of Chapter XXI of the 
Elementary Treatise, based on the work of De la Vallee Poussin ; 
see, besides the memoir quoted in the Elementary Treatise, his 
article in the Journal de Mathematiques (4th Series), vol. viii, 
year 1892. 

When the limits of the repeated integrals are constant the 



412 


ADVAITCED CALCULUS 


[cH. xni. 

area associated with the integrals will be taken, in general 
definitions and theorems, to be the rectangle R bounded by the 
lines 

x=a, x=b, y-a\ y=h’ (R) 

When the limits are not all constant the associated area will be 
taken to be that represented by Fig. 4 and will usually be 
referred to as “ the area \ if any given area does not satisfy 
the conditions to which the curve EFGH of Fig. 4 is restricted 
it will be understood that it can be divided into a finite number 
of areas of the type A, 

As regards the integrand F{x, y) it will be assumed to be a 
continuous function of both variables when the point {x^ y) is 
not a point of infinite discontinuity for the function. 

Discontinuities, The number of isolated points and the 
number of lines of discontinuity will always be supposed to be 
finite, and further, when a curve of discontinuity is not a straight 
line parallel to a co-ordinate axis, the assumption will be made 
that it cannot be met by a line parallel to either axis in more 
than a finite number of points. As in previous work, it will 
generally be sufficient to consider one line of discontinuity when 
a theorem is being.proved (see the Note, § 120). 

When the area is the rectangle R the following notations will 
be used : 

fiy)= \ F{x,y)dx, g(x) = \ F{x,y)dy, 

J a 3 o' 

and the same notation, with the proper changes, will be used 
when A is the area. 

I. Let the area be R and let the lines of discontinuity be 
parallel to an axis. 

If is a point of discontinuity of F{x, y) the condition 

that the integral f{y^ should converge at x-^ is by § 143 that, 

£ having the usual meaning, there should be positive numbers 
<3 and d' such that the singular integrals (§ 143) 

I R{x,yi)dx and ? F{x,y^)dx 

where *1 - a ^ a < ,? < and *!< a'</S' ^ aii + d', will each be 
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numerically less than &. If more than one point or if all points 
on the line x—x^ are points of discontinuity of F{x, y), the 
integral f{y) is said to converge uniformly at x-^ for the range 
a'^y^ 6'- when each of the singular integrals on the line x=x^ 
is numerically less than s for all values of y in the range ; that 
is, given s, the same value of d and the same value of S' will 
secure that the singular integrals are each numerically less 
than e, whatever value y may take in the range a' ^y^ b'. 

If there is a finite number of lines of discontinuity parallel 
to the 2 /-axis, x—x^,x=x^, x—x^, and if the integral /(^z) 

converges uniformly for the range a' ^ 2 / ^ 6' at each of the 
points x^, then f{y) is said to converge uniformly 

for the range a' ^y^ b\ or, to converge uniformly in BF 

Uniform Convergence in General. If a'<c'<b' it may happen 
that the integral /(^z) is only uniformly convergent in the closed 
intervals {a\ c' -rj) and (c' +rj\ b') where t] and?;' are arbitrarily 
small positive numbers, the convergence thus ceasing to be 
uniform at c'. If there are one or more values such as c' but 
only a finite number of them, the integral f{y) is said to con- 
verge uniformly in general in the interval {a\ b') or in R. If 
c' ~a' then ?; =0, while =0 if c' =6'. 

Similar definitions hold for the integral g{x). 

II. Suppose that the discontinuities of F{x, y) in R lie on 
curves (including straight lines) that cannot be cut in more than 
a finite number of points by a parallel to either axis. 

Por definiteness, suppose that x = 'ip{y) represents a line of 
discontinuity and that y){y) is a monotonic function so that a 
line parallel to the ic-axis meets it in not more than one point ; 
this line, therefore, can also be represented by an equation of 
the form y — (p{x). The first form is used in discussing the 
integral /(y) and the second in discussing the integral g{x). 

Draw the auxiliary curves x= f(y) - d, x= y)(y} + 3' where 
3 and 3' are positive constants. If the line x=x^ meets the 
curve X = y){y) at the integral /(y^) will converge at x^ if 
3 and <5' can be chosen so that each of the singular integrals 
at x^ is numerically less than e. When 3 and 3' can be chosen 
so that the singular integrals at every point on the curve x = -^(y) 
will each be numerically less than s then the integral /(y) is said 
to converge uniformly at points on that curve. If there are 
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more curves of discontinuity a similar definition applies for 
each, and if f{y) converges uniformly for each curve it is said 
to converge uniformly in the rectangle B. 

A similar definition holds for the integral g{x) ; in this case 
the auxiliary curves will be of the form y = q){x) - 6^ y = (p{x) + d\ 

III. The field is the area A, bounded by the curve G or 
EFGH (Fig, 7). In this case 

CXz CVi 

fiy) = \ F{x,y)dx, g{x) = \ F{x,y)dy, 

w^here (§ 126) x^^NB =fpi{y), X2=NS ='y»2(2/)> Vi 
and y^ = MQ ~ (p^f^x) . 

The preceding definitions are readily extended to include these 
integrals. The chief point to note is that the limits x^ and 
are not constants but functions of y and the limits y-^ and y^ are 
functions of x. Again, if = y)-J^y) were a curve of discon- 
tinuity only one auxihary line, x = y)i{y) + would be required 
for that part of the curve. 

The various methods that are used for determining the 
convergence of the integral of F{x) at a point of discontinuity 
are of course apphcable in the cases just stated ; the essential 
point is that the numbers d and d' must be such that the 
singular integrals, at x^ say, must be each numerically less 
than e, whatever value y may have in the range a' ^y^h'. 

Note It is perhaps worth observing that if the integral /(^z) 
converges uniformly for the range a'^y^b' so does the integral 

I F{x, y)dx, where a<c<b, 

J a 

Ex. 1. y) is & continuous function of x and y and 0< m< 1, 

0<n<l, 0<^<1, determine the nature of the convergence of f{y) 
and g{x) in R when 

(i) E{x, y) =(x -yF^^fix, y ) ; 

(ii) F(x, y) ={x-a)^-\b - y). 

In all cases there is uniform convergence in general. For (i)fiy) only 
converges uniformly for a' ^'<6' and g{x) only for a<a. ^ a; ^ 6. 

For iii)f(y) ceases to converge uniformly at a' and g{x) at a and h. 

Ex, 2. The integrals e-^x^-^dx, e~^xy~^{logx)^dx, 

Jo Jo 

where m is a positive integer, converge absolutely and uniformly for 
the range 0<c^2/ = where d is any positive number. 

See § 146, Ex. 14 and Ex. 17. 
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152. Contimiity of Integrals. When a curve of discontinuity 
is not a straight line parallel to an axis the assumption will be 
made that it cannot be cut in more than one point by a line 
parallel to either axis and that it may therefore be represented 
by either of the equations x = y){y) or y = (p{x) ; since, by 
hypothesis, no curve can be met by a line parallel to either 
axis in more than a finite number of points, any curve can be 
divided into a finite number of parts each of which satisfies the 
above condition. Further, in proving any theorem it will 
usually be sufficient to prove it for only one curve of discon- 
tinuity, and it may be assumed that the curve begins and ends 
on the boundary of the field ; if it does not begin or end on a 
boundary, a supplementary auxiliary curve parallel to an axis 
can be introduced so as to close the area within which the 
curve lies. 

Theorem I. If the integrals f{y) and g{x) are uniformly 
convergent in B or in A they are continuous functions of y and x 
respectively for the ranges a' ^y^h' and a^x'^h. 

Take the integral f{y) and draw the auxiliary curves 
x=y}{y) - d and x='ip{y) +6', thus determining a strip S within 
which the curve of discontinuity lies. Since the integral f{y) 
converges uniformly, 3 and 3' may be so chosen that when (x, y) 
is any point in S the contribution to f(y) from each of the 
singular integrals will be numerically less than e. Therefore, 
if and y^ are the ordinates of any two points in S, the con- 
tributions to |/(yi)| and |/(y 2 )| will in each case be less than 
2e, and the contribution to |/(yi) “"/(y2)|<4e. When 3 and 3' 
have been thus chosen they are to be kept fixed. 

Next, in the area outside the strip S the function F{x, y) is 
continuous, and therefore also the corresponding part of the 
integral /(y), so that rj may be chosen to make the contribution 
to |/(yi) -/(2/2)l<fi if \yi-y 2 \<V- Hence, if y^ and y^ are two 
points in the closed interval (a\b') it is possible to choose 
rj. so that, provided \yi-y 2 \<V> 

\f{yi) -/(2/2)l<4e+e = 5e, 

and therefore /(y) is continuous for a' ^y^ b\ 

A similar proof holds for the integral g(x). 

The next theorem is important in determining the existence 

2 m 


G.A.O. 
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of the integrals of f{y) and g{x) when these functions are only 
uniformly convergent in general. 

Theorem II. (i) If the integral f{y) is only uniformly con- 
vergent in general for the range a* ^y'^h^ but if the integral u{^)^ 

where -n/ x 7 

^(l)= # F{x,y)dx, 

J a' J a 

converges uniformly for the range i^b, then u(i) is a con- 
tinuous function of i for that range, 

(ii) If the integral g{x) is only uniformly convergent in general 
for the range a^x^b but if the integral v{7]), where 

v{ri) = [ dx \ F{x, y)dy, 

J a v a' 

converges uniformly for the range a' ^rj ^b\ then v{rj) is a con- 
tinuous function of r] for that range. 

Case (ii) is merely stated for convenience of reference 
as it is simply Case (i) with the rSles of x and y interchanged. 
For the sake of clearness the symbols | and rj are taken as 
the upper limits of the integrals with respect to x and y 
respectively, though in practice it is quite common to put 
X for f and y for rj. 

The meaning of the theorem is perhaps made more evident 
if it be observed that u(i) is the repeated integral of F{x, y) 
over that part of the rectangle B between the side x=a and 
the line x = i ; a>s S varies from a to 6 the integral u(i) will vary 
continuously from 0 to U. 

Take Case (i) and suppose that the integral f{y) ceases to 
converge uniformly for the one value c' of y, where a'<c'<b' ; 
draw the auxiliary lines y=:c' - d and y=c' 

Let f{i,y) = ? F(x,y)dz, f{$,y)dy; 

J a Ja' 

then the uniform convergence of the integral u(i) means that 
the singular integrals of u{i) at c' may each be made, by choice 
of 3 and <3', numerically less than e for every value of f in the 
range a-^^^b. These singular integrals are, numerically, 

y)dy c' - (5 ^ JV(I, y)dy , + d’. 

Let 3 and <3' be chosen so that each of these will be less than e 
and be then kept fixed. 
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The integrals 

f f{i,y)dy and T fi^,y)dy 

Ja' Jc'+S' 

converge uniformly for the range a ^ f g 6 and are therefore 
continuous functions of ^ ; it follows, therefore, as in Theorem I, 
that u{i) is continuous for the same range of i. 

The value u{h) of the continuous function u{^) is the repeated 
integral U and, in the same way, v{b') is the repeated integral F. 

Theorem III. If F{x^ y) does not change sign in the rectangle 
B, so that F{x, y) is either positive or zero or else negative or zero, 
then, (i) provided the repeated integral U exists and the integral 
f{y) converges uniformly in general in R, the integral u(i) of 
Theorem II converges uniformly for a^ (ii) provided the 

repeated integral V exists and the integral g{x) converges uniformly 
in general in R, the integral v{ri) of Theorem II converges uniformly 
for a' b'. 

Suppose, first, that F{x, y) is never negative in R and take 
the integral u{^) ; then u(i) is a monotonic, increasing function 
of i and must therefore either tend to a limit or tend to infinity. 
But, by hypothesis, u(b) = U, a definite number, and therefore 
u(i) tends to a limit when i~^b. Further u(i) must tend to a 
limit when where a^ ii<b ; because, as before, u(i) must 

either tend to a limit or tend to infinity, and it cannot tend to 
infinity since u(ii)<u(b) if ii<b and therefore u(ii)<U. Hence 
u(i) is a well-defined function for the range a^ i^b. 

With the notation of Theorem II we now have, for the 
singular integrals at c' 

f/Cf . y) dy S y)dy, r /(I, y)dy g T f{b, y)dy 

J a J a J a' J a' 

since /(f , y)^f(b, y) when F(x, y) is not negative. But f{b, y) 
does not depend on | and therefore, since the integral u{b) 
converges, the singular integrals satisfy the conditions of 
Theorem II so that u{^) converges uniformly tor a^^^b and 
is a continuous function of | for that range. 

In a similar way the theorem is proved when F{x, y) is not 
positive ; or it follows from the above proof for the function 
Fj^ix, y) where F^{x, y)= -F(x, y) and therefore for F{x, y). 
The theorem (ii) is proved in the same way. 
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Ex, If F(x,y) = (x-a)^-^h ' where 0<m<l, 0<n<l, 
and /(a;, y) is continuous in R, show that u{^) and v{'r]) are continuous 
functions. 


153. Change of Order of Integration. In this article the 
function F{x, y) is assumed to be continuous except on a finite 
number of straight lines parallel to the axes ; further, the limits 
of all the integrals are constants so that the field of integration 
is the rectangle B, The case of constant limits when the above 
restriction on the lines of discontinuity is removed is considered 
in § 154. 

The notation is 

/(y) = r F{x, y)dx, g{x) = [ F{x, y)dy, 

J a a* 

f f{'y)<iy =\ dy\ F{x, y, dx, 

J a' J a' J a 

F=[ g[x)dx=^[ dx{ F{x,y)dy, 

j a J a J a' 

Theobem I. If all the lines of discontinuity in R are parallel 
to only one axis then the repeated integrals U and V exist and are 
equal either (i) if the integral f(y) converges uniformly in R when 
the lines of discontinuity are parallel to the y~axis, or (ii) if the 
integral g{x) converges uniformly when the lines of discontinuity 
are parallel to the x-axis. 

Take the integral /(i/) and suppose that there is only one line 
of discontinuity parallel to the y-axis, say x=a. By § 152, 
Theorem I, f{y) is a continuous function of y for the range 
a' and therefore the repeated integral U exists. 

Now draw the auxiliary line a;=a +(5. In the part of the 
rectangle R that lies between the lines a;=a + <5 and ^=6 the 
function F{x, y) is continuous and therefore 

[ dx[ F{x,y)dy=\ dy\ F{x,y)dx 

J CL -\~S ^ CL* J CL* 

fb* Ca+t 

= U-\ dy\ F{x,y)dx (1) 

J a' J a 

But f{y) converges uniformly in R and therefore d can be 
chosen so that if a' ^ y ^ b' 

f fa+5 I rb* ra+S 

F{x,y)dx <e, # F{x,y)dx <(6'-a')e. 

CL \ J a* J a 
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Hence 

/^{ dy{ F{x,y)dx — (i, dy{ F{x,y)dx = U, 

a' a+B 

and therefore 

£\ dx{ F{x,y)dy=U] 

that is, V=U. 

The proof is obviously such that it may be extended to the 
case of any finite number of lines parallel to the axis of y ; the 
proof when the lines are all parallel to the r^-axis is carried out 
in the same way. 

Ex. 1. E(x, y) ={x- a)^-\b -x)'^-^f{x, y) 
or F(x, 2/) = ( 2 / - -y)‘^~'^J{x, y) 

where 0<m<l,0<n<l and /(a;, y) is continuous in B. 

Carry out the proof fully by dividing B into two rectangles, in the 
first case by a line x—c, a< c< b, and in the second by a line y=c\ 
a' < < h' ; or, as one theorem by two auxiliary lines, £r=a + <5, 

x=h - S' m. the first case and y = a' + d, y - S' ia the second. 

Notation. For brevity, the rectangle bounded by the lines 
x=a-^, y = h-^ and 2/ =^2 sometimes be denoted by 

(«!, 61 ; a^, h^). (§ 119, at end.) 

Theorem II. If one of the integrals f(y) and g{x) is only 
uniformly convergent in general in R hut the other uniformly 
convergent in R, then the repeated integrals U and V exist, 
and U = V. 

Let X =a and y be the only lines of discontinuity of F(x, y) 
in R and suppose that f(y) converges uniformly for the range 
a'^y^b' while g{x) only converges uniformly for a <<2 + S^x^b 
where 3 is arbitrarily small. 

In the rectangle (a + (5, a' ; b, b') the only discontinuities of 
F(x, y) lie on the line y=a' and the integral g{x) converges 
uniformly in this rectangle ; therefore, by Theorem I, 

Ch CV CV Ch 

dx\ F{x,y)dy=\ dy \ F{x,y)dx. 

J a-\-S J a' Ja' Ja + S 

But the integral f(y) converges uniformly for a'-£y^b' and 
therefore, as in Theorem I, 

jC { dx[ F{x,y)dy= £, f dy [ F{xy)dx=XJ, ....(2) 

that is, F = U. 
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Bjx. 2. Carry out the proof in detail (i) when g{x) ceases to converge 
uniformly for x=a, x—c and a; =6 while y =a', y y =b' are lines of 
discontinuity of F{x, y) ; (ii) when f(y) ceases to converge uniformly 
for y-a^, y~c\ y=b' while g(x) converges uniformly and x~a, x=c, 
x=h are lines of discontinuity of F{x, y). 

Theobem III. If each of the integrals f{y) and g{x) is only 
uniformly convergent in general in R but if one of the integrals 
u{^) and v{7]) where 

u{i) = f dyf F{x, y)dx, v(rj) =z{ dx^ F{x, y)dy 
J a' J a J a J a' 

converges uniformly, u(i) for the range a ^ f ^ 6 and v(rj) for the 

range a' then the repeated integrals U and V exist and 

U==V. 

Let u(i) converge tinifornily and suppose that the integral 
g{x) ceases to converge nnif ormly for the one value x = c, where 
a<c<b ; then in the rectangles (a, a' ; c- d,b') and 
(c +6', a' ; b, b'), where d and 6' have the usual meaning, the 
integral g(x) converges uniformly and therefore, by Theorem II, 

fc-s cb' rb rb' 

dx\ F{x,y)dy’^\ dx \ F(x,y)dy 

Ja J a* Jc+5' J a* 

dy[ F{x,y)dx+{ dy \ F{x, y)dx (3) 

J a' J a J a' Jc+5' 

The two repeated integrals in the right-hand member of this 
equation may be expressed in the form 

u{c - <5) -h [u(b) - u{c + 6')] =:U + u{c- 6) - u{c + S'), 

and therefore, since u(i) is, by § 152, Theorem II, a continuous 
function of f , the limit of this expression when 3 and S' tend to 
zero is U. Hence 


dx[ F{x,y)dy+ dx[ F{x,y)dy = U, 

^ a! S'— >*0 " c+fi'' i a' 


that is. 


Y=V. 


The student should note the reasons for the statement that 
the limit for b and b' tending to zero of the integrals in the 
right-hand member of equation (3) is obtained by simply 
making b and b' zero in the integrals. He should also note 
that in the case of equations (1) and (2) in Theorems I and II 
it is essentially the continuity of the integral /(y) (due to its 
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■uniform convergence) that makes the limit for d tending to 
zero of the repeated integral in the right-hand member of 
these equations equal to the value of the integral for <5 equal 
to zero. 

Cor. A very important particular case of Theorem III is 
that for which the function F{x, y) does not change sign in B, 
because the functions u{^) and v{rj) are, by § 152, Theorem III, 
continuous functions of ^ and rj respectively when the repeated 
integrals U and F exist. 

Ex. Z. If F(Xf y), where all the 

indices m, n, p, q lie between zero and unity and the function /(rc, y) is 
continuous in the square (0, 0 ; 1, 1), show that 

r dy r F{x,y)dx=:.^ dx F(x, y)dy (i) 

Jo Jo Jo Jo 

Both/(2/) and g{x) converge uniformly in general ; the integral 
^ a;m~3(i ~-x)^~^f{x, y)dx 

Jo 

is a continuous function of y and therefore the integral 

( -yY~^dy ( -x)^~'^f{x,y)dx 

Jo Jo 

converges. If /(^c, y) did not change sign, the corollary of Theorem III 
would secure the validity of equation (i) ; in any case it is easy to prove 
that is continuous. 

154. Change of Order : Variable Limits. It will now be 
supposed that the field of integration is the area A, bounded 
by the curve G or EFOH (Fig. 7) ; the limits of the integrals 
are no longer constants, though the conclusions hold when the 
limits are constants and the area of integration is the rectangle 
B. The lines of discontinuity are not in this article restricted, 
as in § 153, to straight lines parallel to the axes, and the 
theorems now to be proved are therefore extensions of those in 
the preceding article. 

The notation is 

fica fl/z 

f{y)=\ g'(a5)= F{x,y)dy, 

Jxi Jyi 

dy\ F{x,y)dx, F= dx\ F{x,y)dy, 

a' Jxi J a J Vi 

where a;, = y>x{y), x^ = y>^{y) and y^ = (pxix), y^ — fp4.x'). 

For the rectangle jR we put Xx=a, and yx=a,'- 
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The curves of discontinuity mil be understood to satisfy the 
conditions stated at the beginning of § 152. 

Theorem I. If the integrals f{y) and g(x) converge uniformly 
in the area A {or, in the rectangle B), the repeated integrals U and 
V exist and U=V. 

By § 152, Theorem lj{y) and g{x) are continuous functions of 
y and x respectively for the ranges a'^y^h' and a^x^h, and 
therefore the integrals U and V exist. It has to be proved 
that 17 

As in § 152, Theorem I, let there be only one curve of dis- 
continuity and enclose it in the strip S (see the proof of the 
theorem in q^uestion). In the parts of A that lie outside S the 
fxmction F{x, y) is continuous and therefore, when the point 
(x, y) lies in these parts, the repeated integrals exist and are 
equal. Hence if, when the point {x, y) lies in 8, the repeated 
integrals tend to zero when the area of 8 tends to zero, the 
repeated integrals will be equal when the point (x, y) lies 
anywhere in A, 

Now it was shown in the proof of Theorem I, § 152, that the 
contributions to \f{y)\ and |^(a;)| when the point (x, y) is 
anywhere in 8 can each be made less than 2e by choice of S 
and S', and therefore the contributions to the repeated integrals, 
when S and d' have been chosen, will be less than {b' - a') . 2e 
and (b - a) . 2s respectively. Hence the contributions to the 
repeated integrals when the point (x, y) lies in 8 tend to zero 
when the area of 8 tends to zero and therefore U=V. 

Bx. 1. If F{x, 2/) =(^ y)> show that 

dy F{x, y)dx = dx F(x, y)dy 
JO Jo Jo 

where 0< m< 1 and /(a;, y) is continuous in the field of integration. 

Here | f{x, y)\< K and for the singular integrals we have 

1 F{x,y)dx <K—, F{x,y)dy < 

'v ^ .}x-yj , m 

so that the integrals f{y) and g(x) converge uniformly. The theorem 
therefore applies in this case — a case of Dirichlet’s Formula (§ 130, 
Ex. 10). 

Bx, 2. If F{x, y)=:{c-x - y)^~'^f{x, y), show that (c > 0) 

Cc Cc Ce~x 

\ dy\ F(x,y)dx = \ dx\ F{x,y)dy, 

JO JO Jo Jo 

where 0< p< 1 and /(a?, y) is continuous in the field of integration. 
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Note that, if | f(x, y)\< K and > ^3 > 0, 

and therefor© tends to zero when for every value of 2 / in the 

interval (0, c), so that the integral /(2/) converges uniformly. Similarly 
for the integral g{x). 

Notation, If the line x~i=OM (Pig. 7) meets the curve 
EFGH at P and Q, thus dividing the area A into the two parts 
— bounded by the arc QHEP and the straight line PQ, and 
bounded by the straight line PQ and the arc PFGQ — ^the 
repeated integral U will be expressed as the sum of the two 
integrals 

I dy\ F{x,y)dx and f ( F{x,y)dx, ..(a) 

J a' ^ Xx J a' J I 

where x^ — '(pi{y) is the equation of the arc GEE and x^=^ 2 {y) 
that of the arc EFG. 

When ^ = b the second of the integrals (a) is zero and the first 
of these integrals will be taken to mean the repeated integral Z7, 

Similarly, if y='}'] represents the line NES, the repeated 
integral V will be expressed as the sum of the two integrals 

Cv r 6 fa /2 

dx F{x, y)dy and dx F{x, y)dy, (j8) 

J a •' 2/1 J a J 7} 

where 2/1 = 9^1 (^) equation of the arc EEF and y 2 = <P 2 (^) 

that of the arc HGF • while if ^ =6' the second of the integrals 
(/5) is zero and the first is taken to mean the repeated integral F, 

Theorem II. If one of the integrals f{y) and g(x) is only 
uniformly convergent in general in A {or, in the rectangle E), but 
the other converges uniformly in A, then the repeated integrals 
U and V exist, and f7 = F. 

Suppose that the integral /(t/) converges uniformly in A but 
that the integral g{x) only converges uniformly in the intervals 
{a, c - (3) and (c + <3', b) where 3 and 3' are positive and arbitrarily 
small ; then the integral U exists, since f{y) converges uni-^ 
formly. The integral g{x) converges uniformly for the ranges 
a^x^c- 3 and c +3' ^x^b, and therefore, by Theorem I, 

f c - f 2/2 f & f 2/2 

dx\ F{x,y)dy-\-\ dx\ F{x,y)dy 
Ja J2/1 Jc+ 6 ' J 2/1 

= [ dy\ F{x,y)dx^-[ dy [ F{x,y)dx (1) 
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Now the integral /(?/) converges uniformly, and therefore each 
of the moduli 

f c [ Cc+l>' 

F{x, y)dx and F{x, y)dx 

c-S Mo 

can, by choice of d and 3\ be made arbitrarily small, whatever 
value y may take in the interval {a\ b'). Hence the integrals 

Cb' fc r 6 ' 1*0+ S' 

1 di/ F{x, y)dx and dy F{x, y)dx 

Jft' Jc““S Jo/ vC 

tend to zero when <5 and d' tend to zero, so that 


£ r dy r ^F{x, y)dx + £ \ dy V F{x, y)dx (2) 

— [ dy[ F{x,y)dx+[ dy [ F{x,y)dx (3) 

J a' Jxi J a' c 


= Z7. 


Therefore, when d and 3' tend to zero, the integrals in the 
left-hand member of equation (1) also tend to a limit, the limit 
of their sum being equal to U. But the limit of their sum is, 
by definition, the integral F, and therefore V = U. 

The student should again note the reasons that justify the 
passage from the expression (2) to the expression (3) ; the 
justification lies essentially in the continuity of the integral /(^z). 


Fx, 3. If F(x, y) -x -yF~^f(x^ y), show that (o > 0) 

S c { 0 -y fc fo-x 

dy F(x, y)dx:^\ dx F{x, y)dy 
0 Jo Jo Jo 

when 0<m< 1, 0<^?< 1 and f{Xy y) is continuous in the field of 
integration. 

The integral /{ 2 /) converges uniformly and the integral g(x) converges 
uniformly except for x=0. 


Ex. 4. If F{x, y) = 2 /”-i(c -x y), Q< n< 1, show that 

i c fc — y fc fe — x 

^ F{x, i/)da; = j dx I F(x, y)dy 

the rest of the data being as in Ex. 3. 

Here the integral g{x) converges uniformly, while the integral f{y) 
ceases to converge uniformly for 2 / ~0. 

Thbobem III. (i) If the integral f{y) is only uniformly 
convergent in general in A, hut if the integral u{^), where 

«(!) = [ %r F{x,y)dx, 

j a* J 'f'i(y) 

converges uniformly for the range then ^l(f) is a con- 

tinuous function of ^ for that range. 
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(ii) If the integral g{x) is only uniformly convergent in general 
in A, but if the integral v(fj), where 

v{rj) = { dx p F{x,y)dy, 

J a J 4>i{x) 

converges uniformly for the range b', then v{ri) is a con- 

tinuous function of rj for that range. 

(iii) If F{x, y) does not change sign in A, and if the integrals 
f{y) and g{x) converge as stated in (i) and (ii) respectively, then 
u{i) will be continuous for the range a'^^^b if the repeated 
integral U exists, and v{r)) will be continuous for the range 
d' ^rj^b' if the repeated integral F exists. 

There is no difficulty in adapting the proofs of the corre- 
sponding theorems in § 152 to the case in which the field of 
integration is the area A instead of the rectangle B. 

Theorem IV. If each of the integrals f(y) and g{x) is only 
uniformly convergent in general in A (or in the rectangle B), but 
if one of the integrals u(i) and v{r]), defined in Theorem III, 
converges uniformly for the respective ranges of ^ and rj, then the 
repeated integrals U and V exist and U ~7. 

Let u(^) converge uniformly, and suppose that the integral 
g{x) ceases to converge uniformly for the one value x=c, where 
a<c<b ; then, if d and d' are positive and arbitrarily small, the 
integral g{x) converges uniformly in the intervals (a, c - <5) and 
(c -h S', b), and therefore, by Theorem II., 

Cc-S ryz rb fy* 

dx\ F(x,y)dy^\ dx\ F(x,y)dy 

Ja Ja/i Jc+£' Jj/i 

rv pc “5 rb' rx% 

= \dy\ F{x,y)dx+ \ dy \ F{x,y)dx. 

J d' J iCi J Qt' J c + 5^ 

Now the integral u(^) converges uniformly for a-^^^b, and 
therefore u(b) = 'U, and the right-hand member of the above 
equation may be expressed in the form 

u(c -6)+ [u(b) - u(c 4- (3')] = J7 + u(c - d)- u(c d'). 

But u(i) is a continuous function of i, so that u(c - S) and 
u(c 4- <5') both tend to u(c) when 3 and 3' tend to zero, and 
therefore 

£,[ dy\ F{x, y)dx + £[ dy\' F{x, y)dx='n + u{c) - u{c), 
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so that 

C ['dx tF{x, y)dy+ £ P dx \"Fix, y)dy=U; 
that is, 

Ce Cyz f ^ CVi 

dx F{x,y)dy + \ dx F{x,y)dy = V, 

Ja Jyi Je J pt 

or F=Z7. 

The student should work out the case in which v(rj) m given 
as converging uniformly in (a', 6'). 

Cor. If F{x, y) does not change sign in A, then u{i) and v{rj) 
are continuous functions of ^ and rj respectively when the 
repeated integrals U and V exist (Theorem III) ; in this case 
the application of Theorem IV is simplified, since it is only the 
convergence of the integrals U and V that requires investigation 
and not the uniform convergence of u{i) and 
Ex. 5. If F(x, y) -x -yF~'^f{x, y), show that (c > 0) 

fc fc -y Cc Cc-x 

dy\ F{x,y)dx-\ dx\ F{x, y)dy 
Jo Jo Jo Jo 

when the indices m, n, p all lie between zero and unity and f{x, y) is 
continuous in the field of integration. 

The convergence of f(y) and g{x) ceases to be uniform only f or ?/ = 0 
and a; = 0 ; the integral 

- a; - y)^~'^f(x, y) dx 
Jo 

is a continuous function of y and therefore the integral 

V = f y^-Hy\ ^x'^-^(c -X ~y)^~'^f(x, y)dx 
Jo Jo 

is convergent ; i£f(x, y) does not change sign the corollary of Theorem 
IV applies, while if S{x, y) has not always the same sign it is almost 
obvious ” that u(^) converges uniformly. 

155. Differentiation under the Integral Sign. Let f(y) and 
(p{y) denote the integrals 

f{y)=^^F{x,y)dx, 9j(y)=| 

and let be the rectangle (a, a' ; 5^, 6'), where b-^'^b'>a. 

Suppose that, when a, a\ 6, h' are fixed constants and B is 
the rectangle {a, a’ \ 6, 6'), the following conditions are satisfied : 
(i) F{x, y) is a continuous function of x and yin B] 
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(ii) dFjdy is a continuous function of x and y in S, except 
at points on a finite number of curves of discontinuity which 
satisfy the conditions stated in § 152, and at these points the 
discontinuities of dFjdy are infinite ; 

(iii) The integral (p{y) converges uniformly in F. 

When these conditions are satisfied (p{y) is the derivative 
of/(y), that is, 

Let V be any fixed value of 2 ^ in {a\ h') and let {v +A) be also 
in {a', h') ; then 

v + h)- F{x, v)}dx (1) 

Now F{x, v) is continuous in B and so is dF{x, y)ldy except 
at the points in which a line y= constant meets the curves of 
discontinuity ; therefore, by § 145, Theorem B, 


Hence 


F(x, v + h)- Fix, V) dy. 


[ {F(x, v + h) - F(x , «)} (ia; = [ dx{ V) gy ^2) 

Ja Ja Jv 

Again, the integral (p{y) converges uniformly in B, and the 


integral 


dF(x, y) 


is a continuous function of x in (a, 5) ; therefore, by § 154, 
Theorem I, 


so that, by (1), (2) and (3), 




" dy “Ja dy 


since v is any value of y in {a\ b'). 

Suppose next that b is not constant but is a function of y, 
say 6= wiy)- y) ^ continuous function of x and y 

in jKjl (a, a\ b-^, 6'), and let dFjdy also be continuous in B-^ 
except on the curve x=b = y^iy), the discontinuities of dFjdy 
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at points on this curve being infinite. The functions h or ip[y) 
and dhjdy or y>\y) are to be continuous for a' ^ y ^ b\ 
lia^x^ P<b, formula (2) of § 121 gives 

dF(x v) 

If now the condition that the integral j — dx con- 
verges uniformly for tne range a/ ^y^b' is satisfied, the integral 
will be a continuous function of y, and therefore, since F{x, y) 
and dbjdy are continuous, we find by letting /S tend to b that 

which is the usual formula. 

A similar discontiuuity for x=a= y}j^(y) may be treated in 
the same way, the rectangle being {a^, a ' ; 6, b'), where 
a^a=^ip^{y). 

A change of the variable of integration is often effective in 
simplifying the problem of differentiating under the integral 
sign ; see Ex, 2 below. 


Ex. 1. = r show that, if 0< C^y, 

Jo 

IT 

= 2 (sin log (sin x)dx. 

The integral f{y) converges uniformly if t/ = c > 0, and so does the 
second integral (§ 146, Exs. 4, 16), so that differentiation is legitimate; 
similarly the 2nd, 3rd ... derivatives oij(y) are found by differentiating 
under the integral sign. 

Now Jiy) =iv'^r(2/)/r(y +i) ; 


therefore 


rivi) - 1) - v(3/ - i)h 


where y}(y) is the derivative of log r(2/ + l)(§97). 

Ex, 2. If f{y) = > <c'^y, where y}{x) is a continuous 

function of x, find df{y)ldy. 

Here, as happens not infrequently, the integral obtained by differen- 
tiating under the integral sign does not converge ; the integral for f{y) 
must therefore be transformed in some way (compare E.T. p. 468, Ex. 4). 
In this case change the variable of integration from x to t where x=yt ; 

fiy) = r 1 , 

Jo (1 -t)i 

and it is now legitimate to differentiate under the integral sign. 
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155, 156] 


Thus 


[ v>(yi ) , 
dy Jo ^ 22/i 




dt 


or, in terms o£ x as variable of integration, 

df{y) _ w(^) + 2xy)'{x ) - 

dy Jo 2y(,y-x)i 

It should be noted that, as in this example, a change of the variable 
of integration is often useful for reducing an integral with variable limits 
to one with constant limits. 


156. Evaluation of Improper Double Integrals. The General 
Theorems stated for the proper double integral in § 125 are true 
for the improper integral, as may be seen by applying the 
definition. Theorem III may be an exception, when F^{x, y) 
and F^{x, y) have common singularities (cf. § 145, Theorem A). 
It should be remembered that the improper double integral of 
F{x, y) is always understood to be absolutely convergent (§ 150). 

The evaluation of an improper double integral is usually 
effected in practice by means of a repeated integral, and the 
general method of procedure may be illustrated by the Problem 
of § 149 ; see that section for the notation. 

When the auxiliary curves have been drawn so as to exclude the 
points and curves of discontinuity of F{x, y) from the area T, the 
proper double integral of F{Xy y) over the contracted area T' is expressed 
by equation ( 1 ) as a repeated integral 

'^^F{x,y)dxdy=^^ ‘'P{x,y)dy, ( 1 ) 

where F{x, y) y), 0<m<l, 0<n< 1, f{x, y) being 

continuous in T. 

The next step is to show that when d and (5' tend to zero the repeated 
integral in ( 1 ) tends to the integral 

dx^ '^F(x,y)dy, (2) 

Jo Jo 

where the integral in (2) is taken for the given area T. 

Now the integral g{x)y where 

0r(a;)=r ''x^-^'^^f{x,y)dy 

Jo 

converges uniformly for the range 0 < S'^x'^c, and therefore the limit 
for (5' tending to zero of the repeated integral in (1) will not be altered 
by taking zero instead of d' as the lower limit of the integral with 
respect to y. Next, when <5 and d' tend to zero, the integral 

c-S' fc-5' 

dx -^^''^f(x,y)dy = \ g(x)dx 

Jo Js 

tends to the integral (2) because the integral of gix) is convergent. It 
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follows, therefore, that when d and S' tend to zero the double integral 
also tends to a limit and that limit is equal to the repeated integral (2). 

The discussion of repeated integrals in the preceding articles 
will probably be sufficient to enable the student to evaluate 
an improper double integral in such cases as usually occur. 
For fuller information on the general problem he may consult 
the memoir of De la Vallee Poussin in Journ. de Math, (see 
§ 151) or Stolz’s Differential- und Integralrechnung , vol. 3. 

One general theorem may be stated. 

Theorem. If F{x, y) does not change sign in an area A, or 
if A can be divided into a finite number of areas in each of which 
F(x, y) does not change sign^ the double integral of F{Xy y) over A 
will converge and will be equal to the repeated integral U {or V) 
provided the repeated integral converges, 

157. Multiple Integrals. Change of Variables. The exten- 
sion to integrals of functions of more than two variables of the 
definition of the integral when the integrand is not bounded 
in the field of integration or the field not finite is made in the 
same way as for a double integral and hardly requires further 
explanation. The evaluation of the improper multiple integral 
is usually effected by means of repeated integrals, and the 
principles elucidated in the consideration of repeated integrals 
for two variables are to be applied when there are more than 
two variables. When the change of order of integration is 
made in the manner shown in the examples of § 133, the 
principles that underlie the change in the case of two variables 
come constantly into play. 

Again, when a change in the variables of integration is to be 
made, the conditions regarding the one-to-one correspondence 
between the old and new variables and the continuity of the 
variables (§ 134) must be satisfied. If, when the variables x, y 
are changed to u, v, the area A is changed to the area B, let 
A' and B' be the corresponding contracted areas for which a 
proper double integral of F{x, y) and of the transformed 
fimction Ff^u, v) exists ; then 

Fi{u, v)\J \ dudv, 

and if the double integral of F{x, y) over A' tends to a limit 
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when A' tends to A, the double integral of F:^(u, v)\J\ will 
also tend to a limit when B' tends to .B, and the two limits 
will be equal. 

The following examples illustrate various cases. 


Ex, 1. Transform the integral of the function F{x, y) of § 149 by 
the change of variables x+y=u,x ~uv. 

The contracted area T\ which is bounded by the lines a;=<5, y=d\ 
and x-\-y =c, becomes the area JB' in the plane of the co-ordinates 
bounded by u=c, and the hyperbolas v-d/u, v — l-(d'lu), which 
intersect at the point u = d + S', v~dl{d^ S'), Hence, if v) is 

the value of F(x, y) in terms of u and v. 


^F(x, y)dxdy=^^ F^{Ui v)ududv. 
Now F{x, y) =x'^~‘^y'^~^^{x, y) and therefore 


.(i) 


. Jjs' 


F-J,u, v)ududD 


=£ 




U^+n-Hu L 


■“^(1 v)dv, ..(ii' 


where v) is the value of /(a;, y) in terms of u and v, 

g{u) v”^Hl v)dv ; 

Jo 

then g{u) converges imiformly for the range ^ since 0< m, 

0< n, so that the limit for (5 and d' tending to zero of the repeated 
integral in (ii) will not be changed if in the limits of the integral with 
respect to v the numbers <5 and d' are made zero. Next, the integral of 
g{u) converges when d and 6' tend to zero, and therefore 

II F{x, y)dxdy =\^ F-^iu, v)ududv 

= ('’ u'^+^-^dAi r v)dv (in) 

Jo Jo 

The repeated integral in (iii) is the same as that obtained in § 133, 
Ex. 1. 


Ex. 2. Prove, by the same transformation as in Ex. 1, that 

( dx\ ^x‘^~^y'^'^\X -X ■~‘y)^~‘^dy 
Jo Jo 

_ P 1 1-V )^-^dv, 

Jo Jo 

where m, n, p are all positive. 

See § 133, Ex. 2. The other examples in § 133 can all be dealt with 
in the same way. 

Ex, 3. Prove that Tim)Tin) =T{m +n) B{m, n) ii m >0, n >0. 

If a and 6 are any two positive numbers and F the rectangle (0, 0 ; a, b), 
then, 0< m, 0< n, 

1 1 er(^+v)x^-'^y^'~'^dx dy = |* e~^x^~'^dx |^ e~^y^~Hy (i) 

2 F 


O.A.O. 
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When a and h tend (independently) to oo the repeated integral in (i) 
tends to the product V{m) r{n). 

Next, whatever he the relative magnitudes of a and 6. it is possible to 
find two triangles T and T', bounded respectively by the lines 
x=Q, y=0, x+y=c, and x=0, y = 0, x+y=c' >c, 
such that B lies within T' and T within B. Hence, since the integrand 
of the double integral is positive, 

1 1 e“(»+y)aj 1 dy 

dy. 

If these integrals are transformed by the substitution x +y ~u, x 
they give the inequalities 

B{m, n) e-^u^+^~^du < | j e~i^^)x^^^-'^dxdy < B{in, w) 

and therefore when c and c' tend to oo the double integral in (i) tends 
to B{m, n) T{m+n). The required relation is thus established. 

Bx, 4. If T is the triangle bounded by the lines x=0, y = Q, and 
x+y = ly and if J is the integral, 0 < m,0<n, 

/ = dy, 

prove that I =B(my n)l(m +n) =T{m)T{n)IT{m +n + 1). 

We have I=[^ x'^-'^dx ^y'^-'^dy = - [^ x'^-M I -x)^ dx. 

Jo Jo ^Jo 

Also I = ^ y^~'^(l -y)'>^dy, 

or /=— f x^(l -xY^-'^dXy 

mJo ^ ^ ' 

by the substitution y = l-x. Hence 

(m+n) I =£ x^-^l -xy^^dx^B(m, n). 

Ex. 6. If E{Xy y)=f{Xy y)l{x^+y^)'>^y where f[x, y) is continuous, 
show that the double integral of F{Xy y) over any (finite) area A within 
which the origin lies is convergent provided w.< 1. 

Change to polar co-ordinates ; then 

11^ Pip:, y)dxdy = \^^JJ:^^rdrde y)T^-^'^dr . 

Take a circle of radius e, with centre at the origin ; in this circle 
!/(^> 2/) 1 O’ constant, and therefore the integral over this area is 
numerically less than jrA!^£^~^”/(I —n)t an expression which tends to zero 
when e tends to zero if n< 1. 

Ex.^ 6. If F(Xy y, z) =f{Xy y^ z)/r^y where f{x, y, z) is a continuous 
function of the variables Xy y, z and r^ = (x- a)^ + (y - 6)^ + (2j - c)^, show 
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that the triple integral of F{x, y, z) taken throughout any (finite) field 
within which the point (a, 6, c) lies is convergent if n< 3. 

Take polar co-ordinates with the point (a, b, c) as origin; then the 
integral, taken throughout a sphere of radius s with the point (a, 6, c) 
as centre, is numerically less than y, z)\< K) 




and therefore tends to zero when s ■ 


r^-^dr = 


3 -n 


0 if 3. 


Fx. 7. If A is the area in the first quadrant, bounded by the rr-axis, 
the curve y=x\ A > 1, and the circle r = 1, prove that the double integral 
of l/(£c^ + 2 /^)” over the area A is convergent provided n< {I + Z)I2. 

(Stolz, lx. p. 194.) 

Ex. 8. If F(x, y) =/(a;, y)l{a^-x^ where /(a;, y) is a continuous 

function of x and y, show that the double integral of F{Xf y) over the 
circle x^ +y^=a^ is convergent if n< 1. 

If the area of integration is the triangle bounded by the lines a?=0, 
y = 0, a; + 2 / =a, show that the double integral converges if n < 2. 

(Stolz, lx. p. 197.) 

In the second case draw the auxiliary line x=a-d, where 6 is 
positive and arbitrarily small, so as to cut off the corner of the triangle 
at (a, 0) ; it is not hard to show that the integral over this small area 
tends to zero with <5 if n < 2. By symmetry the corresponding integral 
at the corner (0, a) also tends to zero if n< 2, and therefore the double 
integral converges. 

EXERCISES XVIII. 


1 . 


!:-(r 


‘ax\ 


dx 


vj x^/{l -x^) 


= jt sin~^a, ^ 1. 


2. I log (1 + tan 0 tan a;) da; = 0 log sec 0, “^<0<^. 

3- jhog{(l^*}^=J{log(l+a)}^ a>0. 

4. If w = f -n — — srr » where - 1 < a < 1 and n is a positive 
Jo (1 -“2a cos aj+a^)” ^ 

integer, prove that 


(u) «- 2.4.6... 2 ji ■ 

"What is the value of the integral if |a| > 1 ? 


(Poisson.) 


5. If y —X 


1 

.0 


cos (aj^sin 0)V(cos 0)<i0, prove that ^ + 4a;22/=^' 
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6. Apply Ex. 1 of § 155 to prove the following results : 


i) sin cc log (sin x) dx =log 2 - 1 ; 

r 7X2 

(ii) J sin X (log sin x)^ dx = (log 2~1)2 + 1 

(iii) (log sin x)^dx {(log 2)^ +^| ; 

ir 

(v) P V(sni x) log (sin x)dx = 7i{7t - 4)'v/(27x)/{r(J)}2 


7. li u = \ (sin t)^^-^cos where a? > 0 and 2/ > 0, show that the 

Jo 

derivatives of u with respect to x and y may be obtained by differentiating 
under the integral sign. 

Deduce that 

IT 

(i) log (sin t) log (cos t)dt ((log 2)® - — | ; 

(ii) p sin t log (sin t) log (cos t)dt=2 - log 2 - ~ . 


ydy 


8. Prove that 1 dx 


\a ra 

9. Prove (i) dx 


Jo JiK (l+a;2/)2(l+a/2) 4 

Jo V{(®-®)(®-y)} 3 ’ 


fa rx 

(ii) dx 

Jo Jo " 


BQO^ydy 


Jo Jo V{(»-J»)(iC"2/)} 

10. Show that, if 0 < n < 1, 

dy [y f(x)dx __ n 


a {h ]a (y -X)^ sin nn 


mb) -/(a)}. 


11. Prove that 


dx dy \y f'{z)dz 


Jo (« -aj)^ 'o -y)^ Jo (y 

12. Prove that, if n is a positive integer, 
dx-, c^i dx^ i 


|=[r(J)?{/(a) -/(O)}. 


ra axj rxi ax^ pn- i f{x„)dx„ 

I I n-1 * *• I n- 1 

” •’o(®i-^2) ” •'o K-i-a:„) " 
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xin.] 

13. If F\x) denote dF{x)ldx, show that 
fi dX fi F\hXii) ixdiJL 7t 




1 x\\ -x)dx 


2/(1 'y^'^^y\Q{l+x+xyf 576 - v / 6 ‘ 


15. If P 


fi fi dxdy Q dxdy 

Jo J 0 1 “ ^2/ ’ . 0 Jo 1 +^2/ 


prove that both integrals are 


convergent and then show that 

(i) P -Q=-IP, or P=2Q ; 

(ii) P+Q=\^^d.W-^; 

... fi dy __ri du 

]-xl+xy ]-xl+2xu+x^’^ 

and deduce from (ii) and (iii) that P + ^ = 


=1-1 = 1 + 2a« : 


' , so that 


P=:^ 0=™ 

6’^ 12* 

\_A.rchiv. der Math, und Phys., vol. 13, p. 362, Year 1908.] 

16. One loop of the curve cos^ 6 —a^ cos 26 makes a complete 
revolution about the initial line ; prove that the volume enclosed by 
the surface generated is ^7r(10 — 3jr)a®. 

17. The sphere x"^ +y^ +z^ — li^ pierced by the cylinder 

2x^{x^ +y^) = Z{x^ -y ^) ; 

show that the area of the spherical surface that lies inside the cylinder is 
27r + 8V2 log (1 + V2) -4-v/6 log (^3 +V2). 

18. Show that the area enclosed by the curve 


(Mf-d-ir- 

1 [^(Sra)] o!>6« 


Note. Further examples may be found in Exercises XVI, where, as 
in Exs. 13, 14, 15, the indices Z, m, ... may have values for which the 
integrals converge though the integrand is not bounded. 



CHAPTER XIV 

DOUBLE INTEGRALS : RANGE INFINITE 


158. Range of Integration Infinite. The discussion of the 
integrals when the range of integration is infinite is based on 
the methods of De la Vallee Poussin (see § 151), and is to a large 
extent identical with that given in Chapter XXI of the Ele^ 
mentary Treatise ; it is, however, more general, as the integrand 
F(x, y) may have infinite discontinuities such as are specified 
in §§ 151, 152. 

Definition, The integral 

[ F{x,y)dx (A) 

Ja 


is said to converge uniformly for the range a' ^y^b' H (i) the 
integral 

F{x, y)dx 

J a 


converges uniformly for every fixed value of J5, and if (ii), when 


y)dx, 


B can be chosen so that |jRj,|<e if 5 ^ 5, whatever value in the 
range ^ y g 6' is assigned to y, s being any given arbitrarily 
small positive number. 

If conditions (i) and (ii) are satisfied for every value of y 
greater than or equal to a\ the integral (A) is said to converge 
uniformly for the unlimited range y' ^ a'. 

If conditions (i) and (ii) are satisfied for the range a' -^y^ b', 
where b' is any fixed number, no matter how large it may be, 
the integral (A) is said to converge uniformly in an arbitrarily 
large interval (a', h') or for an arbitrarily large range a^ ^y^ b\ 
(See E.T. p, 462, top of page.) 

The integral (A) is said to converge uniformly in general in an 

436 



[CH. XIV. § 158] tJNIFOBM OOlirVEEaEKCE 437 

interval {a', b') if there is a finite mimber of values of 3/ in the 
interval for which the convergence ceases to be uniform. If 
there is only one such number c\ where a'<c'<b\ and if <3 and 6' 
are arbitrarily small positive numbers, the convergence is 
uniform in the intervals {a\ c' ~ 6) and {c' + S', 6'). Compare 
§ 151 . 

The condition that the integral (^) should converge for a 
given value 2/1 of y is 

F(x, y^dx <e if c>b ^ B ; 

the integral converges uniformly for a given range oi y it B is 
such that the inequality is satisfied for every value y^ of y in 
the range. The tests for convergence, stated and illustrated 
in Chapter XII, are now to be used as tests for uniform con- 
vergence, the new element being that B must be independent 
of y. Three principal forms will now be stated, the proofs 
being left to the student, as, after what has been already done, 
they offer no difdculty ; the interval for y may be {a', b') 
or {a', GO ). 

The M -Test. The conditions are: (i) \F{x, y)\^ M{x), 
it x^ a, where M(x) is positive and independent of y, and 

(ii) the integral ^00 

I M{x)dx 

j a 

is convergent. 

Cor. If F{x, y) = (p{x)y}(x, y), where \'ip{x, y)\<K, a con- 
stant, for every value of y in the range, and if 


\(p{x)\dx 


converges, then the integral (.d) converges uniformly. 

AheVs Test. F(x, y) is a product, (p(x, y)'(p{x), where y}{x) is 
independent of y. The conditions are : (i) (p(x, y), when y is 
constant, is a positive, monotonic, decreasing function of x\ 
(ii) (p{a, y) is less than a constant K for every value of in the 
range ; (iii) the integral 



is convergent. 

Tor the proof compare § 145 , Theorem E. 
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Cor, If F{x, y) = (pix, y)ip{x, y), so that ^ is a function of y 
as well as of x^ the test will hold, provided that, in place of (hi), 
is substituted the condition that the integral 

1 y}{^,y)dx 

Ja 

converges uniformly. 

Dirichlefs Test. Here also F{x, y) = (p(x, y)ip{x). The con- 
ditions are : (i) (p{x, y), when y is constant, is a positive, 
monotonic, decreasing function of x ; (ii) (p{x, y) tends to zero 
when X tends to infinity for every value of y in the range ; 

(iii) the integid 

J a 

oscillates finitely. 

In applying any test, advantage should be taken of any 
suitable transformation of the integral ; for example, by using 
integration by parts or by expressing the integral as the sum 
of two or more integrals. 

The following examples are drawn chiefly from the Memoir 
of De la Vallee Poussin in the Ann. ... de Bruxelles. 

-r-r , ; J 1 f*” sin y sin (xy) ^ 

Jo ^ k X 

The first integral converges uniformly for i/ ~ a' > 0 or f or 2/ ^ a' < 0; 
the second converges uniformly for every value of since 
fc sin y sin (xy) siny ^2 

a? y b' 

Ex. 2. If F{x, y) =e“®^ cos x sin {xy)lx, c> 0, and if 

/( 2 /) = pP(rc, y)dx and g^(a?)=f F{x, y)dy, 

Jo Jo 

prove that f{y) converges uniformly in general for the range y^O and 
g(x) converges uniformly for the range a; ^ 0. 


cos X sin (xy) 


cos X sin (xy) dx, i >b. 


/cos ( 2 / + 1)6 -cos ( 2 / + 1)1 cos( 2 / - 1)6 -cos( 3 / - 1)^'\ 

26 \ 2 / 4-1 ^ ;• 

The convergence therefore ceases to be uniform for i/ = 1 and for that 
value only. The convergence of g{x) is still more easily tested. 

Ex. If F{x, y)=e"-^y smx 008 (xy)lx, c>0, and if f(y) and g(x) 
denote the same integrals as in Ex. 2, with the new value of Fix, y), 
prove that f(y) and g(x) converge as in Ex. 2. 


Ex. 4. If v(ij) -~ 


' sin (xy) dy, c> 0, prove that v(ri) 


converges uniformly for the imlimited range rj 0. 
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Here v(r]) is equal to 

cos oosrjx) __ r«i sm.r)x cos £C 

Jo 'x^+c^ 


dx. 


Jo a;^+c^ 

and each of these integrals converges uniformly for the range 97 ^ 0. 

i co r-nf 

— — dx \ cos {xy) dy, c> 0, show, as in Ex. 4, 

0 ^ Jo 

that v(rj) converges uniformly for the range 77 ^ 0. 

Ex. 6. If v{rj) = e'^^dx e~^y^dy, show that v{ri) converges uniformly 
for the range 77 ^ 0, 

Let ' g>{x, y) = \ e~^y^dy ; 

Jo 

then, ?7 being constant, (p{x, 77) is a positive, monotonic, decreasing 
fumction of x and tends to zero when a;-> 00 for every value of 77 such that 
77 ^ 0 . Now apply Dirichlet’s Test. 

1 00 dx[y 

0 ~^]i +xY'^)dty show that /( t/) converges 

uniformly for the range, I'^y'^h', where 6' is arbitrarily large. 

Let cp{x, t) =e“® - (1 +x)~*, J ^ 1 ; then q?{x, t)fx-^{t - 1 ) when 0 , 
so that the integral converges at the lower limit x— 0 . 

Again, if 1 ~ ^ ^ where 6' is arbitrarily large, the function 
V{t)(p{x^ t)lx is a continuous, bounded function of x and t and therefore, 
by the First Theorem of Mean Value, 

JX X X 

Henoe f(.y) = (b' - 1 ) |Jr(f'){e-“= - ( 1 +a:)-f']. ^ . 

Now t' depends on x ; but r(^') ^ r(6') and 

=(6' - 1) |J”r(«'){e-® - (1 +x)-t'^ ^ 




^ 5 03(1 + 33 ) 


}■ 


so that, by choice of b, [jR^I can be made arbitrarily small whatever 
value y may have in the range 1 ~ 2/ = (See also § 160 , Ex. 1.) 


foo 

Ex. 8. f{y) = \ X sin (a;® ^xy) dx. 

Jo 

The coefficient x of sin (a?® - xy) may be expressed in the form 
^ -y -y I 

Zx 

and therefore 

X sin (a;® -~xy)dx 

= f'® ( 3 a;® -y) sin(a;® -xy) ^ f " ( 3 a;® -y) sin(a;® -xy) 

Jft 3 a; 9 j& a;® 

f“ sin(a;® ~xy) 

9 j& 


X' 
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The integral of (3a;® -y) sin(a;® -xy) is - cos (a;® -xy), and therefore, by- 
applying the Second Theorem of Mean Value, we see that the first two 
integrals tend to zero when b-^oo , and obviously the third integral also 
tends to zero when 6~>x. Hence f(y) converges uniformly in an 
arbitrarily large interval (0, 6'). 

Bx. 9. The integral I e~^x^~^ (log x)'^dx converges uniformly, if ^ 
Jo 

is a positive integer and n ^ c> 0. 

The result follows at once from Ex. 17 of § 146. 

159. Contmuity of Integrals. The discontinuities of the 
integrand F{x, y), when the ranges of x and y are finite, are 
understood to satisfy the conditions stated in § 152. 

Theorem I. If the integral f{y), where 

f{y) = \ y)dx, 

J a 

converges uniformly for the range a' ^y<b\ it is a continuous 
function of y for that range. 

Let jR6=J F{x,y)dx; then 

f{y) = f Fix, y)dx+Bi =/i(y) + Bi, say. 

J a 

It is possible, since f{y) converges uniformly, to choose b so 
that, when a'^y^b', we shall have |i2s|<e, where e has the 
usual meaning ; b, when so chosen, is to be kept fixed. 

Next, by § 152, -Theorem I, the integral /i(y) is a continuous 
function of y for the range a'-^y-^b', and therefore, if y^ and y^ 
are any two values in that range, there is a number t] such that 
IfiiVi) -/i( 2 / 2 )I<« if \yi-y 2 \<n- Hence, if |yi -y 2 |<»y, 

l/(yi) -/(%) I S |/i(2/i) - A(2/2)| -)-2|ies|<3£, 

so that f{y) is a continuous fimction of y for the range 
a'^y^b'. 

The following theorem is an extension of Theorem II of 
§ 162 and is required later ; f(y) and g{x) denote the integrals 

fiy) = [ F{x, y)dx, g{x) = T F{x, y)dy. 

J d J a* 

Theoeem H (i). y tbe integral j{y) converges only uniformly 
in general for the range a'^y-^b', while the integral g{x) converges 
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uniformly for the arbitrarily large range a^x^b, then v{ 7 ]), where 
«(J 7 ) = [ dx r Fix, y)dy, 

J a J of 

is a continuous function of rj for the range provided the 

integral converges uniformly for that range. 

Tj&t — j* £ F(x, y)dy; 

then, since v(r)) converges uniformly, b may be chosen so that, 
a a' ‘^rj^b' , we shall have When thus chosen, b is to 

be kept fixed ; thus 

v{ri) = [ dx ^ F{x, y)dy + B^, \^b\<e, 

J a J a' 


=w{r]) + B„, say- 

Now, by § 153, Theorem 11, 

wirj) = {'' dy f Fix,y)dx, 

ft/ (xf «l €L 

and therefore w{ri) is a continuous function of rj for the range 
a' ^ 7 ] ^b'. Hence it follows, by the same reasoning as in the 
proof of Theorem I, that v(r]) is continuous for the range 
a'^ri^b'. 

Theorem II (ii). If the integral f{y) converges uniformly 
for the range a' -^y^b', while the integral g{x) only converges 
uniformly in general for the arbitrarily large range a-^x'^h, then 
the integral v{7]) is a continuous function of rj for the range 
a' ^ri^b\ provided v{rj) converges uniformly for that range. 

The proof is the same as for Theorem II (i). 

Oor. If F{x, y) does not change sign it may be shown, as in 
the proof of § 152, Theorem III, that the continuity of virj) 
follows from the existence of v{h'). 

I QO 

f(x, rfjdx. Given (i) that the 

a 

integral 'ip{rj) converges uniformly for the unlimited range rj'^a', 
and (ii) that^ when rj-^co , the function f(x, rj) converges uniformly 
to <p{x) for the arbitrarily large range a-^x^b^ then 

£ f f{x,ri)dx= [ cp{x)dx=[ [ £ f{x,ri)\dx. 

The following proof is that given in the Elementary Treatise 
(pp. 465-6). 
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'(I). '^^( 97 ) tends to a limit. Let?;' and 7 ^" be any two values of 
rj ; tben the dijBEerence equal to 

£{/(a:,V)-/(*= + ri)dx~^J{x,ri")dx ^l) 

= A + say. 

By condition (i), b may be chosen so that |^|<e, \v\<ej 
whatever values rj' and rj" may take in the interval {a', 00 ) ; 
when b has been so chosen it is to be kept fixed. 

By condition (ii) there is a number T such that 
\fi^> V') “/(^» V")\ is isss slip -a) ]lrj'>Y, and rj">Y, and 
therefore |ij<£ if rj'>Y and rj">Y, 

Hence ly^ir]') -'ip{rj")\<S£ if rj' >Y and rj" >Y, so that y){rj) 
tends to a limit when rj ->oo . Let the limit be denoted by P ; 
it has next to be proved that 



(II). We have, b being for the moment undetermined, 

[ (p(x)dx-P= \ {(p{x) -/(cc, ri)}dx--\ f(x, rj)dx 
J d J <z J b 

+ [£/(a^, V)dx-P^ (2) 


=a- ^ +Y, say. 

P is the limit of ip{r]), and therefore may be chosen so that 
|y|<fi if }?>Fi. By condition (i)? B may be chosen so that 
|/S|<e if b^B, whatever be the value of rj ; choose such a 
value of b and then keep it fixed. By condition (ii), may be 
chosen so that |a|<e if ■r]>T^. Hence, if ^>7^, where Jg is 
greater than either 7^ or Fg, and 6 ^ P, we have 

If (p{x)dx-P <3e; 

I J a 

but the expression on the left of this inequality is independent 
of rj, and therefore 

f <p{x)dx-P <3e, i£ b^ B; 


that is 


jC [ 9>(x)dx=P, or f (p{x)dx=P. 


The theorem is therefore proved. 
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The special use of the theorem occurs when f{x, is an 
integral 

f{x, ri) = ^ F{x, y)dy, 

J a' 


and then 


so that 


w(v) = \ dx [ F{x, y)dy, 

J a J a* 
bt 

'P{'n)= £ \ dx ^ F{x,y)dy={ dx f F{x,y)dy, 

I — >00 i7~>Q0*'a a' ^ a ^ a! 


£ [dx \" Fix, y)dx=[dx [ £ \"Fix,y)dy\ 

rj—>oo'^a a' •'a ‘-7j->oo*'a' 

Two useful theorems have been given by Bromwich {Infinite 
Series, 2nd Ed. p. 485 (4), and p. 490) which may be derived 
by a slight change in the proof of Theorem III. In both cases 
the upper limit of the integral y){rj) is, not oo , but N, where N 
is a function of rj, N{r]) say, that tends to oo when ^~->oo . 
Theobbm IY. Analogue of Tannery's Theorem. Let 

y){rj) = f{x, 7])dx. Condition (ii) of Theorem III remains, hut, 
instead of condition (i), it is given that \ f{x, ri)\<M{x) if a\ 
where f M{x)dx is convergent. The theorem is then 

ja 

^ CIF roo 

L <r{x)dx. 

Tj->oo*^a 

Theorem V. Lei ¥>(»?)= f{x,rj)gix)dx. .Condition (ii) of 

Theorem III remains, hut, instead of condition (i), it is given (oc') 
that, when rj is constant, f{x, rj) is a positive, monotonic, decreasing 
functionof xsuchthatf {a, rj)<K, a constant, for every value ofr},and 

rco 

{^') that the integral 1 g{x)dx is convergent. The theorem is then 

Ja 

L f f{^,v)9(^)^^= [ (p{^)g{^)dx. 

The only difference from the proof of Theorem III is in the 
grounds on which \fx\ and \v\ in equation (1) and |^| in 
equation (2) can be made less than s by choice of b. The 
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number N may always be taken larger than any chosen value 
of b. Now, taking the integral jjb as typical, we have for 
Theorem IV, 


fji = \ f{x,Yi')dx\^<^^M{x)dx, 


and this integral may, by choice of 5, be made less than e 
since the integral of M{x) converges at oo . Again, for 
Theorem V, 

where i>b ; as before, b may be chosen so that |/^|<£, since 
I g{x)dx converges. 

Ja 

Ex. 1. If A > 0 and if the integral g)(x)dx converges, prove that 

Jo 

A, \ e~'^<p{x)dx — \ (p{x)dx, 
x->o-o Jq 

Apply Abel’s Test and Theorem I ; for detailed proof see E,T. p. 463. 
2. Show that (i) ; 


r f'® -jca_2! r'® 

(ii) A> ® ^dx=^\ 


Ex. 3. li f{x) is a positive, monotonic, decreasing (non-increasing) 
function of x for the range a; ~ 0, prove that 

~ dx =|{/(c + 0) 4-/(0 - 0)}, oO, 

= 2/(+^)» c=0, 

~0, c<0, 

where/(c + 0) and/(c - 0) are the limits of /(c 4-a;) and/(c - x) respectively 
for a;->0 while /(+ 0) is the limit oi f{x) for x-^0, x being in all cases 
positive. (These limits exist since /(») is monotonic.) 

(i) Take 6 > |c| ; then, by the Second Theorem of Mean Value, 


* 6 X 0 


sin^(a; -c) 


dx=fih) 


siny 

lx(&-c) g 


dy, ..*(1) 


where X{x-c)-^y and Since the integral of Binyly converges 

at 00 , the above integral tends to zero when A-j- oo whether c be 
positive, zero, or negative. 
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(ii) If 0 < c < 6, we have 


r& .sinA(a; ~c) 

/(^) 

Jo 


dx = 




dx...{2) 


x-c Jo “ ' ' (c-o Jc " ' ' x-c 

y for X(x - c) in the first integral and +y for X{x - c)'in the 


by putting 
second. 

By Theorem IV we now find that, when X 


:«!)=¥•*» 


£ 


fi^) 


sinA(a; - c) 


dx —f{c - 




Sin 2/ 


dy 


= 2^/(c-0)+/(c+0)}. 

(iii) If 0 = 0 < b the first of the two integrals in the second member of 
equation (2) disappears and the limit is |?t(/ + 0). 

The results in (i), (ii) and (iii) prove the theorem when c^O. 

(iv) The result in (i) holds if c < 0, say c = -c' where c' > 0. For 


V(^) 

Jo 


sin X(x +c') 


dx 


=m 


^ sin X{x +c') 


rx(f+c0sin2/ 


— — V — dx =/(0) [ 

jo x+c' y ^ 

Hence, since c' >0, the integral tends to 


Jo- x-^c' 

by putting y for A(cc+c'). 

zero when and therefore the theorem is true when c< 0. 

Of course, iif{x) is continuous, /(c + 0) =/(c - 0) —f(c). 

Ex. 4. The theorem of Ex. 3 holds iifix) is bounded, but is a mono- 
tonic, increasing (non-decreasing) function for the range 0 = a; ^ a, and 
a monotonic, decreasing (non-increasing) function for the range x^a; 
more generally iif{x) is bounded and has only a finite number of turning 
values. 

Since /(rr) is bounded, the positive constant A may be chosen so that 
A +f{x) is positive for a; ^ 0. Now, when /(a) is the only turning value 
of f(x) and f(x) < f(a) for x< a, let F{x) and G(x) be functions defined 
by the equations 

Fix)=A+f(a) F(x)=A+f(x)y 

Each of the functions F(x) and G{x) is positive, monotonic and 
non-increasing for the range x '^0, and therefore the theorem of Ex. 3 
holds for each and therefore also for the difference F(x) - G{x), which is 
/(^). 

It is easy to adapt the proof to the more general case of a finite 
number of turning values, but the above case is sufficient for the special 
application to be made of the theorem (see § 163, Exs. 1, 2). 

160. Repeated Integrals: One Limit InjBnite. In this article 
the following notations will be used : 

f(y) = \ F{x,y)dx, gix) = \ F{x,y)dy. 

J a . J a' 

The discontinuities of F{x, y) satisfy the conditions of § 154. 
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Thbobem I, If the integral f(y) converges uniformly for the 
range a' and if the integral g(x) converges uniformly 

for the arbitrarily large range a^x^b^ then, rj being any fixed 
number in (a', b'), the integrals 

dy VF{x,y)dx,., (1) and f dx \ F{x,y)dy (2) 

Jaf Ja Ja J a' 

exist and are equal. 

By Theorem I of § 159, f{y) is a continuous function 
of y for the range a'^y^b', and therefore the integral (1) 
exists. 

Again, by Theorem I of § 154, if is any fixed number in 
(a', 6') and b any fixed number greater than a, 

? dx ['Fix, y)dy=[ dy [ F{x, y)dx 

Ja Ja' Ja 

= [dy\ F{x,y)dx-[ dy | F{x,y)dx. 

J a' J a J a' Jb 

Now, by the 'uniform convergence of f(y), the number J3 
can be chosen so that, if b^B and a'^y^b', e being as 
usual, 


^^F{x,y)dx 


<e, 


[ dy[ F{x,y)dx <{rj -a')s^ {b’ -a’)s, 

J a' Jb 


and therefore this repeated integral tends to zero when 6->oo. 
Hence 


f dx F{x,y)dy- jC [ dx^ F{x,y)dy=^^ dy[ F[x,y)dx, 

a' •'a' ^ a' ^ a 

SO that the integral (2) exists and is equal to the integral 
(!)• 

Cor. The integral | dx \ F{x, y)dy 

J a J of 

converges uniformly for the range a ' when the integrals 
f{y) and g{x) satisfy the conditions of Theorem I ; because the 
integral (1) is a continuous function of rj for that range and 
therefore also the integral (2). 

JEJx. 1. Show that the integral f{y) of Ex. 7, § 168, converges uni- 
formly in the interval (1, h'), where b' is arbitrarily large. 

De la Valine Poussin observes that the uniform convergence of a 
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repeated integral may often be established by applying the corollary 
just stated. In the example, the integral 

converges uniformly, as is easily proved, for the range 1 where 

h' is arbitrarily large, while the integral 

converges uniformly in the arbitrary interval (0, &). (The value of 
{sr ^ for a;=0 may be taken to be (i-1), which is the 
limit of this expression when x-^0.) Hence, by the corollary, the 
repeated integral 

converges uniformly for the range = 

^x. 2. If u{i) F{x,y)dx and if u(i) converges uniformly for 

the unlimited range ^ ^ a, show that 

£ (Vf 


F(x, y)dx=0. 


'>N 


The condition that u{i) should tend to a limit when |-^oo is that there 
should be a number N such that 

if 

Now u{i) converges uniformly through the unlimited range and 
therefore oo ) is a definite number. Hence 

1^(00 ) if or jC {w(qo ) --w(N)} =0. 

1 ¥ foo 

dy I F{x, y)dx. 
a' m 


Ex, 3. Show that u{^) is a continuous function of | in the arbitrarily 
large interval (a, 6). 

Theobem II. The integrals (1) and (2) of Theorem I exist and 
are equal when the following conditions are satisfied : 

(i) The integral f{y) is only uniformly convergent in general 

for the range a' ; 

(ii) The integral g{x) converges uniformly for the arbitrarily 
large range a-^x^b'^; 

(iii) The integral v{r}f), where 

v{r]^) = \ dx\ F{x,y)dy, 

J a J a' 

converges uniformly for the range a' b\ (The symbol is 

used because rj in the integral (2) is supposed to be fixed.) 

2o 


^.A.O. 
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We may suppose that f(y) ceases to converge uniformly for 
only one value c' of y, where a'< c'< Tj^b' ; then/(y) converges 
uniformly in (a', c' - S) and (c' +<5', rj), where <3 and <3' have the 
usual meaning, and therefore, by Theorem I, 

r "dy y)dx+ T dy f F{x, y)dx 

Ja' Ja j c* Ja 

roo rc'-S f 30 c^i 

= I{x,y)dy-¥\ dx\ F{x,y)dy. 

ja Ja' Jc'+S' 

Now, by § 159, Theorem II, is a continuous function of 
rji and therefore the limits for (5 and d' tending to zero of the 
integrals in the second member of this equation are obtained by 
making <5 and 6' zero. Hence 

jC f ~dy f F(x, y)dx+ £ dy { F{x, y)dx 
= \ dx[ F{x,y)dy+\ dx^' F{x,y)dy, 

*1 £5 *} of V J C 

that is, r *^2/ I F{x,y)dx=\ dx\ F{x,y)dy, 

Ja' J a J a J a* 

by combining the respective pairs of integrals. 

Cor. If F(Xy y) does not change sign, v[ri^) will be a continnons 
function of provided the integral (2) exists. Therefore, when 
conditions (i) and (ii) are satisfied, the integral (1) will converge and be 
equal to the integral (2), when that integral converges. 

rx foo foo 1 -- 

Ex. 4. \ dy\ er^^ydx = 1 s — dx^ A > 0, a = 0. 

Jo Jfl J« ^ 

! oo I fco 

e~^y dxi=—r\ du. 

b Vl/Jbs/y 

BO that the integral f{y) only converges uniformly in general in (0, A) ; 
it converges uniformly for the range 0 < d^y^L 

Next g{x) = e-^^y dy = ^~ \ 

Jo ^ 

When £c-->0, g{x)-^X and A will be taken as the value of g(x) when 
a;=0; the integral is obviously continuous in the arbitrarily large 
interval (0, b). 

The function is always positive and the integral v(A) is 

00 1 _ g-Xa^ 

— — dx, 
a 

which is manifestly convergent, so that the corollary is applicable. 
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Theorem III. If the integrals f{y) and g{x) are each only 
uniformly convergent in general in the respective intervals {a\ b') 
and (a, b), the integrals (1) and (2) of Theorem I will exist and be 
equal if the integral where 

«(f) = [ dy ^ F{x,y)dx, 

J q/ J Ot 

converges uniformly for the unlimited range ^ a. 

By the conditions u{^) converges when ^->co ; that is, the 
integral 'z^.(oo ), and therefore also the integral (1), exists. 

Again, the conditions of Theorem IV, § 154, are satisfied, 
since u{^) converges uniformly in (a, 6), however large 6 may 
be, and therefore 

f dx ^ F{x,y)dy=i[ dy [ F{x,y)dx, 

J a J a' ja^ J a 


Now, by Ex. 2, 

£[dy[ F{x,y)dx=^ dy f F{x,y)dx- £^dy{ F{x,y)dx 

a' ^ a ^ a' 

i a' J a 

so that £ { dx F{x,y)dy=\^ dy f F(x,y)dx, 

Z>->oo'^£s ^ of ^ a' ^ a 

and therefore the integral (2) exists and is equal to the integral 

( 1 ). 

Of course the theorem holds if one of the integrals f{y) and 
g{x) converges uniformly and the other only converges uniformly 
in general. 


Cor. If F{x, y) does not change sign ) will be a continuous 
function of | and therefore, when f{y) and g(x) are only uniformly 
convergent in general, the integral (2) will exist and be equal 
to the integral (1) when that integral exists. 


i oc (jfx fl 

0 ( 1 + a;)”»+i -c« ]q ^ 

when. Z, m, n are such that the integral converges. 

If the integrals (1) and (2) of Theorem I are denoted by and Ig 
respectively, this integral is Jg. The integrand does not change sign, so 
that we first test the convergence of the integrals /(2/) and g{x ) ; if these 
satisfy the conditions of Theorem III we next examine whether the 
integral converges. If converges so does and 
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Suppose, to begin with, that m ^ 0. Then { 1 + xy)l ( 1 + £c) lies between 
1 and y and [(1 +xy)l{l +x)]'^ lies between 1 and y'^, so that it is positive 
and not greater than unity. 

(1) f(y)=yl-i\"(l±SY- ^ 

I ; J\y) y {l+x)x'^ ^ Jo(l+a;)ic^* 

For convergence at 0 we must have n< I, and for convergence at oo , 
n>0; if0<n<l the integral /(z/) converges when y is not zero, or even 
when 2/ = 0 if Z ^ 1. Thus, if Z > 0,f(y) converges uniformly in the range 
0< ($ = 2Z= 1 9,nd converges uniformly in general in (0, 1). 


( 2 ) = 


'{1 + 2 !)a!" Jo 


For convergence at 0 we must have Z > 0 and then, since 0 < n < 1, 
the integral g{x) converges uniformly for the unlimited range a; ^ <5 > 0, 
and converges uniformly in general in any arbitrarily large interval (0, 6) 


“Jo^ ^joVi+a^y {i-^x)x^ ' 

The repeated integral with iSnite limits is obviously convergent when 
Z>0, m^O, 0<n< 1. Further 


^ dx 
{l~hx)x^ 


’oo 

~^dy — 

^ h{l 


dx 

+ £c)a;”’ 


and clearly 0 when 5-> oo , so that is convergent. 

Hence the integral Jg also converges and Jg = so tbe value of 
the repeated integral is not changed by changing the order of integration. 

In the integral change the variable 2/ to t; by the substitution 
yl{l+xy)=ivl(l-\-x) ; then 

j _ ^ F v^~^dv 

^ Jo X^]q (1 + x -xv)^+'^+'^' 

Next change the order of integration, as we are entitled to do by 
what has been proved, and then substitute the variable u for the 
variable x, where x{l -'v)=u. We thus find that 

=B(l, n) B(1 -n, I +m +n). 

(See B.T.-p. 350, Ex. 20, for the value of the integral with oo as limit). 

Hence I. = Ui!) r(?+OT + w) 

smn7rr(Z+m + 1) r(Z+n) ’ 

This result suggests that the restriction m^O is too narrow. If 
m< 0, then 

1< [{1 + xy)l{l + x)2'^ < y^, 

and in (1), (2), (4) the power of y that remains after the substitution 
of for l(l + xy)j{l + x)Y^ is yi+‘mr-i^ so that m may be negative if 
l+m> 0 — a condition that implies Z > 0. 
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161. Differentiation under the Integral Sign. Let f(y) and 
<p(y) denote the integrals 

If F{x, y), dF{x, y)jdy and the integral (p{y) satisfy conditions 
(i), (ii) and (iii) respectively of §155 when 6 = oo— that is, 
when x'^ a and a' ^y^ b' — ^then 9 ?(y) is the derivative of /(y). 
No change at all is needed in the proof of the theorem wheni6 
5s finite ; the change of order of integration in equation (3) of 
§ 155 is valid in the present case by Theorem I of § 160. 

It may happen that the integral 9 ?(y), obtained by differen- 
tiating under the integral sign, does not converge ; see, for 
example, Ex. 4, p. 468, of the Elementary Treatise, where the 
difficulty is overcome by a special device. De la Vallee 
Poussin has given a general method of dealing with such cases 
that is frequently successful. 

Suppose that F{x, y) and dF{x, y)ldy are continuous functions 
of X and y for the ranges a^x^b, where b is arbitrarily large, 
and a'^y^b' ; then, taking for brevity the symbol y to denote 
both the variable of integration and the upper limit of the 
integral, we have 

F{x, y) - F{x, a') dy, 

and therefore 

r Fix, y)dx - r F[x, a')dx=?dx T ^-Ip^dy. 

J a J a J a J a' 

Change the order of integration in the repeated integral, as it 
is legitimate to do since dFjdy is continuous, and let b tend to 
infinity ; then 

fiy) -/(«')= jC [dy r ^-^^dx, (1) 

b^ooJa' •^a 


and 


dfjy ) . 
dy 




.( 2 ) 


Now it may be possible to obtain a transformation of the 
form 
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wliere the functions (p{b, y) and y>{x, y) are such that 

£ ^ vi^,y)dy=o 

5 — > 00 ^ a' 

1*00 

and the integral '^{x, y)dx converges uniformly for the range 

J a 

a ' If these conditions are satisfied, 

^ y)dy + ^J,y £ -tpix, y)dx, 

and therefore, when 6-^oo, equation (1) gives 

/(y)-/(a') = r% f y){x,y)dx- £ V dy [ f(x,y)dx 

= rdy[ f{x,y)dx, 

J a' J a 

since the integral of y}{x, y) converges uniformly. Equation (2) 

th» gives 

dy J a 

1 00 

cos(x^ -xy)dXf prove that 

0 


dy^ 


+ iyu=: 0 . 


By Ex. 8 of § 158 the first derivative of u is given by the equation 
du f'® 


dy' 


foo 

= X sm( -xy)dx, 
Jo 


since the integral converges uniformly in an arbitrarily large interval 
(0, h') ; the integral obtained by the second differentiation is, however, 
not convergent. But 


and 


dy 


X 8 m(x^ -xy)~ ~x^(i08{x^ -xy) 


f6 cb rb 

- ce^cos (as® -xy)dx^ -\\ ( 3 a;® - y) cos (a?® - xy) dx-\y\ cos (a?® - xy) dx, 

Jo Jo Jo 

99(6, 2/) = - Jsin(6® -62/), -tpix, y)= ~iycos{x^ -xy). 


so that 


'Now 




II, \j r cos(6® -6j/) -eos(6®) . 

V(h,y)d,y= ^ U !^= 0 , 

&— >00 *’0 &— >00 

and the integral of '(p(x, y) converges uniformly in (0, h'). 

'^OT y\^^oo 8 {x^ -xy)dx~y\^^ ~ - cos (a;® -xy)dx-Jr'^\^ — - ^3—^ ' dx, 


f*’ 26 ' 6'® 

y\^oo 8 {x^-xy)dx ^ 35 ^+ 35 . 


so that 
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Hence, 


dy^-\ 


roo 

'ip{x, y)dx~ 0 Qs(x^ -xy)dx^ 

Jo 


that is. 


g+j2/^=0. 


Ex, 2. If w = 


co^{xy)dx .n X / 

prove that (3/>0) 


The integral obtained by the first different ation converges uniformly; 
for the second derivative the integrand is - cos(a;y)/(l + x^) and 


'& -cg^cosa;^ , _ sin6g/ , f ooB{xy)dx 
l + x^ y l-\-x^ 


If 2/ = c> 0, 




' coB(xy)dx 1 , rvv Tx 

— — converges uniformly (y~c>0). Hence 

J. + 2?'“ 

d^u_ r°° cos{xy)dx __ 


and the integral 


dy^ Jo l + 

Deduce the results of Ex. 4, p. 468, of the Elementary Treatise, 

Ex, 3. Let a and b be two numbers, real or complex, neither of 
them being zero ; a and 6, when real, are positive, but, when complex, 
have their real parts either positive or zero. If 2/ = 0, show that 


!/(6-o* _ e-6*^ f" ('-L _ 1 \ dy. 

X ]y \a+y h+yj 


Suppose a =0L +icL' and b ^ +ip' ; then 

I g_aa3 _ g-boj I < g-aaj ^ 

The integrand of the integral u may be taken to be (6 - a) when £c =0, 
and rco ^ 

JS X }jB 

this integral tends to zero when oo if [When y—Oj oc=0, 

(*00 Q~ia'x roo Q—ip^os 

j3=0, the integrals 1 dx, \ dx both tend to zero when 


(*00 Q-iOL^x roo Q—ip^x 

j3=0, the integrals 1 — - — dx^ | — both tend to zero when 

H->oo.] 

Again, the integral obtained by difierentiating u with respect to y is 

Jo ^+2/ <^+2/ 

and this integral converges uniformly iiy — a'>0y so that it is equal to 
dujdy. Hence 

6-»*)da! = A L . 

% Jo b+y a+y 

Now u-^0 when y-^ cc , and therefore 


, = 1 )d3,. 

Jv \a+y h+yJ 
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If y-^Q, we find (§ 159, Ex. 1, or E.T., p. 463, Th. H) 

This result contains many particular cases, e.g. Ex. 26 (i) of § 146. 
Again, let a = 1, h~i; then 




, r°o (fi“®--cosaj) + tsina3 , .n 

.that jo i dx=v^, 

ar.d therefore f” = [' 


sma; , n 
dx=-^. 
X 2 


EXERCISES XIX. 

1. If 0< a< 6, prove that 

[ dx P e~^ydy= [ dy f dx, 

Jo ]a ]a Jo 

and deduce that 

f a ti 

-dx=\og-. 

2. If <z > 0, b >0, prove that 

f dx ( e~(^~^^)^dy = 1^ dy { dx. 

Jo Jo Jo Jo 

and deduce that 

[Ji::|:!!ei»”<to=41og(l + g)+ftarx-ig 

1 00 1 / «2\ 

^ — - — cos6a;^2^=Jlog^l + ^j; 


f oo J __ fiaj 

sin bx dx = tan"^ ( ^ 

0 \h 

3. If a > 0 and 6 — 0, show that 

sin6aj , ji 


4. If a > 0 and 6 > 1, prove that 

r r g^-av^ia.{xy)dy = ^ e-’^v dy [” ~-.?P-^^y\ dx ■, 

■'0 Jo Jo Jo » 

(ii) f e-«>'sin(iry)dy =JJ e-'^vdy [J 2£2££Hli^) 

Show that each of the integrals in (i) is zero, and that each of the 

integrals in (ii) is equal to 3i(e-“ -e-»f)/2o. 
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5. Let /(a;) =Ae~^^ + ... + Ke~'^^ — "2 where a, h, ... Jc are 

either real and positive (not zero) or else complex, with real parts that 
are positive or zero, and A, B, ... K constants. If u denotes the 

,> 0 . 


Jo 


prove that the integral is convergent if 2JL =0, and then show that 


^ {2Ae~*^^ ^ = - 2A log a. 


6. If '2A =0 and 2Aa =0, the notation being as in Ex. 5, prove that 


{24e-“”=}^ = 24alog(i. 


7. If 2 A =0, 2Aa=0 and 2Aa^ =0 (notation of Ex. 5), prove that 

—.= -i l,Aa^ log a. 

0 ^ 

8. If 2^ =0 and =0, r = 1, 2, ... n - 1 (notation of Ex. 5), prove 

that roo dx ( 

^{24e-««=}f=^2^a-loga. 


9. In Ex. 5 suppose that a,h, ... h are pure imaginary numbers, 
a = cLi, h = pit ... Jo = K% OL, p, ... k, positive, so that log a =log oc + ijr/2, . . . 
logife=log K +^71/2. Deduce from Exs. 5, 6, 7 that, if the conditions 
that coimect the constants A, B, ... K ixi the respective examples are 
satisfied, 

(i) ( 2(A cos otic) log cx.; 

Jo ^ 

(ii) I J 2(^ sin COB) ^ = - l,Aa. log a . ; 

(iii) f 2(^cosoLa;)^ = ^2jla.^loga.. 

Jo ^ 

10. Deduce from Ex. 8 the formulae corresponding to those in 
Ex. 9, the conditions that connect the constants A, B, ... K being 
satisfied. 

If n is odd, n =2m + 1, 

2(A cos cfjc) . (2m)! 

while if n is even, n = 2m, 

Ca-*™") 

For other formulae of a like kind see the article by Hardy, quoted in 
§ 146 (Frullani’s Integral). 
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11. If a and h are either real and positive or else complex, with real 
parts that are positive or zero, show that the integral 

1 +Ax) - 1 + Bx)} ~ 

Jo ^ 

is convergent if A -a=B - b=c, say ; then prove that when A =a+c 
and B=b+c the integral is equal to 

b - a +c log {bja). 

Deduce, by taking a = 1, b = —i, c—i, that 

(i) |"{e-®(l+a:)-coa®}^=|-l, |J(a:e-®-sin!c) p= -Z; 
and, by taking 6 = 1, c = - (a + i), that 

(ii) I" {(o - -e-'")]- ^ = (a +i)loga - (a - 1). 

(Bromwich, Inf, Ser, 2nd Ed. p. 488.) 

12 . The integral f°° -(A+Bx + Cx^) ~ 

Jo ^ 

converges if .^ = 1, B^b - a, (7 = J(6 - a)^, and its value is then 
-ab +ia^log^ , 

(Xf 


13. Deduce from Ex. 6, or prove independently, that 

Jo (loga;)^ X ' ' ^ 

iA 1 fi -aj-® dx , , pn 

15. If 0<p< 1, show that 

[00 x^^^dx _ {l -p){2 -p) ... (n -p) 7t ^ 

) ( 1 +0;)”'+^”** n\ sinpTc’ 

, n 

siapn * 


1 1 

fc° x^^dx , ,'„. ff(y»-P)(y»- 2 ^)...i 

Jo(l + a:)‘“"+‘‘ ' ’ ( 2 r!.+ l)! 


16. Prove that if o > 0, 


(i) f 

J( 


e-aV cosh 26a; dx = 

0 




(Bertrand.) 


foo 1 [a 

(ii) sinh 2bx dx = ~ \ e"®* dx. 

Jo a Jo 

17. Prove that 

[ e”®®(a?sin2a; -sin.2a;)^ = (l -e“"^)^. 
Jo Ii 


18. f" log ®.) dx = J(;r0 - 02), 0 = 


= 2* 


(Bertrand.) 
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XIV.] 

19. If w is a positive integer and b >0, 

r°o sin 2m hx dx gr( 1 - 
Jq sin6a; 1+a;^” -e~^ 

20. If m > 0 and a > 0, prove that 

r°° sin^ maj dic tz ^ 

=;^(2ma ~ 1+ e-2^®). 


21. If 


and deduce that 


lo 4a® 

— °° ^ - sin Zx 
^“lo aj®(£c®+a^) 

^=^(Aa-l^-e-X: 


dec, A > 0, a >0, show that 


dx=£~Jia^-^a + l^e-<^), 


Jo£C®(ec2 + a2) 

22. If P = (°° e~®®’^cos(^® -a®)d«, Q =[°° sin (i® ~o®)di, 

J -a J -a 

prove that P+Q is independent of a, and state its value. 

23. If a > 0 and 6 > 0, prove that 

f” tan-i(aa!)tan-i(6a:)^=|log • 


24. If 0 ^ a < -^ , show that 


tan“^ec dec 


en:cx. 


25. 


^ tan~^ ec 


dec: 


, ec® -2ecsina.+ 1 2 cos a.’ 

rr2\ 




26. If = j dec, where a > 0 and 6 > 0, prove that, 

^ o I. O OX .2 1 


27. If w,, = 


dec 


■oo 




0 (a + 6tan®ec)’^ Jo (a+62/®)"(l +2/®)* 


where a > 0 and b >0, prove that 


1 dt4« 


(i) do 


"" (n - 1)1 da«-^ ’ 


1.3.5...(2n-3) 1 , (-1)" 1 d”- 




y' o 


1 

rn-1 \^y^(X + 


28. Show that, if a > 0 and 6 is any real or complex number, 
f ao:*— 2&a! 


=^6-. 

\/a 


and deduce that 


-- 

e-aa:^ cos 26ec dec " ‘ 

Q 2Va 


■oo 

. 0 
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29. (i) liu=a^ tan® x + b^ cot® x and a > 0, 6 > 0, 

jr 

f 

Jo 


6“'“ sec® X cosec® x dx e“®“^ : 

2 ab 


(ii) If V = 1 - 7 -^- — wliere b >a, <x > 0, P >0, 

X ~ Cb 0 — X 


f& 

e-^ 
. d 


dx 


{{x-a){b -a?)} 


= '\/7t - 


<x+ p 
oLpib-^a)"^ 


_ 4-^)* 


162. Repeated Integrals: Infinite Limits. The theorems 
of § 160 will now be extended to the case in which the upper 
limit of both integrals is infinite ; the discontinuities of the 
integrand are understood to satisfy the conditions stated 
in § 154. 

Theobem I. If the integrals 

[ F{x,y)dx. ..{!), f F{x,y)dy (2) 

J a Ja' 


converge uniformly through the arbitrary intervals {a', h') and 
(a, b) respectively, and if the integral v(r]), where 


v{ri) = \ dx \ F{x, y)dy, 

Ja J a* 


( 3 ) 


converges uniformly for the unlimited range rj ^ a', then 

f dy I F{x, y)dx= \ dx f F{x, y)dy (4) 

Let the function fix, rj) of Theorem III, § 169, be defined as 
fix, ?;)={'’ Fix, y)dy; 

J a' 

then the function y}{r]) of that theorem is the integral v{rj). We 
now find 


\ dy{ F{x,y)dx= £ P# [ F{x,y)dx 

CL* *^a Tj-^co a* a 

= jC \ dix ^ Fix, y)dy (Th. I, § 160) 

Tj— >00 ^ a ^ fF 


= fV ["Fix, y)dy. (Th. Ill, § 159) 

•J CP */ CP^ 

Of course, if the integrals (1) and (2) converge uniformly for 
the unlimited ranges y'^a' and x'^a respectively, the theorem 
is true ; a similar observation is applicable to the other 
theorems. 
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Theobbm II. The equation (4) is true if the integral (1) is 
only uniformly convergent in general, provided the other conditions 
of Theorem I are satisfied. 

TMs result follows from Theorem II, § 160, in the same way 
as Theorem I follows from Theorem I, § 160. 


Theobbm III. If the integrals (1) and (2) are only uniformly 
convergent in general through the arbitrary intervals {a', b') and 
{a, b) respectively, but if the integral v(f]) and the integral M{f), 
where 

'“(f) = f % f F{x, y)dx (3') 

^ J CXf 


converge uniformly for the unlimited ranges and i'^a 

respectively, then equation (4) is true, provided one of the integrals 
in (4) is determinate, « 

Suppose it is the integral in the second member of equation (4) 
that is determinate, and denote it by ; then the condition 
that the integral should converge is 


£ \ dx \ F(x, y)dy = 0. 


.(5) 


Again, since the integral v{r}) is continuous, we have, by 
Theorem II, § 160, 

r dy f F(x, y)dx = [ dx T F{x, y)dy = A - R{ri), (6) 

j a' j a J a J a' 

rc3o ^00 

where = \ dx \ F{x,y)dy. 

Ja Jv 

The theorem will therefore be proved if it is shown that i2(^) 
tends to zero when , since the integral in the first member 
of (6) becomes the other integral of equation (4) when ^->oo . 

Now R(p) converges uniformly for rj^a' ; for 

Too Too poo poc poo pTj 

(ia; F{x,y)dy=\ dx \ F{x,y)dy-\ dx\ F{x,y)dy 
J b Jyj J b J of •)& J of 

=a-/8, say. 

By (5) we can choose M' so that |a|< e if b>M' and, because 
the integral v{rj) converges uniformly for rj ^ a\ we can choose 
M" so that \^\<s if Let M be the greater of the 

numbers M' and M" ; then |a - ^|<2e for ^ a' if 6 > Jf, so 
that B{r]) converges uniformly for rj ^ a'. 
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Next we have 

B{r]) = {^dx Fix, y)dy+ V dx | F{x, y)dy 

Too rb f°0 r°° 

= 1 dy^ F(x,y)dx+^^dx\^ F{x, y)dy 

by Theorem III of § 160, since the integral u{^) converges 
uniformly for | S a’. Hence, if y denote the first of these two 
integrals, B{ri) = y + (a - /S). 

If b is any fixed number greater than M (as determined 
above), \a.- ^\<2s. Further, the integral w(f) converges 
uniformly for f ^ a, and therefore we can choose 2V so that 
ly|<e if r}>N. Hence |H(??)1< 3e if >iV, so that -s-O 
when »?->-oo . The theorem is thus proved. 

Cor. The theorems are considerably simplified if F{x, y) 
does not change sign, because in that case v{rf) is continuous 
when v(oo ) is determinate, and m(|) is continuous when «(« ) is 
determinate. Theorems I and II are therefore true (when the 
integrals (1) and (2) converge as required), provided the integral 
r(oo ) is determinate, and Theorem III, provided one of the 
integrals in (4) is determinate. 

Ex» 1. Prove that, if c> 0, 

foo , foo 

(i) e-<^ydy 

Jo Jo 

i oo fco 

er^vdy 
0 Jo 

Let F{x, y) cos x sin ixy)lx and 

f{y) = [^F{x,y)dx, g(ic)=:[ F(x,y)dy, v(f])=\ dxV F(x,y)dy. 

Jo ■ Jo Jo Jo 

By § 158, Ex. 2, f(y) converges uniformly in general for y^O and 
g(x) converges uniformly for 0, while, by § 158, Ex. 4, v{ri) converges 
uniformly for ^ 0. Hence, by Theorem II, the order of integration of 
the repeated integral in (i) may be changed, and the new integral is 


cos X sm (xy) ^ cos x dx 

X Jo + ’ 

sin a; c dx 

Q X x^+c^‘ 


smagQos (xy) 


x{xy)dyz=z\^^ 


Iq x^+c^ 


By using Ex. 3 and Ex. 5 of § 168 the second of the above equations 
may be proved in the same way. 


Fx. 2. Deduce from Ex. 1 that, if c > 0, 


(i) 


'^cosxdx jt . .... r«> mnxdx ji, 
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These results are obtained by evaluating the repeated integrals in 
Ex. 1, (i) and (ii) respectively. Note that 


and therefore 


cos £C sin (a; 2 /)=|sin (y + l)a; +i-sm(y - 1) a;. 


Jo ^ JO X ^ Jo ^ 

-W2, if 0Sy< 1, 

2 2^2 \ jt/2, if 1<-!/ : 


SO that 


:7r/2, if 1 < 1/ ; 


cos a; sin (x^) 


71 TT fl , 7E foo 

'=iS"4)o® + 


_ 7t n(l , 7Z , n ^ 

The repeated integral in (ii) gives in the same way 
Ex, 3. Prove that = +^)'\/(f) * 

This integral has been evaluated in the Elementary Treatise (p. 471, 
(9) ) ; another method of evaluation will now be given as an illustration 
of Theorem III, and also as an example of the substitution of an integral 
for a given function (see E,T, p. 477, Ex. 2). 

Denote the integral by w, and for If^s/x substitute the integral 

dy, 

V ^ Jo 

e”w“du='v/^J if u—y^/x.^ 

\/7c r® 

Hence ‘^^.w = \ e^^dxx e~7>y^dy (i) 

^ Jo Jo 


“oo foo 

: dy e“(2/*“»)a5da;, 

Jo Jo 


provided the change of order of integration is legitimate. This change 
will be considered later. Now 


e“(i/“ -i^)dx 


*^ + i 

-yZ _i-y4._^l^ 


f°o y^dy .f°o dy 
Jo 2/^ + 1"^ Jo 2/^ + 1* 


Let y*‘ and it is easily seen that each of these integrals is equal to 
JB(i, p. 360, Ex. 20, (u)). But iB(i, f) =^. and therefore 

SO that, by equating real and imaginary parts, we find 
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W© have now to consider the change of order of integration. The 
integral (ii) has been found to be determinate. The integrals 

and f 

Jo Jo 

converge unif ormly for the unlimited ranges >0 and a; ~ a > 0 

respectively. For 

" dx — “4 f °° du, I f 6-^v'^ dy ^ i f dv 

\h 1J&' V^ws/x 

by the substitutions xy^ =u and yy/x =v, and the uniform convergence is 

obvious. 

Let v{ri) and be the integrals obtained by taking rj as the upper 
limit of the y-integral in (i), and ^ as the upper limit of the a;-integral 
in (ii). By § 158, Ex. 6, the integral v{r]) converges uniformly for the 
unlimited rang© = and it is easily proved that the integral u{^) 
converges uniformly for the unlimited range | = Hence all the 
conditions of Theorem III are satisfied, so that the change of order is 
legitimate. 

Ex. 4. Prove that B(m, n) =r(m)r(n)/r(m +n), m>0, n>0. 

By the definition of T{m +n) we have 

and therefore, multiplying by x^-^ and integrating with respect to x 
from 0 to 00 , we find (§ 145, Ex. 4, or E.T. p. 350, Ex. 20) 

T{m+n) B{m, n) = f x^’~^ dx [ ym+n-x ^y^ 

Jo Jo 

Change the order of integration and the repeated integral is simply 
r(m)r(n), so that the equation is proved if the change of order is 
legitimate. 

If F{x, y) we have 

(i) r F(x, y)dxr=T{n ) . e-^y^-"^; 

Jo 

(ii) [ F{x,y)dy=T{m+n)x^-'^l(l +x)^+^. 

Jo 

The integral (i) converges uniformly for the range y^a' >0, and the 
integral (u) for the range x^a>0. Further, F(x, y) is positive and the 
repeated integrals exist. Hence the change of order is legitimate. 

Ex. 5. If F(Xy y) a; sin 2aa; siny, a > 0, show that 

1 00 [*00 foo foo 

^ dy F{x, y)dx — \^ dx | F(x, y)dy. 

f oo ^ 1*00 

^ ^{^7 y)dx —Qxxxy e-x^vxsm 2ax dx ; then, iiy>0, 

f e-^^y X sin 2aa; dx=^ ^ ? f °° cos 2aa; dx, 

Jb 2y y]b 
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and "F{x,y)dx e“&"2/ < f < f 


so that the integral /( 2 /) converges -uniformly for a' > 0 . 

1 00 

F{x, y) dy converges uniformly for 

0 


x^O, 

Kow, let 


v{r]) = I £c sin 2ax dx e-x^y sin y dy ; 


r°o (1 — 6“’7^^cos?7)a3sm2aa; , 
then da 3 -sr 


smr) 


00 Q~y,x^ sin 2ax , 

-dx. 


and v(r}) converges -uniformly for 17 ^ 0, as is very easily proved. Note 
that the integral 


foo sin 2ax , 

lo 


is convergent since, when x is large, x^J(x^ + 1 ) is a positive, monotonic, 
decreasing function which tends to zero when x tends to infinity. 

Thus, by Theorem II, the change of order is legitimate. Ex. 33, 
(i), (ii), (hi) on p. 482 of the Elementary Treatise may be taken in 
connection with this example. 


163. Double Integrals with Infinite Limits. The evaluation 
of the double integral when the limits of the integral with 
respect to the variables (one or both) are infinite is usually 
effected by means of a repeated integral. It is possible that 
the double integral may exist, and yet not be equal to either of 
the repeated integrals ; further, the two repeated integrals! 
may exist and be equal and yet not be equal to the corre- 
sponding double integral. A detailed investigation of the 
matter is, however, outside the limits of this book, and the 
student is referred to the investigations by De la VaUee Poussin 
and Stolz (see § 156) ; he should also consult an article by 
Bromwich in the Proceedings 0 / the London Mathematical 
Society, vol. i. (2nd Series), 1904, pp. 176-201, and his textbook 
on Infinite Series (2nd Ed.), pp. 503-513. Bromwich’s defini- 
tion admits conditionally convergent double integrals ; we 
have followed the more usual practice of admitting only 
absolutely convergent double integrals. 

It is hardly necessary to repeat the remarks made in § 156 
on the evaluation of the (improper) double integral ; the 
general procedure is the same in the present case as in the case 
there stated. The General Theorem quoted in § 156 also holds 
when the limits of the integral are infinite. 
a.A.a. 2 H 
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Again, as regards the change of variables reference may be 
made to what has been stated in § 157, with the examples 
there given. 

Ex. 1. Prove that, if a > 0 and 1, 


p cos cy dy ^ cos {xy) da? = ^ c ^ 0. 

Let F{x, y) =6“®®a;^~^cos {xy) cos {cy), and consider the integral 

r dy \ F{x, y)dx, X>0. 

Jo Jo 

By equation (6), p. 471, of the Elementary Treatise, 

foo 

F(x, y)dx =r(n) cos nB cos cy {y^+a^) 2 , 

Jo 

where tan0 ^yja, -^n<B<^7ti the integral converges uniformly for 
the range 0 ^ 2 / = A, as may be readily verified. Next 

jV,.. . 

and this integral converges uniformly for the unlimited range 
since a > 0 and n~l. 

Hence, by Theorem I of § 160, the order of integration may be 
changed, and therefore 

rx foo 1 •» 

cos {cy) dy e'~^^ cos {xy) dx = dx cos {cy) cos {xy) dy, 

Je Jo Jo Jo 


that is =|- Q-ax^n-x ^^^ ^ 

Jo Jo 


sinA(a; +c) 


x+c 


dx. 


Now if e~ 


^=f{x), the conditions required by the theorem of 


Ex. 4, § 159, are satisfied, since /(a;) has at most only one turning value 
(given by 07 = (n - 1 )/a). Hence, when A->- oo , the last two integrals tend 

to ^/(c) both for c> 0 and for 0=0. Hence 


j^cos {cy)dy\^^ 


cos {cy) dy e~^^ cos {xy) dx=-^ c” 


Ex. 2. Prove that, if a > 0 and n~l, 

f oo . foe 

sin {cy) dy e""®* sin {xy) dx~-^ c> 0. 

0 Jo ^ 

The proof is practically the same as in the case of Ex. 1, and may be 
left as an exercise. 

These two examples are particular cases of Fourier’s Double Integral. 
See E.T. ^ 194, pp. 499-501. It may be noted that the statement in that 

article (p. 501), that the absolute convergence of the integral ^i^dx 

is sufficient for the validity of the transformation on p. 501, is not 
correct. See the articles by Pringsheim, Math. Ann. vol. 68 (year 1910) 
and vol. 71 (year 1912). 
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Ex. 3. The variables ajj, ajj, , x^ are changed to 

the equations 

+ + ■\-x^_^ =2/i 2/2, . .. 

Xj^ +iC 2 + ••• +^n-r =2/i y% 2/r+i, a;i = 2/i 2/2 •*• 2/^- 
If the variables ... x^ may each take every real value that is 

not negative show that 2 / 2 , S/ 3 » ••• j Vn every value between 0 

and 1 (0 and 1 included), while takes every value from 0 to 00 . 
Further, show that the integral 

1 00 Too fco 

\ ... 1 F{x^f X 2 , ... x^dx-j^dx ^ ... dx^ 

0 Jo Jo 

becomes 

["dj/i dy^ ... r dy^ Pj,{y^, y^, ... yn)yi”-^yi'' . 

Jo Jo JO 

where PiiVi, y^, ... yj =J’(a!i, a;^, ...»„). 

We have 


X^ — 2/l(^ 2 / 2 )* 2 / 12 / 2(1 J/s)***? r ~2/i 2/2 **• 2/r-fl(l 2 /r+ 2 ), 

so that 2/2, yzi ’Vn between 0 and 1 (including 0 and 1). On the 
other hand 2/1 inay vary from 0 to 00 , since a;i= 2 /i 2/2 ••• 2 /n and o;- 
varies from 0 to 00 . 

From the values just found for x^^i , ... it is easy to see that 


S(2/i» 2/2» 


2/n) 


- ± 2 / 1 ”"^ 2 / 2 ^"' . 


• 2/n-n 


and therefore | J 1 = 2 / 1 "^“^ • • • 2/n-i- The required transformation 

of the integral follows at once. 


EXERCISES XX. 

1. Prove that, if c >0, 


xdx 


0 (x^+C^){6^^=^-l)‘ 


2. Prove that, if a > 0, 


i oo foo 

dc\ 
a Jo 


xdx 

(x^ +o^)(e2’r» _ 


fx\ 

\aj 

Q^-rrJi _ 1 


tan“^ f - j dx 


3. Prove that, if c > 0, 


■« cos X 
In 'x 


dx = (cos X ~ e“®®) dx\ e ^dy =log c. 


4. If m and n are positive integers and n^m, prove that 


foo foo . , , ,x. ■“osin’^a? , 

j 2/^“^%] e~'^Bm^xdx~(m-V)\ 'dx. 



ADVANCED CAXODLDS 

S CO 

e-^VQjj;x^xdXi where n is a positive integer and 2/ >0 
prove that {n^ + y^)un =n(n - 1) w^_2, 

and then show that 
_ 

_ -11 
“n = ( 12 + (32 +y2) . . . („2 + 2 / 2 ) . n Odd. 

6. Deduce from Ex. 4 and Ex. 5, m and n being positive integers andl 
that foosin”^, 1 foo 

Jo 

If m = 2, n = 3, the integral is equal to | log 3. Verify independently 
for these and other small numbers. (Bertrand ) 

7. If a>0, 6>0, n^l, d =tajx-^{yla), (p=tsin-^{y/b), prove, 

by applying equation (6) {£].T. p. 471) and § 163, Ex. 1, that 

... r cosm6cos(xy) , n 

Jo 

T(m+n - 1) 


(i) 

(ii) 


“’f 


(a '+ 2 / 2 ) 2 
cos mO cos n(p 


" 2 r(m)‘ 
-dy- 


(a 2 + 2 . 2 )^( 62 + 2 ,.)r' 2(« + 6)— -r{m)r(n)- 

8. Show that equations (i) and (ii) of Ex. 7 hold when the sine ia 
substituted in place of the cosine, and deduce that 

r°° cos (mO -n(p)dy _ n r(m+n-l) 

I I <-«)—■ I'WiW ■ 

9. By taking a =6 = 1 in Ex. 7 and Ex. 8, show that 

ir 

(i) \ cos mO cos n6 cos^+’‘“® 6 d 
Jo 

ir 

(ii) r sin mB sin nS cos’”+”“2 B d\ 

Jo 

ir 

(iii) r cos (m~-n)d cos 
Jo 

10. Show that, if m > 1 and 0<n< 1, 

2/"-i dy j"e-® a:™-i cos {xy) dx =|Je-® dx cos (xy) dy. 

Deduce that ^ 

TT 

r 2 


2w+n 

r(m)r(n) ’ 

___ 7t 

r(m+n - 1 ) 

2wi+n 

r(m)r(n) ’ 

_ n 

~ ‘> 'Wi4-n- 

T(m+n - 1) 


cos mB cos’”””-! B sin””! a _ r(n)r(m ~n) 
'0 T(m) 


nn 

cosy; 


(i) t 

(ii) sin mB cos’””””! B sin””! BdB^ ^ ^ 
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11. li a, h, OL, p are all positive, then 

F+^F ~FT?F 

12. If 0 = a. ^ ^ , show that 

z 

5 foo dxdy _ 

Jo JO (a;^ + 2xy cos cL+y^+ a^)^~'2a^~sm oc ’ 
and that, iiw=x^+ 2xy cos a. +y^. 


sm (X. — oc. cos CL 


13. If U = 5 x^ ~ 2 xy + 2 y^ + 2 x + 2 y + 1 , 

V = Qx^ +3y^ +4a; +4=2/ +2, 
and if i=x+y + l, ri=y- 2 x, 

show that U = +rfj F = + rf^ 

1 03 Too jr^ 

00 1 ^y^~^dxdy='^. 

[Change the variables to | and 77. For the general transformation 
when U and F are real quadratic forms (positive and definite) see 
Hilton’s Linear Substitutions, p. 75.] 

roo Too dx dy _ 2 n a > 0 

) -00 J -CO (^2 _,_2/2 ^2/2 +62)i a(a+6)’5>0. 

15. If Im' + Vm is not zero, show that, the integral being assumed to 
converge, 

FClx + my, Vx - m'y)dxdy = | (Zm' + Vm )~^ | ( f F{x, y)dx dy. 

J -00 J -00 J -00 j-00 

16. If a > 0 and 6 > 0, show that 

p ^ cp{aV + 6 V) dx dy— (p{x)dx, 

the integral being assumed to be convergent. 

17. If a > 0, 6 > 0, m > 0, w > 0, show that 


foo foe 
J - 00 J - 


°° +^y^) aj 2 in-i 2^271-1 dy = » 


and then deduce that 


fi (cos0)2«»-i(sm0)2«-"i£Z0 _ 1 r( m)r(n) 

Jo (a cos2 0 + 6 sin^ B ) “ 2a^ Tim + n) 
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164. Integration of Series. When the terms of a series Sw„(a:) 
are not bounded, or when the range of integration is not finite, 
the integration of the series falls within the region of the 
improper integral. The methods of dealing with the improper 
integral that have been explained in previous chapters are 
applicable also to such series, but in many cases of practical 
importance it is possible to integrate the series by applying 
elementary theorems, as in the following examples. 


Ex. 1. Show that dx= 

.0 1 6 


Here we may write 


and therefore 


jsr-i 


XT J 




n -0 
N 




Jo Jo 

Now X log xKl -x) is hounded, for, if x-e~^, 

fcloga; _ -y _ -1 

l-x ” 1 - ’ 

so that |irlogaj/(l ~ir)| g 1 if Ogaig 1. Hence 

x^logx 


and therefore 


Ex, 2, 


1-* 

fi logxdx 
Jo 1-x 

cxdx ^ f 


% COth TtG *-* 


f°o sin cx dx 

Jo cy 

if c is real and not zero, or, if c is complex, c =a +^6, 1 5 1 < L 
If a; > 0, we have 

N 


1 e"® v-v 

ft sal 

468 
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Now the function sin ca:/(6® - 1) is bounded for the unlimited range 
^ ^ 0 when c satisfies the conditions stated. 

(i) sin cx{{e^ -!)->■ c when x-^ 0, and therefore, when x is small, say 
when 0^ |a;l ^h, |sin ca;/(e^ - 1)1 < o\ where c' differs little from 14 

(ii) , li x>h and c real, lsinca;/(e«' - 1)| < 1/(6^ - 1), while if c is com- 
plex, c=a^ih, |sinca;l^cosh6a;+sinh6x^e&'«, where 6'=16|, and 
therefore, if h' < 1, 

sin cx 

I • e® - 1 "" - 1 ' * 

There is thus a constant K such that |sin c£c/(e® - 1) | < iS; if a;^0, 
and therefore, multiplying equation (1) by sin ca; and integrating* 
we find 

(■°o sincaida; c 

Jo 6“-l 


where |jKj^|<irl e 

Jo 

and therefore Bj^r^ 0 when N-^co 


K 


0 

Hence (§ 94, (1) ), 


®o sin cx dx 


'00 

.0 




: V--£_ 


= ^ coth BC - . 


Cor. 1. Let a? =27 i: 2/> 27rc=a., then 

f°o sin <x2/d2/ l / 1 1,1^ 

Jo -I 

where cx-^O if a. is real, or, when a. is complex (a. = P+iy), 1 y| < 2;?r, 


Cor. 2. Since 


1 


c+i-eai_i 

r°o sin ca;da;__ 1 /I 7t \ 
Jo e'^ + l “2 VC sinh^rcy 


'-1 


Cor. 3. The above formulae are valid for c = 0 in the sense that fche 
limits of the integral and of its value tend to 0 when c-> 0. 


165. General Theorems. In the following theorems it is 
assumed that each term of ^ series is integrable 

over the range a^x^b or over the unlimited range x'^a 
according as the range of integration is finite or infinite. 
Further, will be taken as a product, /(a;) (a?), where /(a;) 

is independent of n and /(a:) and v^ix) are integrable. 

Theoeem I. If (i) the series T>Vn(x) converges 'uniformly for 

r& 

the range a-^x-^b, and (ii) the integral I \f{x)\dx converges, then 

Ja 

r [£/(*) ««(*)] ^*=1: r r/(*)^n(*)^^i . 

The upper limit b may be finite or infinite ; if b = <x> the series 
TiVn{x) is to converge uniformly for the unlimited range x'^a. 
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Let J2„(a;) = § v„(x), .4 = P \f(x)\dx. 

n=m+l 

By condition (i) N may be chosen so that, if a ^ a; g 6 and 
m^N, we shall have \RJ,x)\<elA, where sis arbitrarily small, 
and therefore 

\? f{x)B^{x)dx <B, £ [ f{x)B„{x)dx=0, 

so that the integral of 1,f{x)v^{x) over (a, b) converges. 

Next, 

itr. f{x)v„{x)dx'^r=^’’ ^^f{x)v„{x)jdx 

= r r ~ r 

•'a 0 

Let m-> 00 and the result follows. The proof is the same 
if 6 = 00 . 

Ex. l, logic log(l+a;)(?a;=2 -21og 2 

The series for log (l+a?) converges uniformly for the range 1 

and lloga;|dic = l. Hence the integral is equal to 
Jo 


y (-ig 

+ ^ In n + l 


|Tp]=2-21og2. 



Theoeem II. If f{x) and Vn{x){n=^0, 1, 2 ...) are positive {or 
zero) for the range a g a; ^ 6, and if the series Hvnix) is only uni- 
formly convergent in general for that range^ then the integral 


I [S/W «»»(«)] ^* (a) 

and the series ST f {^) 

Q L J 


are equal, provided that either the integral (a) or the series (^) 
is determinate. 


Case 1. The series Sv„(a:) ceases to converge uniformly at h 
and only at 6 ; it may or may not converge when a; =6. 

Suppose first that the integral {cl) is determinate and equal, 
say, to ; it is therefore possible to choose X (<6) so that we 


shall have 



dx< 5, 


£ i\=o. 


since /(a:) and v„(x) are positive and e is an arbitrarily small 
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positive 

hence 


number. Now, if a<X<b, Theorem I is applicable ; 


f{x)v„{x)dx^ = 




Let X-^b; then while the series on the left of the 

equation tends to the series (^), so that the series (/5) is equal to 
the integral (a). 

Next, suppose that the series {^) is determinate and equal, 
say, to B. By Theorem I, if a < A < 6, 

£ [s/(^)«n(aj)] ‘^* = 2 [£ f{x)v„{x)dx'^ < B, 

since f(x) and v„(a;) are positive (when not zero) ; thus the 
integral 

is a positive, monotonic, increasing function of A which is less 
an B and therefore, when tends to a limi t which is not 
greater than B, In other words the integral (a) converges. 
Again, since the series {^) converges, 

£ 2 [[ f{x)v„{x)d;^=Q. 

w->oo n=»H-l 


Hence, since the functions /(a;) are integrable, 

j ^L. Q J Q ‘-•'a -* 

= ^- 2 [[*/(«) «n(a:)da;l. 

Now let 00 , and it follows that the integral (a) is equal 
to B ; that is, the integral (a) and the series {^) are equal. 

Case 2. If the series ceases to converge uniformly at a 

and only at a, a very slight modification of the above proof shows 
that the theorem is true in this case ; it follows then in the 
usual way that the theorem is true when Sv„(a;) is only uniformly 
convergent in general. 

Cor. For brevity, omit the letter x in the functional symbols 



ADVAKOED OALCCTLTJS 


472 


[CH. XV. 


f{x), v„{x). Then, if fix) and v„ix) are not always positive, the 
product /(a:) (a:) may he expressed as the sum 

(/+ 1/1)-K+ - 1/ I •K+ Kl) - (/+ 1/ !)• + 1/ I • hnl, 

and each of the four functions in this sum is of the form 
gix)Wnix), where gix) and w„ix) are positive (or zero). Hence 
Theorem II is true if either the integral 


fTs 

Ja 0 ^ 

or the series S [ f !/(*)! • 

L. J ^ -J 

is determinate, 

Theoeem III. If f (^) (^ = 0, 1, 2, ...) are positive 

{or zero) for the unlimited range x'^ a, and if the series Sv„(a;) is 
uniformly convergent in general for the arbitrarily large range 
a-^x-^h, then the integral 



I'^l^mv^ixijdx 

(a) 

and the series 

S[j 

(/3) 


are equal, provided that either the integral (a) or the series (/9) 
is determinate. 


The proof of this theorem when converges uniformly 

in the arbitrarily large interval (a, b) follows so closely the lines 
of the proof of Case 1 of Theorem II that its detailed statement 
may be left to the student. The modifications required when 
the series only converges uniformly in general in (a, 6) have 
been dealt with in the proof of Theorem II. Thus, if a is the 
only point of non-uniform convergence of the series llvn(x), take 
c>a ; then Theorem II applies when the interval of integration 
is (a, c), and the proof of Theorem III applies when the con- 
vergence of the series llVn(x) is uniform in (c, 6), so that 
Theorem III holds when a is the only point of non-uniform 
convergence of Ilvnix), 

Cor, The Corollary of Theorem II is also true for Theorem 
III ; in the integrals of the Corollary of Theorem II we merely 
put 6 = 00 . 
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Theorems II and III are due to Hardy, Messenger of Mathe- 
matics, Vol. 35 (year 1906), pp. 126-130. See also Bromwich, 
Infinite Series (2nd Ed.), pp. 495-502. 

Examples 1 and 2 of § 164 illustrate these theorems. Thus in Ex. 1 
the series for (1 -x)-^ consists of positive terms and converges uniformly 
for 1, and the series (if log(l/rr) instead of logo; is taken) 

converges. Similarly in Example 2 the series converges uniformly 

if a; ^ > 0, and the Corollary of Theorem III applies. 

Another theorem due to Dim {Fondamenti, p. 391) may be 
given. If the series is and if Wn{i) denote the integral 

I Un(x)dx 

Ja 

the theorem may be stated as follows : 

Theorem IV , If (i) the series Ym^{x) converges uniformly for 
the arbitrarily large range a^x^b, and (ii) the series 
converges uniformly for the unlimited range then the 

interred (•« ^ 

(a-) 


and the series 


2[| 


■(/S) 


are each determinate, and the integral (a) is equal to the series {P). 
By condition (i) 

r [S 1) M'n(f)- 

Ja 0 0 

Again, by condition (ii), is a continuous function of f 

for I ^ a, and therefore 

'^00 ^0 ”*0 


that is 


Too r CO ~j 00 r Coo “1 


w u u I* 

The following additional examples illustrate the theorems. 
X “”"4 * 

, x^ 


Ex. 2. j^og(l 
Here 


log{il+xmi-x)}=2j^^^, 


and the series converges uniformly for the range 1. 

Th. II, since 


By 


the result follows. 


]QL^^2n-lJ X "^4^(2n-l)2'“4 ’ 
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Ex. 3. J [ 2 4^^^ 4.-52] Ip (a.2 +a^) (e^” - 1) ’ 

if a. is real and positive, or, ii cl = p+iy and ^ > 0. 

Here v^i^c) and Xv^{x) converges uniformly for the 

unlimited range £c^0, since = 2(4n^7r^)“^ = l/24. The given 

integral is therefore (by Theorem I) equal to 

'V r xe-'^^dx r r® ye-^n->raydy -i 

^^Ljo 4n%2 4-aj2j — ^ LJq l+y^ J’ 

by putting x = 2 nny. 

How the series 2|e“2nfl‘a2/| or 2e“2nn'Py, when cl is complex, converges 
uniformly in general ia an arbitrarily large interval (0, 6), and by 
Theorem III or Theorem III Cor., the summation and integration 
may be interchanged, if the mtegral thus obtained is convergent. 
Hence the given integral is equal to 


CCS— 


ydy 


and if now the variable of integration is changed to x, where x—ocy, 
the integral is that stated above, since the integral converges. 


Hote that 


4 :n^ 7 i^ +x^ ^ \e® - 1 


X 2/ 


by § 94, when ^x is put in place of a; in equation (1). 


Ux. 4. 


■« 

.0 


rv. 


\dx 


=r 

Jo 


4 in^ 7 i^+x^\ 

where oc is the same as in Ex. 3. 

As in Ex. 3 the given integral is equal to 


tar r"^{xlcL)dx 
e'Zvx _ 1 


r r« e-^^dx -| 1 ^ r 1 (■<» 

-^^LJo 4n^n^+x^j27t^Ln]Q TTp J* 

Again, as in Ex. 3, the order of summation and integration may be 
interchanged, providing the integral thus obtained converges. The 
change of order gives 


and, after integration by parts and the substitution of x for ay, the 


integral becomes 


27 t 


r 

Jo 


taxL~'^{xloL)dx 


0 - 1 ' 

0, the integral being convergent. 


where tan“^ (aj/a) =0 when x 
the given equation. 

From the value of the series stated at the end of Ex. 3 we have 


Hence 



1 

'x^ 2 ] X 


dx —2 


tmr'^ixlcL) 
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;Ex, 5. If Bn is Bernoulli’s Number, show that 



8 o 

11 


Let 



then, by § 94, (5), 






(1) 

and, by § 164, Ex. 

2, 


f/M _o f" sinij/dj/ 



(2) 

Now 

sin^2/ _ y siaty 



and the series 


^ ^2n— 1^271—2 

(2n-l)! 


converges uniformly with respect to y in an arbitrarily large interval 
(0, h). Hence, expressing sin ty by a power series in (ty), and inter- 
changing the order of summation and integration, we find 


/(i)=2 2(-l)”-" 
1 


fa: 

n 


jan - 1 Coo y2.n - 1 dy 
dliry - 1 


(2n~l)! Jo 

and therefore, by equating the coefficients of ^^n-i in (i) and (2), the 
stated value of is obtained. 


EXERCISES XXI. 

Many of the series required in this set will be found in or may be 
derived from the Examples and Exercises in Chapter VIII. 




(loga;)^ 


l-x 


.dx= -(2r-l) 




22r--i 

“IT 




*■ i: 2^*— (^ - .1. [g ]- - 

, fi x^\og,xdx _ r 
Jo (1+xf -"L 


(y + l)2 (p+^Y (V+Zf 


•]. P + 1>0- 


. f°o a; log £C do; 1 , /I 

L -(TW=8)o"'°<T 


-X 


+ xj 


-1. 


5. If |a| < 1 and n a positive integer, 
(’\ cos rix dx ^TtaP’ _ 

Jo 1 “2acosa; + a2”"l - a®’ 


r2ff (1+ 2cosa3)^cosna;drc 

1 , 

(iii) J 


Stt (5 + 2c cos x)'^ cos na? dx 

0 


2?! 


2jr 


1 - 2a cos x + a^ 1 - a‘ 
♦For the value of B,. see §94. 


(l+a + a2)«; 

. (c + 6a+ca2)’^. 
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sixx^x cos X dx 


O, 1- 


lo (1 -2acosa;+a®)2 I -a 

“ h\ 

7. log(a^sin^a;+6^cos^rB)<:Zaj = :7rlog^— ^ ct>0, 6>0, 

and show that the result holds if a = 0, b:^0, or if a:^0, 6 = 0. 
Deduce that 


a^\ 6 dx 


x^Jb^+x^' 


Tzlogi 1+r =2 


1 - g cos 2x 
-2a cos 2x+d^ 


log(cosa;)d£c=^log^^^^, o^<l, 
n, a « 


^ ” 3 

9. (i) (log tan xfdx^ (log cot xf dx = Yl 

ff w 

(ii) [^{logsma;)“da;=|^(logoosa!)Ma:=||(log2)2H-^j ; 

(iii) |^(logsana;)(logcosa:)<fa;=-^|(log2)2 . 


idogZ)*. 


11. log 


1+ 2a sin a; +a^\ dx 


1- 2asinfl;+a2y x 


' =2ni)Bxr'^ a, a^< 1. 


/ ! + 2a cos bx +a^ \dx _ na(c - b) 

* JO V1+ 2acos ca; +a2/ a;2~ 1 + a ^ 

-Jo = 

. -.V r«’ xdx 7t^ .... r°° xdx 7t^ 

(“Mo ^=12' 

..... r°° xdx 7t^ 

(“) joiEhi=T- 


■h 2a cos cx -{-a^J X‘ 




a2< 1, 6 > 0, c> 0. 


'°o icda; _7t^ 

. 0 sinh a; “ 4 * 


r°o sm aa; , tt , , Jia 

. ■■ da? = >atanh-H"; 
Jo sinha; 2 2 

r°o cos aa; , n , ?ra 

— i— da3='Hsech"s~; 
Jo cosha; 2 2 


f®o a; cos ax ^ „ jra 

— da;=^ sech^ 

Jo sinha; 4 2 

foo cosh aa; n ^a , , , 

Jo cosha; 2 2 ’ ‘ ‘ 


n. |i) f 


'<» sinaaida; 
0 cosh a? x 


= 2 tan""^ ( tanh 


.... sinh oa; da; , .l-ct , , 

(“) Jo — 


* Examples 9-13 are taken from Wolstenholme’s Mathematical Problems, 
where many examples of a similar type are to be foimd. 
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foe 

18. 

Jo 


coshaa? . , , 

^m.cxdx 


sinhe 


sinh Tix 


cosh c + cos a 


, 0<a< n. 


19. 


1 . 1 


7 j - “ + ^ 6“% prove that 


and deduce that 


t 


Note that [/(«) = 


C/wt-C/wf, 

fi X \dx ^ _ 

Jo \ siuha;/^ * 

Jfi ?_^ii 

2V snxhajy ‘ 


20. If a > 0, & > 0, deduce from Ex. 19 that 

i OC / \ 

0 vsinhaa; siiih6a;y x 


21. If a2< 1, 62 < 1, 

f’f sin^jcda? 

Jo (1 -2acosa; + a2)(i ::26 cos£c + 62)'^2(1 -ahy 

22. If - i < p < 1 and - 7t< X<7i, 

x~^dx (x'^+x~'^)dx __ jt sixipX 

Jo 1 4- 2a3 cos A +aj2 Jq 1 + 2a;cos y,+a;2‘”smp7r sin A 
and, if 0 < m < 2n, show that 

p ^m-i ?r sin{(n -m)Xln) 

Jo a?2« + cos A + 1 “nsin {mnfn) * sin A 

23. If a® < 1 and c > 0, prove that 

1 dx n 1 a e 

^ Jo l + a;2 1 -2acoscaj + a2” 2 1 -a2 1 

i oo //jR 

log ( 1 - 2a cos cx + a2) - n log (1 - a &-^) ; 

0 L + X 

foo ajsinca; dx n 1 
Jo 1 - 2a cos ca; + a2 1 4-a;2~" 2 -a* 


24. 



dx dy ^ 

1 - xy^ 6 * 

dxd/y 

(1 -h^x^y^Wil -x^)V(l 

TT da; 

“2 Jo 


26. If a. > 0, y - a. > 0, |a! | < 1, show that 

and deduce that, if also y - a. - ^>0, 

m„ ft V n r(y)r(y-a-^) 

1) “ r( y - a) r( y - iS) • 


*:»< 1 . 
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26. By changing the variable of integration in the inte^al in Ex. 25, 
prove that, 

F(a., Y, x)=(l - x)-'>-F(a., y - P, V, 

=(l-x)-^F{^^.V-a., 

= (1 -a;)y-"-~^ F{y - p,y - cl, y,cc) 

= (1 -a:)Y- -P J^(y -(X., y - /?, y, x). 

166, Integrals for Euler’s Constant. The following Lemma 
is useful. 

1 11 

Lemma, If f{t) = | “ + 2 ’ 

(i) 0 <f{t) t>0\ 

(ii) and ^ 

By § 94, equation (2), if ^ > 0, 

_ 0/ V ^ JL -- JL ^ 

fl=L i. 

and the statements in (i) and (ii) follow at once. 

Fx. 1. If y„ = l+| + g + ... + ^-logw, prove that 

where y is Euler’s Constant (§ 148, Ex. 7). 

” 1 w foo foo 1 

AT 1 r«> e"^ - e-”* ^ 

Also log n = at. 

Jo ® 

These values give the equation (i). 

(ii) By the Lemma 




so that 

from which the stated value of y follows. 
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JEJx. 2. Show that y = \ f - 6"A — . 


Express the integrand in Ex. 1 ii), in the form 

< 7 «(!+«)/■ 


e-* 1 d, ni -e-*)(l + i)- 

Now rri=i-<(T+T)=*^°®L r _ 

and log [( 1 - ( 1 + ^)/^] tends to zero both when 0 and when t- 

so that the integral for y takes the form stated. 


Show that 

y = 

r 

Jo 

(rb 


U-i 


1 

u+* . 


^1+t^ ^ 

f 1 1 ^ 

dt 1 

*00 


Vl + i 1+i^J 


lo 

[l+P 

[" f ^ e-t'' 

.dt 

roo 

f 1 

!o U + < ^ 

'T= 

Jo 

[l+to' 


and 

that 


Ex. 4. The two integrals 

Too /p-t \ _ 


•go /g-t Q-sct \ 

,0 \ t 


\l + t 1 + t^Jt* 
^dt=0, 
dt 


t 


are convergent and equal if JK(a; + 1) > 0. 

When t-^0 the first integrand tends to cc - ^ and the second to x, so 
that the integrals converge at the lower limit. So far as convergence 
at 00 is concerned the first integrand may he taken to be and 

the second 1/^(1 or simply and therefore both integrals 

converge at infinity if R{x + l) >0. 

Now the first integral may be considered as 




But, if e* — 1 =5, we have 
foo e~^*dt ('«’ ds 


s(l+5)W ]x X 5(1+5)^^* 

Let x + l= ^+iri, where I > 0 ; then 

- 1 ds 
5(1+5)? 

Kes between (l+A)-nog [(e'^-lp] and 6-«log -1)/A], and 
log [(e^ - 0 when 0, so that 

jT f ^ — 0 

Hence (V“«(l + 

SO that the two given integrals are equal. 

2i 


G.A.O. 
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lo log a- (a- 1), 

where a > 0, or, if a is complex, B(a) > 0. 

This integral is required in the next article. It may be derived from 
Ex. 11 in Exercises XIX by taking for the case (ii) 6 = 1, c = ~ (a --J), 
but may easily be proved independently. Denote the integrand by 
Fix ) ; then, if ^ > 0, 

( F(x)dx= [ F(x)dx^ 

Jo ^ .nJx 


Integrate -e“^)/a;^ by parts (the other terms of the integrand 
contain only the first power of a? in the denominator) ; thus 

, dx 


and 


foo ^- 0 >x _ Q-x g-ax _ g-x 

j, — 

g— flX — g— X 


F{x)dx = 


fco 




-dx. 


jx ' ' _ A 

The given value follows at once since -e”^)//l~> - (a - 1) when 

0 . 

In the same way it may be proved that 

( oo f p — 2aj p^x 

® -l+ilog2. 


This integral is also required in the next article. 


167, Integral for log r(x). The integral will be derived from 
the expression for log r(x) as an infinite product ; as in the 
preceding article the logarithms will be expressed by definite 
integrals all of which converge when R{x) is positive. 


Let P„{x) =-. 

' ' +l)(x +2) ... - 1) 

then 




logP^(x)=:(x~l)log^ 


_ x-\-r - 1 

log 


But 


=(^-i)r 

J A 


*6“ 


-dt 


n !•» g-r< _ g_(x+r_i)4 






■2 

^=1 •' 0 


t 


dt. 


1-e-' 


and therefore, taking together the terms that contain the factor 
we find 


logP„(a;)=[ |(a;-l)e-‘ 
Jo >. 


g-« _ 

l-e-‘ 



l-e-‘ / 



where 
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Now the coefficient of e-"* in the integrand of tends to 
^x(x - 1) when f tends to zero, and is finite when t>0, so that 
there is a finite number, K say, such that the integrand of 
is, in absolute value, less than Ze-"* for t ^ 0. Hence 

Jo ™ 

and therefore 0 when oo . 

Again, the integrand of the other integral tends to 
2) when «-^0, so that the integral converges at its 
lower limit ; it is obviously convergent at oo if E(x)>Q. Hence, 
if we let n tend to infinity, we find 



This integral may be expressed as the sum of two integrals, 
one of which can be evaluated in finite terms, while the 
other tends to zero when B{x) tends to infinity. These 
integrals are 

P(=,)=£{(, (2) 




.(3)* 


Consider fx{x). The coefficient of e-®* in the integrand is the 
fimction f{t)lt of § 166, and therefore lies between 0 and 1/12; 
hence, H x = ^ + ir), (i>0). 


= 

and therefore ju{x)-->0 when oo . 

We give two methods of evaluating P(rc), the first of which 
holds whether x is real or complex, while the second assumes x 
to be real ; both methods are somewhat artificial. 

First Method ; x complex. In (2) let x = l and subtract 
P(l) from P{x), thus eliminating the term e“Y(l -e-’O 

P(a:) -P(l)=]’J|(a;-l)e-‘ +(7 + |)(e-“‘-®-‘)}f 

=:(a;-|) loga;-(a7-l) 

by Ex. 5, § 166. 


* lj.{x) is jxotfttion. for this function ; Cauchy uses the notation ‘CT(*). 
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We have next to find P(l), ^116X6 

(.) 

Change the variable from t to 2t ; then 

W 

Next multiply equation ( 6 ) throughout by 2 , and from the 
value 2 P( 1 ) given by (b) subtract the value P(l) given by (a) ; 
we then find, after a slight reduction, 

The second of these integrals is, by Ex. 5 of § 166, equal to 
(-l + |log2). 

To find the other integral put a: = |- in equation ( 1 ) ; then 
since r(^) = ^/n, we see that 

by changing the variable from t to 2t. Thus 

P(l) log - 1 +1 log 2 = - 1 + log V( 2 ?r), 

and P(z) = (x-^)logz-x+ log Vi^n) (g) 

Hence 

log r(a;) = (a; — - 1 ) log z — x + log ^/ { 27 t) + fi{z) ( 0 \ 

and, since 

logr(a;+ l) = log r(a:) + log a;, 

log r(a: + 1 ) = (a; + J) log a: - a: + log +fi(x) ( 7 ) 

Second Method ; x real and positive. In equation ( 1 ) put « 
in place of x. The integral converges uniformly if 

0 <a;gyga;+l, 

^d therefore we may integrate with respect to y under the 
integral sign. Hence 

J log r(y) dy^V^lx- \)er* - -ilL + ^ 

Jo I 1 t j t ' 
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rx) p—t __ p—iXii 

Also |■loga; = |J — -dt, 

^ p+i 

so that P{x) = log r( 2 /) dy log x 

Jx 

- {x - 1) log ii; - a; + log ^/(2n) 

by Ex. 12 of § 146. (In this method x must be real since 
integration with respect to a complex variable is not at our 
disposal.) 


Ex, 1. Prove that, if a > 0, 6 >0, (6 -a)P(l) is equal to 


.C + ■ 


-hi _ Q-ai . 


and deduce that 






)}7=(6-a) log V(23t). 

(Schlomilch.) 


In the integral (a) for P(l) change the variable to at then to bt and 
form the difference 6P(1) -aP(l), the factors a and h being taken with 
the transformed integrals in a and b respectively. 

If a = 1, 6=2, the useful integral 


C[^ + Ke-*-2c-«)]f=logV(2;.) 

is obtained. 


Ex. 2. Prove Gauss’s Formula 


n-l^_(2:n;) 2 T{nx) 


4-^ j 4-^ j ... . 

^ ^ 

In the equation (1) take the n values x, x +~ , a? ,a; H — — , and 

add the integrals ; the logarithm of the product of the n functions is 



/ n + V 

, , ne-< e-=* ^ 

dt 

)o i 

^nx 

/® 1-6-* 

'T 

f"/ 

Y n + r 


k dt 

Jo ' 

[nx 

/ 1 

fj 


by changing the variable to nt. 

Now put nx for x in equation (1), and subtract the integral for 
log r(na;) from the integral (i) ; if P denote the product of the n functions 
r(a;), r(a; + 1/n), ... we find, after a little reduction, 

/ p \ foo r 1 n , , ^ 'i dt 




+ {i-nx) 
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Jji Ex. 1 let a = 1, h =n, and we obtain 

log {P/r(»uB)} =log {( 25 r)’V / n«^-i j , 

and therefore Jr = 

This proof of Gauss’s formula is given by Schlomilch, Compendium, 
vol. n, p. 255. 

Bx, 3. Stirling's Approximation for nl. Let n be a positive integer, 
and in equation (7) put n for x ; then 
log (n!) =log 

and therefore « « / x 1 

nl • 

The expression (n/e)V(27r^) is called Stirling’s Approximation for nl 
when n is large, the relative error being less than ; the absolute 
error may be “ large ” when the relative error is “ small.” 

168. As 3 nnptotic Expansion of logr(x). In equation (6) of 
the preceding article let x be real and positive ; the term pix) 
may be expanded in powers of as follows : 

By § 94, equations (5) and (5a), 

where i?; = ( - l)”e;( 2 S% < 1- 

Therefore, when the integrals are evaluated and expressions 
reduced, 

=|: ( - 1)^-’ ( 2r "iyar 5^1 + w 


where 




w-H 


dt 

1 


since 


(272. -h l)(2?n- 2) ’ 

0 < p dt < p , 

Jo Jo ^ 


( 2 ) 


so that -B„(a:) has the form stated, where 0 < < 1. 

Let = S„{x)=.±u^{x). 

From the vafue of in equation (6) of § 94 it is plain that 



§§ 168, 169] ASYMPTOTIC EXPAISTSIOIT OP LOG r(a;) 486 

the infinite senes Surix) is not convergent. On the other 
if n and x are both fixed, the error li„{x) in taking S„{x) as 
the value of /^{x) is numerically less than \u^^{x)\, while, if n 
is fixed and x tends to infinity, tends to zero. A non- 

convergent series of this t 3 rpe is called an Asymptotic Series, so 
that the function fi{x) is given by an Asymptotic Series or 
Asymptotic Expansion. For purposes of numerical calculation 
asymptotic expansions are very useful. See Bromwich, 
Inf. Ser. (2nd Ed.), Chapter XH. 

Since log r(a5)=P(a:)+yu(a;), the asymptotic expansion of 
log r(a;) is 

(X - |)log a; - x + logVi2n) + J ( - l)-i 


+•««(») (3) 

where Bn{x) is given by (2). 

Integral for By Ex. 4 of § 165 the integral for fj.{x) is 




Ex, 1. 


f*® t&xT'Hdt 


In the equation 


=J{1 -logV{2n)}, 
log r(a;) =P{x) + fji{x) 


let x = l. 


Ex. 2. If a > 0 and 6 > 0 and a/6 ~x, 
log{a(a-hb)(a + 2b) ,..(a+nb}} 

=logai'nlogb+logT(x+n-hl) -logr(a? + 1). 

When X or a/6 is large the factorial a(a+6) ... (a+n6) may he calcu- 
lated by using the asymptotic expansion of log r(£c). 


169. Gauss’s Function ^(cc). This function is (§ 97) the 
derivative with respect to x of logr(a;+l). Now, x being 
real and positive, 

r(a;+l)=a:r(a:)= 


.„(a:+l)(* + 2) ...(* + «)’ 


and therefore 
Further, 




logm = f 
Jo 


•df, 


=r 


.(A) 

e-(^+0^ dt, 


t x + r’ 

and, when these values are inserted in the expression for y)(x) 
and the terms that contain e””* separated from the rest, we find 
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The coefficient of in the integrand of the second integral 
tends to {x + J) when t tends to zero, and is finite if t is positive ; 
thus the coefficient of is bounded, say less than jK^, if ^ ^ 0, 
and therefore the integral is less than Kjn, an expression which 
tends to zero when n^oo , 

Again, the integrand of the first integral tends to {x - 1) when 
t tends to zero, so that the integral converges at the lower limit ; 
also it manifestly converges at infinity since x is positive. 


Hence 




-i:c 


'e-‘ e-®* \ ,, 

t 

(1) 



t t{i+t)^+y ^ ^ 


by Ex. 4 of § 166. 

The expression (1) may also be obtained by using Weier- 
strass’s form of r(a;+l) and using the value of y given by 
Ex. 1 of § 166. 

Another expression may be found by differentiating the 
equation (7) of § 167 ; thus 


ip(x)-. 


c^.logr(a;+l) 1 1 L 

= ^ >- = logx + ^ + 


2x 


d . iu(x) 
dx 


r® / 1 1 1\ 

where =J^ 

This integral may be differentiated with respect to x under 
the integral sign, since the integral obtained by differentiation 
converges uniformly in an arbitrarily large range 0<a^x^b. 

Hence y>{x) =log a: + ^ - - ^ + i) e-« dt 

1 f tdt 

^ ^ Jo (a:* + - 1) 

by Ex. 3 of § 165. 

These expressions (1), (2) and (3) for f(x) are valid if iJ(a;)>0, 
but the proof given above does not show this, since differentia- 
tion with respect to a complex variable x lies outside our limits. 
If, however, y){x) is taken to be defined by the limit (A), the 
values (1) and (2) hold for a complex x, since the various trans- 
formations depend only on a complex function of a real variable. 

E..1. (y=Euler-s Con. 

stant). 
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Differentiate equation (1) of § 167 ; thus 
d.\ogV{x) , te~^^ \dt 
dx JoV 

fer* fx/ i _ 

) * " lo (l^- « ) 

and the last integral is equal to y (Ex. 1, § 166). 
fi 1 

JEJx. 2. y)(x) + y = \ -= — ~ dt, x> 0. 

Jo 1 “”5 

To the integral (1) for y;(x) add the integral for y in Ex. 1 of § 166 ; 
this gives 

by changing the variable of integration to s, where 5 =:e~*. 

When a; is a (positive) rational number the above integral for yf(x) + y 
can be expressed in terms of logarithms and circular functions ; for 
example 

vd ) + y =f - I log 3 + , 

and the value of y^(n + §) + y, where n is a positive integer, can be 
expressed in terms of ip(§) + y and rational fractions by formula (3) of 
§97. 

JSx.3. + 

Change the variable in the integral (1) from t to 5, where s=e~*. 


170. Another Proof of the Integral for log T{x), The follow- 
ing proof, which is of frequent occurrence in the older text- 
books, is merely sketched ; it gives a good example of the 
tests for change of order in integration. The starting point 
is the integral for r(a;), where x is real and positive, 

T(x) = re-H^-^dt 

Jo 

The derivative r'{x) may be obtained by diJBEerentiating 
under the integral sign (§ 158, Ex. 9), so that 

/•oo foo 1*30 p—9 ^ p^ts 

r'(x) = \ e-H^-Hogtdt=:\ e-H^-^dt\ / -ds, 

Jo Jo Jo 

by expressing log t as an integral. It may now be shown by 
Theorem III of § 162 that the order of integration may be 
changed ; when the change has been made the integration with 
respect to t can be effected. Hence 

p30 do 


-( 1 ) 
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Now put y in place of x, and integrate V'{y)jV{y) from 
y = l to y~x; the integration under the integral sign is 
legitimate (§ 158, Ex. 7). Hence 

log rco;) = [e- (x-l) i4 (lT^r- } 7 • 

In order to eliminate the term e“’, put z = 2 ; thus 
"L-s _ a(l + g)~^ l ^ 


«=f 


^iog(i+s)/5- 


Now multiply this equation by (a; - 1 ) and subtract ; therefore 


logr(a:)=£{ 


a;-l (l + a)- ^-(l + ^)-n 




(*ao f 

log r(a;) =J^ |(a; - l)e-‘ — 


.(3) 


and, if l+s = e*, this becomes 

^ 

7 t ’ 

the same integral as (1) of § 167. 

In equation (1) put «+ 1 in place of x ; then 

r'(a;+l) _ f“/ . _ 1 1 ^ 

= r(a:+l)“Jor (1+5^7 « ’ 

and this is the integral (2) of § 169. 

Another method, due to Schaar and given by Hermite (Coura Utho- 
graphic, 4th Ed. p. 128), may be sketched. 

T{x)T{h) o, ,, f” 1^-^dt 


ip{x)-- 


Now 
and 
so that 


r(ai+/2-)-r(£r)_ 1 B(x,h) T(h) - B{x, 7i) 
hTix-^h) ^h'^hT{h)~ V(l+h) ’ 


r(ic+y’i) -r(a;) 


T{h)= 

JO 

0 




dt 


hT(x + h) ""r(l+A)jor (1 + ^)^' 

The limit for h tending to zero of the left-hand member of this equation 
is r'(a7)/r(a;), and it has to be proved that the limit of the right-hand 
member is the integral 


?— 

Jol (l + tyf t' 
The proof will form a good exercise. 


171. Minimum Value of r(3t:). The derivative of r(a;) (x real 
and positive) is given by the integral 

r'(a;) log t dt log tdt-^ log (1) dt 

-q)(x) - fix), say. 
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(p{x) is a monotonic increasing function of x while ^{x) is 
a monotonic decreasing function of x, and therefore r'(:c) 
increases monotonically from •— qo to oo as x increases from 
0 to 00 . Hence r'{x) vanishes once and only once as x increases 
from 0 to 00 , and changes from negative values when x is 
small to positive values when x is large, so that has one 
minimum value. 

Now r(l)=r(2), and therefore the minimum value lies 
between r(l) and r(2). Calculation shows that the TniniTnnTri 
occurs when x lies between 1*46 and 1*47, and r(a;) is just a little 
less than 5 more accurately 

a; = l*4616321 ... r(:c) =0*8856024 ... , 

when r(a:) is a minimum. 

When negative values of x are admitted, as is the case when 
r(a:) is defined by the infinite product formula, there is an 
infinite number of negative values of x which make r(x) a 
maximum or minimum, one and only one value of x lying in 
the interval ( - ti, - n - 1), where n is zero or a positive integer. 
The maxima are negative, and lie in the intervals (0, -1), 

( - 2, - 3), ( - 4, - 5), ... ; the minima are positive, and lie in the 
intervals (-1, -2), (-3, -4), (-5, -6), ... If 72, is large 
the value of x in the interval {-n, -n+l) is very nearly 
a; = - n + (log when V{x) is a maximum or minimum. 

See Godefroy, Theorie des Series, pp. 248-250, and the 
references there given. A graph of T(x) will be found on p. 250 
of Godefroy’s book. 

172. Integrals reducible to Gamma Functions. In this article 
a few examples will be given of integrals reducible to Gamma 
Functions ; for an exhaustive treatment of the Gamma 
Function, with detailed indication of the sources of the various 
formulae, the student is referred to Nielsen’s Handbuch der 
Theorie der Oammafunhtion, 

Many examples of integrals that are evaluated in terms of 
Gamma Functions have been already given in the text or 
among the Exercises.* The range of application is greatly 
extended by the use of the complex variable, but, even when 
the variable of integration is real, the Gamma Frmction 
* See for example, Exercises XVI, XX. 
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provides for tlie evaluation of integrals of somewhat compli- 
cated character. For definiteness all constants are supposed 
to be real, unless they are expressly stated to be complex ; in 
many cases, however, the student will have little difficulty in 
interpreting results for complex constants. 

Type A. £ , a, a + b,m, n, positive. 

Let xl{a + bx) =^/(a + 6), and the integral becomes 

If p is zero or a positive integer the integral is a sum of 
integrals each of which is a Beta Function and therefore 
expressible in terms of Gamma Functions ; for other values 
of p the integral may be dealt with by use of a series. 

If a;=sin20 the integral becomes 

^ fs (sin 0)2’”‘^(cos 

cosW + (a + b) ’ 

which therefore falls within the range of the above integral. 

Another method is to express the given integral as a repeated 
integral by the substitution 

T{m + n+p) _ r ,0+6*), „m+«+®-i 

For examples see the Exercises on p. 456 of the Elementary 
Treatise, 


Type B. Integrals derived from B(m, n) by difEerentiating 
with respect to m or n, where m > 0, n > 0. 

Here = , 

and therefore, if the integral is differentiated with respect to m, 

- z^-Hog z dz=^^^{f(m - 1 ) -f{m + n - 1 )}, (i) 

since ^^=r(a;)- ~|J^^^ = r(a:)vi(a;- 1). 

If the values of y)(m~- 1) and rp{m + n~ 1) are expressed by 
means of the integral for y){x) in § 169, Ex. 3, we may write 
the last equation in the form 
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Again, difiterentiation with respect to n gives the integral 

£ -a;)”-ilog (1 -x)dx, (ii) 

and repeated differentiations with respect to m and n give 
integrals with integrands of the form 


x”'-\l - (log xy (log (1 - x)Y, 
when p and q are positive integers. 

The change of variable from a: to 6 where gives the 

equation 

7r 

P (cos (sin de = i , 

Jo ^ V{m + n) ’ 

and this form has been noticed in § 155, Ex. 1 ; simple examples 
are to be found in Exercises XVIII. Of course, for the 
evaluation of the integral (i) when m is a given number (such 
as I) the general formula is first calculated and then, when the 
difierentiations have been effected, the particular value (such 
as v^(f - 1)) is taken. 

In (ii) let 71 = 1 ; then 

£ log ( 1 - x) dx = {^(0) - wi^)} = - , 

a formula given by Abel. 

Type C. In the Integral (1) of § 167 for log r(a;) put in 
succession in place of x the numbers a + 6 + 1, a+1 and 6+1, 
where a, 6, (a + 6) are each greater than - 1, and express the 
sum 

iogr(a+6+ 1) -iogr(a+ 1) --iogr(6+ 1) 
as a single integral ; the result is 


log 


r (< 3^ + 6 + 1 ) 

r(a+i)r(6+i) 


=r 


(1 ->e"^0(l 


ri(l-c?;“)(l-a:^) 


t 

dx 


dt 


where x = e^*. 

In the same way it is proved that 


log (1/a;) 


•(i) 


, T{a+l)Tia + b + c+l)_p-x'^{l-x'‘){l-x‘)_dx_ 

®r(a + 6+l)r(a + c+l)~Jo l-(c log (1/a;)’ ^ ^ 

where the argument of each Gamma Function is positive. 



492 


ADVANCED CALCULUS 


[CH. XV. 


Since the logarithm on the left of (ii) is equal to 
^ r(u+c4-&+i) 1 r(<2+64-i) 

r(a+c+i)r(6+i)''^ ^ r{a+i)r(b+i) ’ 
the integral in (ii) may be obtained by putting a + c in place of 
a in the integral (i) and then subtracting the integral (i) from 
the transformed integral. 

Similarly in (i) put c for a, and take the difference of corre- 
sponding sides of (ii) and of the transformed (i) ; then 
, r(® + 6 + i)r(^ + c Hh i)r'(c + 4“ 1) 

I>+i)r(6H-i)r(c-fi)r(a+6+c+i) 

_p (l-a;^)(l~- 2 ;^)(l-a;^) dx 

Jo 1-^ log(l/a;)* 

T^pe D, Dirichlet’s and Liouville’s Integral. In §§ 133, 
157, integrals of the form 

rJs rk-z rk-z-v 

J dy^^ x”*-'^y'^-'^z’^-''-f{x + y + z)dz (a) 

have been reduced by the change of variables 


•(i) 


.( 6 ) 


x + y+z=u, x + y=uv, x—uvw 

to the expression 



(It is, of course, understood that in this and the other examples 
the integrals are convergent.) 

The field of integration may be defined as follows: the 
variables x, y, z are (i) never negative, and (ii) such that they 
satisfy the relation 0<x + y + z-^k. 


The theorem expressed in the above transformation is quite 
general, as may be proved in the following way : 

Let there be n variables x^, x^,..., x„, and let 

"" II ■ ■ ^ V" ~ + aig + ...+ a:„) dx^ dx^... dx„, (c) 

where the variables are (i) never negative, and (ii) such that 
they satisfy the relation 


b ^ X^ + X2 + . . . H- Xf^ ^ 

then the integral u„ may be reduced to the form 

_r(a,)r(a,)...r(aj 


ra, ra2)...r(a„)f* 


.(d) 
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The theorem is true for n = 2, n = the change of variables 
being of the type denoted by equations (i). Now apply the 
method of mathematical induction. Suppose the theorem to 
be true for the integral where 


xf{Xi + Xi, + ...+x„)dx^dxg...dx^, (e) 

the variables x^, Xg, ... ,x„ being never negative and satisfying 
the relation 0ga:2 + a:3 + ...+a:„^;!;-a;i. 

By hypothesis can be transformed so as to become 

“”-i = r(a;+S'+''‘?S)lo + if) 

by the change of variables given by the equations 


+ ^3 + • • • + ^n = 2/2j iTg + 0^3 + ... + = 

iTa + + • • • + ^n-2 = 2 / 22 / 3 ^ 4 . • • • . ^2 = 2 / 2^3 • • • ^n- 

If the coejBGLcient of the integral in (/) is denoted by A, and 
if aa + CX3 + . . . + oCrt = the integral will therefore be 

rk rk’~xi ‘ 

M„=^ Xi^^-^dxA y/-'^fiXi+y2)dyg. 

JO JO 

Now let + 2/2 = ^ 1 ) ^ 1 = 


u, 




If A is given its value this equation is simply equation (d), 
with instead of u as the variable of integration. 

The change of variables in passing from the form (c) to the 
form (d) is, if 4 = 1 “!^ 2 > 

^2 "b ^3 4* • - • + + X-^=Zi, a^a + ^^3 4- • • • + 

^2 + ^3 + • - • + ^n-1 =%^22/3j * * • J ^2 =^1^22/3 • * * 2/nj 

and these are of the type (i). 

If, in the case of three variables, the function / is not 
f{x + y^z) but 

/{©‘-(IT-©’} 


and the field of integration is the region bounded by the 
ellipsoid 

+ y2/63 + 22/c* = 1, a: s 0, y ^ 0, « ^ 0. 

let (a:/a)* = f, {yjb)^=‘n, (z/c)® = ?, and change the variables to 
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f ,77, The new field is given by the relation 0^ f +77 + 

so that the integral falls under the type just discussed. Ob- 
viously a similar change of variables is effective if the index 
of xfa, ... is n instead of 2, and in many other cases. See, for 
example, Exercises XVI, 15, 24. 

j I**-® 

{oL + ax + by)^’ 


Type E. 


f' 

Jo 


where oc, m, n are positive and a, b positive or zero. 

Eirst change the variables to u, v, where x + y^^u, x=:uv; 
the integral becomes 


Jo Jo 


[oL-\-bu+{a-b) uv ] ‘ 

Next let oL + bu—A, {a-b)u=B, so that A + B=:a. + au>0, 
and apply the substitution (Type A above), namely 
vl{A + Bv) = iliA+B); 
the integral with respect to v is equal to 
V{m)T(n) 1 
T(m + n) A^(A + B)^^ 

so that the given integral becomes 


^(77^)^(7^) 

r(77i + n) 


Jo( 




> (a -h au)‘^{cL -h buY * 

If the index of {cL + ax + by) is m + n+p the integral with 
respect to v will be 

1-1(1 _ + B- di. 

Hence the given repeated integral may be expressed when 
p is a positive integer (or zero) as a sum of simple integrals with 
respect to u. 

A repeated integral in three or more variables may be reduced 
in the same way ; thus the integral for three variables is 


\ dx\ dy\ 
Jo Jo Jo 


(a + + 67/ 4- 02;)’”+’*+^ ’ 

where a, h, m, n, p are positive and a, 6, c positive or zero. 

First apply the transformation x-hy + z=u, x + y=uVi 
x=:uvw, and the integral becomes 


r 

Jo 




- vY-^ - wY-^ dv dw 

a [a + CM + (6 - e)uv 4- (a - bjitv w] ™+"+® ' 
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Next take the integral with respect to v (which contains all 
the indices m, n, p) and let 

ol-\-cu=A, {b -c)u + {a-b)uw~B ; 
then A + B =(x + bu+ {a ~ b)uw > 0. 

The substitution vl{A + Bv) = Sj{A + B) gives as the value of 
the integral with respect to v, 

r(m+7i)r(p) ^ 1 1 

T{in + n-\-p) (oL^cuy [cL + bu + (a — b)uw]^'^^ ' 

The integral with respect to w is now of the Type A, and 
finally the given integral is seen to be equal to 

r(m)r(n)r(p) p u^+^+^-'^du 

r(m + 72 ,+^) J Q (a + au)^{oL + bu)^{oL + cuy * 

In the same way it may be proved that when the integrand 
contains the factor f{x the transformed integral contains 

the factor f{u). 


EXBBCISES XXII. 

The examples in this set of Exercises are well-known theorems or 
very obvious deductions from such theorems ; for information on the 
sources of these theorems the student is referred to Nielsen’s Handbtich, 


1 . sw>o. 

4. IfO<i?(a:)<l, 




5. If m and n are positive integers with no common factor and m less 
than n, show from Ex. 2 that 

G.A.O. 2 K 


-dx. 
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and, "by integrating the fraction, prove that 

fm , n ^_f2rmn\^ 


[oh. 


v 


-I ^ . m?r , NT' / . rn\ 

■lj + y= -logri- ^ jlog(^2sm — j. 


[This method of proving Gauss’s Formula (Gauss’s TTer^e, III, 
p. 157) is laborious ; for other methods see Nielsen, p. 20, or Bromwich, 
Inf. Series (2nd Ed.), P- 522, Ex. 43.] 


6. 2 log r(^) +iog =iog r{x) -log r(i -x) 




7t J 
‘00 


7. If 0<a;<l, 

(i) 


eii — e~'i^ 


(u) l-2a;=4|] 


=4i: 

n—l 
sin 2n:rtx 


^1*3^ -(l-2-)e-*}f.0<.<l. 

2nn sin 2n7zx 


401^71^ -\-t^ 


«“=! 


2n7t 


..... f°° r 2n7t e”^-\ <i^_y + log 2?P + log 1 
Jo l 4 n 27 r 2+«2 2nnJ ^ 2n7i 


i\4n27r2+«2 2njc/ « 

where y is Euler’s Constant. 

8. Deduce from Examples 6 and 7 that, if 0< a;< 1, 


(i) 21ogr(.)+log(S^) = 42 

\ ^ y n-1 


y +log 2yr + log n . 


2n7i 


sin 2nnx ; 


(ii) log r(a;)=(J -a;)(y+log 2)+(l -a;) log Tr-^logsin nx 

. 4 . ^£KJ1 sin 2nnx 

=(J -a;)y + (1 -«) log 7r -“-i log sin Tra: 




log 2n 


sin 2n7ra: . 


9. If 0< a7< 1, show that 


71=1 


and deduce that 


log sin JTX= - log 2 -'y] 

71=1 


cos 2nn x 
n ' 


(i) log (sin nx ) . sin 2n7txdx=^0; 

Jo 

(ii) log (sin nx) , cos UTtx da; = ” ^n^odd 


even 


10. Prove the following relations : 

(i) [ log r(a:) . sin 2n7ra;d£C=— 

Jo znTC 

ri 1 

(ii) j log r(a;) . cos 2n7rajda;=^. 

For developments where xp{x) takes the place of log r(a;) see Nielsen, 
Handhuch, pp. 202-204. For example, if 0< a;< 1, 
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11. y){x-l) siix JTic+^cos nx + {y+\og2n' sin jkc 
00 


n=l 

°° / _ l\n 

12. If ^(a;) = 2 ^ - , iO 0, prove that 

W ^<^)=loTO=joTT^* 


(ii) p{x) -. 


dx 


, ^fx 1\ , V2/ 


’Hi). 


X -1 o /x - l\ 1 , t'^dt 


W? + 1^ ’ 
^ 2 ; 


(iii) p 


■)=i^!: 


(1+«T 


, a; > 1. 


13. Prove the following properties of P{x) ; 

(i): ;8(a:) + jS(l+a!)=i; (ii) ^(ic) + ;?(! -a:) 

(iii) Pia) =i { y (^) - V = V(^) - V (I) +5 - log 2 ; 

(iv) )3(l)=log2; (v) 

14. Deduce from Ex. 12 that 

(1) =i°g ®(i* 8* 

16. If v(x) = V { ^ -log (l + . Six) > 0. prove that 


=rx^^\ 


tdt 


\o(x^+t^){e^^*-l) 

Deduce the relations : 

(i) v(x) + y,{x)=logx+l; (ii) ’'(*) +^^^^=^5 

(iii) v(®)-log='-^; (l'^) ’'(1) = 3'; 

(v) r(J)-y+log 2. 

16. Verify that 

M*) =S i^) “ 

71=0 
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17. Prove that 

(ii) v{x) =i _ J (i _ (2) dt. 

18. Prove that 

'i) MP!)-/4(2a;)=2j^ > 

(u) = 

(m) ^{x + J) =2 +f2)(e’rt +6-"’*) ■ 


19- '°g = ^ 2/ } . y ^ q[ 

20. r(a;) = ( e"*(^ - log ^ a? > 0. 

Jo 

21 r(a;)r(y) ^l y-l (i/-l)(y-2) {y -l){y -2){y -Z) x>0, 

T(x+y) X x + l 2i{x+2) 3!(a; + 3) '^’'■*2/>0. 

22. By using the expression for F{ol, p, y, 1) ixi terms of Gamma 
Functions, prove that, if £c> 0, 

/ T{x) i2 1 ^ P.32.52. ...(2r -^1)2 1 

\r(ic + J)/ 4:.8.12....4r a;(a; + l)(a; +2) ...(a:+r)- 


23. If n and p are positive integers and a; > 0, show that 

where /(^) is the function 

e-^(l-e-2P<) 




l-e~^ (1 - e”*) ( 1 - e-pt/nj » 

so that/(n«) may he expressed in the form 

+ ^ + -e~npt ) 

24. In Ex. 23 interchange n and p, and take the difference of the two 
sums ; then 


-{ 


npx +- 


np^n -p ^ j°o er^* 


dt 


+ J“ { +4(3’®-'" -nem*)} 


=[npx + 

(See §167, Ex. 1.) 


t 

np-n-p\^ p 
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25. Deduce from Ex. 24 that 

This generalisation of Gauss’s Multiplication Formula is due to 
Sehobloch (Nielsen, l.c. p. 198 ) ; p = l gives Gauss’s Formula. 


EXEBCISES XXni. 
x^(l -x)^dcc 1 
jo (l+i*?)' '"768* 


2- 12[r(i)P}. 

dx r(n + l)r(n + l) 

3. f i\2n r{2ri. + l) 

, l+o;’^ ) 


4. I"" ( 1 + sin »)”> ( 1 - sin a)" da: =2 «*+" B(to + 4, n + 4). 
“2 


5. cos X log (cos x)dx='~ j j “ 1) - wi'^ ~ i)}- 

/. T XT- • X 1 aJ®(l- ic^)(l'-*a;^) da; 

6. In the mtegral I — ^ = — , — 

^ Jo 1-a? log(l/a;)’ 

let a; and prove that, ifa + l>0, a + 6 + l>0, . 

ri r(a+j )r( a + 6 + l ) 

Jo (l + ^)log^ ^ r(<i+ l)r(a4-6 + §) 


7. Deduce from Ex. 6 that, if ex. >0, /5 >0, 


fi a;°'~i-a;M , , 

dx = log 

]o(l+x)logx 


dt 


(ix^y 


i^))- 


and that, if c> 0, 

‘'”e-‘^Hanh«~=:log2 + 2] 
n 14: 

8. If the argument of each Gamma Function is positive, show that 

fl a;<^(l ~g;^)(l -a;<^)(l -x^) dx 


’1 

.0 


1 - x log (1/a;) 

, r(a + 1) r(a + 6 +c + l)r(a + 6 +d + l )r(a+c+d + l) 

"■^^^r(a + 2> + l)r(a+c + l)r(a+d + l)f(a4-6+c+d + l)’ 


Deduce that 

fl t^a+i(i ^t 2 i>) 2 dt , r(a+#)r(a + 26+f)[r(a+6 + l)P 

Jo (l+f)logT"“^°^ r(a + 1) r(a + 2b + 1) Cr(a + 6 + 1 )P ’ 
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9. From Ex. 8, or otherwise, show that if c> 0, 

-seolit) j = -log I +2 log {^{^^) / • 

10. K a + 1 is positive, show that 

D! dx =log (a + 3) - 2 log (a + 2) +log (a + 1), 

Jo 

and, generally, if n is a positive integer, 

fl fi ^x - 1)" pe-(a+i)t(i 

Jo loga ' ' Jo i 

= ( - IJ^r log (n +a + 1 -r). 


[oh. 




[See Exercises XXII, 12, 13.] 
Deduce that 


c^e-a^dx ,r fa-l\ 

.o35ih^=nn— 


12. Prove that, if -- 1 < oc. < 1, 

J±1 

shih gjx dx^ p t ^ (1-t^) , 

Jo ooih^'5'”Jo (l + ^)log (1/^) ’ 

and apply Ex. 6 to prove that the integral is equal to 


3+ol 


)i 


, that is, log cot T- 


V 4 


Deduce by differentiation of the above integral that 

foo ^ 

Jo si 


f°° cosh our , 7t noL ^ ^ ^ _ 

aa;=:-j:sec 0< oc< 1. 

Jo smha; 2 2 


13. If a and 6 are positive and the integral 

\y{{cuc-^^")dx 

convergent, prove that the integral aS equal to 

If a, 6, (a + 6-c) are all positive and n + J >0, show, after changing 
the variable from x to t, where x^t^l(l that 

a £r»^+i(l - £r)J^~id^r_ Vj7rr(n + -J-) 

Jo {a-\-bx~cx^)n+i p{c + (a + +4 T{n + 1 ) ' 

where a = |o^|, /^ = 1 (gH-6~c)^|. 
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14. Prove that 

(i)f’- _*L_=rr(i)Z. «>^d!o rrd)? 

^^JoV(l-a;‘) V(2jr)’ oV(l -»**)“ V^’ 

(iii)f =.£jW 

^MoV(l+a!‘) 8 Vji ■ 

15. If OL, a, b, m, n, p are all positive, show that 

Jo Jo (a. + ax+by)^^+^^ 

_ r(m)r(n)r(p) / m n 1 

r(w +P + 1) vX.4-a OL + d (X./ (oc +(2 )”'(cX.-|-6)**(X.® * 

16. If the constants are all positive, prove that 

00 roo Q-(ax+J>y)^m-lyn-l 


0 Jo (cL+px+yy)P ^^2/ 

1 1*00 foo foo 

r(m)r(n) r‘” e-^^z^-^dz 

~ r(p) Jo (a+ Pz)'>^(h+yz)^' 

Extend the theorem to the case of n variables. 

17. The density at the point (x, y, z) of the solid bounded by the 

ellipsoid x'^la^ + y^lh'^ + = 1 is 

r_ 22 'v «“1 

where y, is constant and n is positive. Prove that the mean density of 
the solid is Zy2^^~^ {r{n)}y(2n + l)V(2n). 

18. If the variables aii, ojg, ... 

0^a;f +£c| + ... +£c2 ^ 1, 

prove that the variables x^^x ^, ... a?„ may be changed to new variables 
iv f 2 » ••• integral 

j| ... J F{ajXj^+a^X2 + ..- +a^x^)dx^dx2 ... 
shall become | j . . . | J?’(^ ^i) d la • . • d 

where fc = |(af + ai + ... +0^1 and O^lf 4-|| + ... +|2 ^ 1 (1^ positive), 
and then show that the integral is equal to 

rr(|)r-^ 


19. If in Ex. 18 the, integrand is 

"^^2^2 + ••• +a„aj,i)/V(l —iCi “• ... “"^n)* 
prove that the integral becomes 


shall become 


iimi 


■ -1 
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20. If in Ex. 18 and Ex. 19 the function is unity, show that 

the values of the integrals are respectively 

[r(i)r. and 

Wn + ] 

2 7 

21. If the region of integration is the octant of the ellipsoid 

oj^/a^ +y^lb^ +z^lc^ — 1, 

for which a;^0, 25^0 and if a., Oj, Cj are positive, prove that 

dxdydz £r 

22. If the variables are never negative and are such that the sum 
of their squares lies between 0 and 1 (0 and 1 included), prove that 

[r(i)p 

''MoVT+^V ‘^"4V(2jr) [r(i)]“’ 


UTT^V ‘^"4V(2jr) [r(i)]* 


'\/{27t) f 4:71^ 


l-x^ -2/2 _ g2 -i^2 \|. 

^iT^^ +2/^ +z^ +u^J 


:[r(i)?}: 


dxdydzdu=j^ ( ^ 4 


23. Prove that 

I2[r(^ 

where the region of integration is bounded by the sphere x^ +y^ +z^=a^ 
(not merely that octant for which the coordinates are positive or zero). 


24. If 


C7= [ e x^ ^y^ ^dxdy, a>0, 

.0 Jo 


prove that 


g= -su. i7=r(i)r(f)e-»«=J’' e- 


In the integral obtained by differentiation let ^—a^jxy and change 
from xtoi; the integral when thus transformed is U. 


25. liU = 


’oo Coo Coo 

Jo Jo .0^ 


F=a!i+X3 + ... +*„_! + 


prove that 


j—r z.^1 i 

0=X-^n x^>b 

JTT 

U=Oe-^\ 


••• ^n-1 

n-1 . 


o=r " r " 

\nj \n. 


and 



EXERCISES XXIII 


503 


XV. J 

26. If n>0, the volume -within that part of the surface 
{x!a)^ + {ylh)^ + {zlc)»==l 

which lies in the first octant is - • 

r(3/n) 
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Gauss’s multiplication formula for, 
252, 483, 499. 

integral for logarithm of, 480, 
487. 
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Monotonic, function, 28. 
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Melsen, 78, 241, 275, 489, 496, 496, 
499. 

Normal, 328. 
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Kmnber, natural, 3, 14. 
negative, 7. 
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rational, 1, 3, 6, 8, 15. 
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zero, 7. 

Numbers, sections of, 12. 

Open interval, 17. 

Open region, 95, 96. 

Oscillation of a function, 66, 266, 
267. 
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302-309, 411-415, 426, 436-444, 
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of discontinuity, 273. 
of infinite discontinuity, 408, 412, 
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P61ya, 406. 

Poussin, 291, 411, 430, 436, 438, 446, 
451, 463. 
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generalised, 180, 183. 

Power series, 190-206. 
substitution of a power series in 
a, 190. 

Pringsheim, 464. 
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convergence of (see under conver- 
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derangement of factors in, 230. 
differentiation of, 233. 
for Gamma function, 246. 
for hyperbolic functions, 236. 
for trigonometric functions, 235. 
i/r-function, Gauss’s, 248, 249, 486, 
496. 
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Bodrigues’ formula, 84. 

formula for P„(aj), 205. 

Bolle’s theorem, 68, 
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Bouche, 201. 

Schaar, 488, 

SchlCmilch, 78, 86, 222, 301, 339, 
483, 484. 

Schobloch, 499. 

Schwarz’s inequality, 23, 289. 
Section, 2-9, 12. 

Sequence, 25, 34. 
limit of, 28, 36. 
monotonic, 29. 
notation for, 26. 
null, 28. 

of decreasing regions, 97. 
of intervals, 31. 

Series (see under convergence of 
binomial, 185. 

Ces^^’s theorem for divergent, 
164; 251. 

derangement of terms of a, 151, 
166, 175. 

division by a, 192. 
integration of, 468-475. 
logarithmic, 184. 
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reversion of, 194. 

Serret, 201, 202, 205. 

Set, 25. 

bounded, 26, 32, 99. 
finite, 25. 
infinite, 25, 268. 
limiting point of, 32-34, 96. 
point of condensation of, 32, 96. 
Singularity, 375, 376, 381, 
removable, 389. 

Stirling’s approximation, 55, 484. 
Stokes’s theorem, 368. 

Stolz, 217, 430, 433, 463. 

Subtraction, 10. 

Sums, upper and lower, 259, 310, 
342. 

Superposition of divisions, 257. 
Surface, area of a curved, 326. 

I curves on a, 327. 
element of a, 329. 
integrals, 355, 358, 360. * 
normal to a, 328, 357. ^ 
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Surface, positive and il4gative side 
of a, 357. 

Szega, 406. 

Tait, 434. 

Tannery, 235, 237, 244. 

Tannery’s theorem, 161, 175. 
for integrals, 443. 
for products, 234. <„ 

Taylor’s theorem, 110. 

remainder in, 209, 213. 

Tisserand, 74, 75, 78. 

Todhunter, 221, 334. 

Transformation of integral, 284, 332, 
345-355, 380, 388, 428, 430. 
Transformation of Laplace’s equa- 
tion, 362. 

Transformation, orthogonal, 354. 
Trigamma function, 248. 
Trigonometric functions, 176, 182. 
infinite products for, 235. 


Trigonometric functions, inverse, 179, 
183. 

series of partial fractions for, '236- 
238. 

Tweedie, 55. 

Variable, continuous, 1, 17. 

Variation, limited, 263, 269. 
total, 263, 264. 

Volume, element of, 343, 353. 
measure of, 324. 

Wallis, 54. 

Watson, 201, 399. 

Weierstrass, 2, 32, 159, 209, 247. 
Whittaker, 201, 399. 

Wolstenholme, 476. 

Wronskians, 91-93. - 

2^ero, 7. | 
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